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The regular solids or regular polyhedra are solid geometric figures with the same identical regular 
polygon on each face. There are only five regular solids discovered by the ancient Greek mathematicians. 
These five solids are the following. 

the tetrahedron (4 faces) 
the cube or hexadron (6 faces) 
the octahedron (8 faces) 
the dodecahedron (12 faces) 
the icosahedron (20 faces) 


Each figure follows the Euler formula 


Number of faces + Number of vertices = Number of edges + 2 


F + V = E + 2 


Preface 


This is the first volume of an introductory calculus presentation intended for 
future scientists and engineers. Volume I contains five chapters emphasizing funda- 
mental concepts from calculus and analytic geometry and the application of these 
concepts to selected areas of science and engineering. Chapter one is a review of 
fundamental background material needed for the development of differential and 
integral calculus together with an introduction to limits. Chapter two introduces 
the differential calculus and develops differentiation formulas and rules for finding 
the derivatives associated with a variety of basic functions. Chapter three intro- 
duces the integral calculus and develops indefinite and definite integrals. Rules 
for integration and the construction of integral tables are developed throughout 
the chapter. Chapter four is an investigation of sequences and numerical sums 
and how these quantities are related to the functions, derivatives and integrals of 
the previous chapters. Chapter five investigates many selected applications of the 
differential and integral calculus. The selected applications come mainly from the 
areas of economics, physics, biology, chemistry and engineering. 


The main purpose of these two volumes is to (i) Provide an introduction to 
calculus in its many forms (ii) Give some presentations to illustrate how power- 
ful calculus is as a mathematical tool for solving a variety of scientific problems, 
(iii) Present numerous examples to show how calculus can be extended to other 
mathematical areas, (iv) Provide material detailed enough so that two volumes 
of basic material can be used as reference books, (v) Introduce concepts from a 
variety of application areas, such as biology, chemistry, economics, physics and en- 
gineering, to demonstrate applications of calculus (vi) Emphasize that definitions 
are extremely important in the study of any mathematical subject (vii) Introduce 
proofs of important results as an aid to the development of analytical and critical 
reasoning skills (viii) Introduce mathematical terminology and symbols which can 
be used to help model physical systems and (ix) Illustrate multiple approaches to 
various calculus subjects. 


If the main thrust of an introductory calculus course is the application of cal- 
culus to solve problems, then a student must quickly get to a point where he or 
she understands enough fundamentals so that calculus can be used as a tool for 
solving the problems of interest. If on the other hand a deeper understanding of 
calculus is required in order to develop the basics for more advanced mathematical 
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efforts, then students need to be exposed to theorems and proofs. If the calculus 
course leans toward more applications, rather than theory, then the proofs pre- 
sented throughout the text can be skimmed over. However, if the calculus course 
is for mathematics majors, then one would want to be sure to go into the proofs 
in greater detail, because these proofs are laying the groundwork and providing 
background material for the study of more advanced concepts. 

If you are a beginner in calculus, then be sure that you have had the appro- 
priate background material of algebra and trigonometry. If you don’t understand 
something then don’t be afraid to ask your instructor a question. Go to the li- 
brary and check out some other calculus books to get a presentation of the subject 
from a different perspective. The internet is a place where one can find numerous 
help aids for calculus. Also on the internet one can find many illustrations of 
the applications of calculus. These additional study aids will show you that there 
are multiple approaches to various calculus subjects and should help you with the 
development of your analytical and reasoning skills. 


J.H. Heinbockel 
September 2012 
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Chapter 1 


Sets, Functions, Graphs and Limits 


The study of different types of functions, limits associated with these functions 
and how these functions change, together with the ability to graphically illustrate 
basic concepts associated with these functions, is fundamental to the understanding 
of calculus. These important issues are presented along with the development of 
some additional elementary concepts which will aid in our later studies of more ad- 
vanced concepts. In this chapter and throughout this text be aware that definitions 
and their consequences are the keys to success for the understanding of calculus and 
its many applications and extensions. Note that appendix B contains a summary of 
fundamentals from algebra and trigonometry which is a prerequisite for the study 
of calculus. This first chapter is a preliminary to calculus and begins by introducing 
the concepts of a function, graph of a function and limits associated with functions. 
These concepts are introduced using some basic elements from the theory of sets. 
Elementary Set Theory 

A set can be any collection of objects. A set of objects can be represented using 
the notation 


S= {a | statement about x} 


and is read,“S is the set of objects + which make the statement about zx true”. 
Alternatively, a finite number of objects within S can be denoted by listing the 
objects and writing 

S = {81935224 54} 


For example, the notation 
S=i{e | w=4> 0} 


can be used to denote the set of points x which are greater than 4 and the notation 
T = {A,B,C,D,E} 


can be used to represent a set containing the first 5 letters of the alphabet. 

A set with no elements is denoted by the symbol @ and is known as the empty set. 
The elements within a set are usually selected from some universal set U associated 
with the elements x belonging to the set. When dealing with real numbers the 
universal set U is understood to be the set of all real numbers. The universal set is 


usually defined beforehand or is implied within the context of how the set is being 
used. For example, the universal set associated with the set T above could be the 
set of all symbols if that is appropriate and within the context of how the set T is 
being used. 

The symbol ¢€ is read “belongs to” or “is a member of” and the symbol ¢ is 
read “not in” or “is not a member of”. The statement x € S is read “zx is a member 
of S” or “x belongs to S”. The statement y ¢ 5 is read “y does not belong to S” 
or “y is not a member of S”. 

Let S denote a non-empty set containing real numbers x. This set is said to be 
bounded above if one can find a number b such that for each x € S, one finds zx < b. 
The number 0 is called an upper bound of the set S. In a similar fashion the set S$ 
containing real numbers zx is said to be bounded below if one can find a number ¢ 
such that @ < x for all x ¢ §. The number @ is called a lower bound for the set 3. 
Note that any number greater than b is also an upper bound for § and any number 
less than @ can be considered a lower bound for §. Let B and C denote the sets 


B={2x|2is an upper bound of S$} and C= {z | zis a lower bound of $}, 


then the set B has a least upper bound (¢.u.b.) and the set C has a greatest lower 
bound (g.¢.b.). A set which is bounded both above and below is called a bounded set. 
Some examples of well known sets are the following. 
The set of natural numbers N = {1,2,3,...} 
The set of integers Z = {..., —3, —2,—1,0,1,2,3,...} 
The set of rational numbers Q = {p/q | p is an integer, qg is an integer, g 40} 
The set of prime numbers P = {2,3,5,7,11,...} 
The set of complex numbers C= {x+iy| i? = —1, x,y are real numbers} 
The set of real numbers R = {All decimal numbers} 
The set of 2-tuples R? = { (x,y) | x,y are real numbers } 
The set of 3-tuples R? = { (x,y,z) | x,y,z are real numbers } 
The set of n-tuples R” = { (&, £9,...,€n) | &, €2,..-,€n are real numbers } 
where it is understood that i is an imaginary unit with the property i? = —1 and 


decimal numbers represent all terminating and nonterminating decimals. 


Example 1-1. Intervals 
When dealing with real numbers a,b, x it is customary to use the following no- 


tations to represent various intervals of real numbers. 


Subsets 

If for every element x € A one can show that x is also an element of a set B, 
then the set A is called a subset of B or one can say the set A is contained in the 
set B. This is expressed using the mathematical statement Ac B, which is read “A 
is a subset of B”. This can also be expressed by saying that B contains A, which is 
written as B> A. If one can find one element of A which is not in the set B, then A 
is not a subset of B. This is expressed using either of the notations A ¢ B or B Z A. 
Note that the above definition implies that every set is a subset of itself, since the 
elements of a set A belong to the set A. Whenever 4c B and A¥ B, then A is called 
a proper subset of B. 

Set Operations 


Given two sets A and B, the union of these sets is written AU B and defined 
AUB={a|2x¢€Aorxe€EB, orx€ both A and B} 
The intersection of two sets A and B is written An B and defined 
ANB={a|wxe€ both A and B } 


If An B is the empty set one writes 4n B = 0 and then the sets A and B are said to 
be disjoint. 


The difference! between two sets A and B is written A—B and defined 
A-B={x|xeAandz¢B} 
The equality of two sets is written A= B and defined 
A=Bifandonlyif Ac Band BCA 


That is, if A c B and Bc A, then the sets A and B must have the same elements 
which implies equality. Conversely, if two sets are equal A = B, then A c B and 


BCA since every set is a subset of itself. 


Figure 1-1. Selected Venn diagrams. 


The complement of set A with respect to the universal set U is written A° and 
defined 
Ac={x|xeEU butr¢ A} 


Observe that the complement of a set A satisfies the complement laws 
AUAS=U, ANAC=4, 0° =U, Uc=0 
The operations of union U and intersection N satisfy the distributive laws 


AU (BNC) =(AUB)N(AUC) AN (BUC) =(ANB)U(ANC) 


! The difference between two sets A and B in some texts is expressed using the notation A i B. 


and the identity laws 
AUQ=A, AUT =U, ANU=A, ANd=90 


The above set operations can be illustrated using circles and rectangles, where 
the universal set is denoted by the rectangle and individual sets are denoted by 
circles. This pictorial representation for the various set operations was devised by 
John Venn? and are known as Venn diagrams. Selected Venn diagrams are illustrated 
in the figure 1-1. 


Example 1-2. Equivalent Statements 
Prove that the following statements are equivalent ACB and ANB=A 

Solution To show these statements are equivalent one must show 

(i) if AC B, then AN B= A and (ii) if An B= A, then it follows that Ac B. 

(i) Assume A c B, then if x € A it follows that x € B since A is a subset of B. 
Consequently, one can state that x € (An B), all of which implies 4 c (AN B). 
Conversely, if x € (ANB), then x belongs to both A and B and certainly one can 
say that z« ¢ A. This implies (An B) c A. If Ac (ANB) and (ANB) c A, then it 
follows that (AN B) = A. 

(ii) Assume AN B = A, then if x € A, it must also be in ANB so that one can say 
x€Aand xe B, which implies Ac B. 


Coordinate Systems . 


There are many different kinds of coordinate systems most of which are created 
to transform a problem or object into a simpler representation. The rectangular 
coordinate system® with axes labeled x and y provides a way of plotting number 


pairs (z,y) which are interpreted as points within a plane. 


2 John Venn (1834-1923) An English mathematician who studied logic and set theory. 
3 Also called a cartesian coordinate system and named for René Descartes (1596-1650) a French philosopher who 


applied algebra to geometry problems. 


rectangular coordinates polar coordinates 


y 
(x,y) (r, 0) 


x=rcos86, y=rsind 
Lh 
tan@= # J/er-+y=r - 


Figure 1-2. Rectangular and polar coordinate systems 


A cartesian or rectangular coordinate system is constructed by selecting two 
straight lines intersecting at right angles and labeling the point of intersection as 
the origin of the coordinate system and then labeling the horizontal line as the 
x-axis and the vertical line as the y-axis. On these axes some kind of a scale is 
constructed with positive numbers to the right on the horizontal axis and upward 
on the vertical axes. For example, by constructing lines at equally spaced distances 
along the axes one can create a grid of intersecting lines. 

A point in the plane defined by the two axes can then be represented by a number 
pair (z,y). In rectangular coordinates a number pair (z, y) is said to have the abscissa 
a and the ordinate y. The point (z,y) is located a distance r = \/z? + y? from the 
origin with x representing distance of the point from the y-axis and y representing 
the distance of the point from the z-axis. The z axis or abscissa axis and the y axis 
or ordinate axis divides the plane into four quadrants labeled J, JJ, III and IV. 

To construct a polar coordinate system one selects an origin for the polar co- 
ordinates and labels it 0. Next construct a half-line similar to the z-axis of the 
rectangular coordinates. This half-line is called the polar axis or initial ray and the 
origin is called the pole of the polar coordinate system. By placing another line on 
top of the polar axis and rotating this line about the pole through a positive angle 
6, measured in radians, one can create a ray emanating from the origin at an angle @ 
as illustrated in the figure 1-3. In polar coordinates the rays are illustrated emanat- 
ing from the origin at equally spaced angular distances around the origin and then 
concentric circles are constructed representing constant distances from the origin. 
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A point in polar coordinates is then denoted by the number pair (r,@) where @ is 
the angle of rotation associated with the ray and r is a distance outward from the 
origin along the ray. The polar origin or pole has the coordinates (0,6) for any angle 
@. All points having the polar coordinates (p,0), with p> 0, lie on the polar axis. 


Here angle rotations are treated the same as 
in trigonometry with a counterclockwise ro- 
tation being in the positive direction and a 
clockwise rotation being in the negative di- 
rection. Note that the polar representation 
of a point is not unique since the angle 6 can 


be increased or decreased by some multiple 


Figure 1-3. 


of 27 to arrive at the same point. That is, 


Construction of polar axes 


(r,0) = (r,0+2n7r) where n is an integer. 


Also note that a ray at angle 6 can be extended to represent negative distances 
along the ray. Points (—r,@) can also be represented by the number pair (r,@+ 7). 
Alternatively, one can think of a rectangular point (x,y) and the corresponding polar 
point (r,9) as being related by the equations 


6 = arctan(y/z), “2 =rcos? 
r=\22 + y?, y =r sin@ 


An example of a rectangular coordinate system and polar coordinate system are 
illustrated in the figure 1-2. 


(1.1) 


Distance Between Two Points in the Plane 


If two points are given in polar coordinates 
as (r1,9,) and (rz, 42), as illustrated in the fig- 
ure 1-4, then one can use the law of cosines 
to calculate the distance d between the points 


since 


Figure 1-4. 


Distance between points d= ry +13 — 2riry cos(G — 62) (1.2) 


in polar coordinates. 
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Alternatively, let (x1, y,) and (x2, y2) denote two points which are plotted on a 
cartesian set of axes as illustrated in the figure 1-5. The Greek letter A (delta) is 
used to denote a change in a quantity. For example, in moving from the point (a1, y:) 
to the point (x2, y2) the change in x is denoted Ar = x2 — x; and the change in y is 
denoted Ay = yo—y,. These changes can be thought of as the legs of a right-triangle 
as illustrated in the figure 1-5. 


Figure 1-5. 


Using a right-triangle to calculate distance between 
two points in rectangular coordinates. 


The figure 1-5 illustrates that by using the Pythagorean theorem the distance d 
between the two points can be determined from the equations 


d= (Ar)? +(Ay)? or d= (a2 — 21)? + (2-1)? (1.3) 


Graphs and Functions 

Let X and Y denote sets which contain some subset of the real numbers with 
elements x ¢ X andy c¢/Y. If arule or relation f is given such that for each « ¢ X 
there corresponds exactly one real number y € Y, then y is said to be a real single- 
valued function of x and the relation between y and «x is denoted y = f(x) and read 
as “y is a function of x”. If for each 2 € X, there is only one ordered pair (z,y), 
then a functional relation from X to Y is said to exist. The function is called single- 
valued if no two different ordered pairs (x,y) have the same first element. A way 
of representing the set of ordered pairs which define a function is to use one of the 
notations 


{(z,y) | y=f(a), eX} or {(a,f(x)) | cEeXx } (1.4) 
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The set of values x € X is called the domain of definition of the function f(z). 
The set of values {y | y= f(x), 2 € X} is called the range of the function or the image 
of the set X under the mapping or transformation given by f. The set of ordered 
pairs 

C={(a,y)| y=f(x), ce xX} 


is called the graph of the function and represents a curve in the z,y-plane giving 
a pictorial representation of the function. If y = f(x) for x €¢ X, the number z is 
called the independent variable or argument of the function and the image value 
y is called the dependent variable of the function. It is to be understood that the 
domain of definition of a function contains real values for x for which the relation 
f(z) is also real-valued. In many physical problems, the domain of definition X must 
be restricted in order that a given physical problem be well defined. For example, 
in order that /z—T1 be real-valued, x must be restricted to be greater than or equal 
to l. 

When representing many different functions the symbol f can be replaced by 
any of the letters from the alphabet. For example, one might have several different 


functions labeled as 
y= f(a), y= (2), y= We); teey y= ye), a) y= 2) (1.5) 


or one could add subscripts to the letter f to denote a set of n-different functions 


F= {fi(), folt),-..5 fr(@)} (1.6) 


Example 1-3. (Functions) 

(a) Functions defined by a formula over a given domain. 

Let y = f(z) = x? +2 for « € R be a given rule defining a function which can 
be represented by a curve in the cartesian z,y-plane. The variable z is a dummy 
variable used to define the function rule. Substituting the value 3 in place of x in 
the function rule gives y = f(3) = 3? +3 =12 which represents the height of the curve 
at « = 3. In general, for any given value of x the quantity y = f(x) represents the 
height of the curve at the point z. By assigning a collection of ordered values to x 
and calculating the corresponding value y = f(x), using the given rule, one collects 
a set of (x,y) pairs which can be interpreted as representing a set of points in the 


cartesian coordinate system. The set of all points corresponding to a given rule is 
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10 


called the locus of points satisfying the rule. The graph illustrated in the figure 1-6 
is a pictorial representation of the given rule. 


x+h 


Figure 1-6. A graph of the function y= f(x) =a? +2 


Note that substituting «+h in place of x in the function rule gives 
f(eth) =(e2+h)? + (@t+h) = 27 + (284 1)2+(h? +h). 


If f(x) represents the height of the curve at the point x, then f(x«+h) represents the 

height of the curve at x+h. 

(b) Let r = f(0) = 1+ 6 for 0 < 6 < 2x be a given rule defining a function which 
can be represented by a curve in polar coordinates (r,@). One can select a set 
of ordered values for 6 in the interval [0,27] and calculate the corresponding 
values for r = f(@). The set of points (r,@) created can then be plotted on polar 
graph paper to give a pictorial representation of the function rule. The graph 
illustrated in the figure 1-7 is a pictorial representation of the given function 
over the given domain. 

Note in dealing with polar coordinates a radial distance r and polar angle @ can 


have any of the representations 


((-1)"r,0+ nz) 
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and consequently a functional relation like r = f(@) can be represented by one of the 
alternative equations r = (—1)"”f(@+ nz) 


Te raf =i46 | 
To [iso 


e/a 
14 67/4 


8/4 Figure 1-7. 


A polar plot of the function r = f(@)=1+4+ 6 


(c) The absolute value function 


The absolute value function is defined 


x, xr>0 
—&, z<0 


y= ste) =121= | 


Substituting in a couple of specific values for 2 one can 


form a set of (x, y) number pairs and then sketch a graph 
of the function, which represents a pictorial image of the functional relationship 
between x and y. 

(d) Functions defined in a piecewise fashion. 


A function defined by 


14a, 21 
f(z) = vo vets ER 
sa x, O0<a2<2 . 


24+, r>2 


is a collection of rules which defines the function in a piecewise fashion. One must 
examine values of the input x to determine which portion of the rule is to be used 
in evaluating the function. The above example illustrates a function having jump 
discontinuities at the points where x = —1 and xz = 0. 
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(e) Numerical data. 

If one collects numerical data from an experiment such as recording temperature 
T at different times t, then one obtains a set of data points called number pairs. If 
these number pairs are labeled (¢;,7;), for i= 1,2,...,n, one obtains a table of values 
such as 


ee ee 


PTomperatwer [a pe [ft 


It is then possible to plot at, T-axes graph associated with these data points by plot- 


ting the points and then drawing a smooth curve through the points or by connecting 
the points with straight line segments. In doing this, one is assuming that the curve 
sketched is a graphical representation of an unknown functional relationship between 
the variables. 

(e) Other representation of functions 

Functions can be represented by different methods such as using equations, 
graphs, tables of values, a verbal rule, or by using a machine like a pocket cal- 
culator which is programmable to give some output for a given input. Functions can 
be continuous or they can have discontinuities. Continuous functions are recognized 
by their graphs which are smooth unbroken curves with continuously turning tangent 
lines at each point on the curve. Discontinuities usually occur when functional values 


or tangent lines are not well defined at a point. 


Increasing and Decreasing Functions 

One aspect in the study of calculus is to examine how functions change over an 
interval. A function is said to be increasing over an interval (a,b) if for every pair 
of points (x9, 21) within the interval (a,b), satisfying 29 < 7,, the height of the curve 
at a9 is less than the height of the curve at x; or f(x) < f(v1). A function is called 
decreasing over an interval (a,b) if for every pair of points (zo, 71) within the interval 
(a,b), satisfying zp < x,, one finds the height of the curve at zo is greater than the 
height of the curve at x; or f(x) > f(#1). 


Linear Dependence and Independence 


A linear combination of a set of functions {f1, fo,...,fn} is formed by taking 
arbitrary constants c,,¢2,...,¢cn aud forming the sum 

y=afitcefot-::+enfn Ga) 

One can then say that y is a linear combination of the set of functions { fi, fo,..., fn}. 


If a function f(x) is some constant c times another function f.(z), then one can 
write fi(x) = cfo(x) and under this condition the function f; is said to be linearly 
dependent upon f2. If no such constant c exists, then the functions are said to 
be linearly independent. Another way of expressing linear dependence and linear 
independence applied to functions f, and f2 is as follows. One can say that, if there 


are nonzero constants c,, cz such that the linear combination 


efi (x) + cofe(x) = 0 (1.8) 


for all values of x, then the set of functions {f;, fo} is called a set of dependent 
functions. This is due to the fact that if c, 4 0, then one can divided by «| and 
express the equation (1.8) in the form f,(7) = —2f2() = cf2(). If the only constants 
which make equation (1.8) a true statement are c; = 0 and cy = 0, then the set of 
functions {f;, fo} is called a set of linearly independent functions. 

An immediate generalization of the above is the following. If there exists con- 


stants c1,¢2,...,¢,, not all zero, such that the linear combination 
e1fi(x) + cofo(x) +--+ en fn (2) = 0, (1.9) 
for all values of x, then the set of functions { f,, fo,..., fr} is called a linearly dependent 


set of functions. If the only constants, for which equation (1.9) is true, are when 


C¢, = C2 =-:: =c, = 0, then the set of functions {f;, fo,..., fn} is called a linearly 
independent set of functions. Note that if the set of functions are linearly dependent, 
then one of the functions can be made to become a linear combination of the other 


functions. For example, assume that c; 40 in equation (1.9). One can then write 


C2 Cn 


f(z) = 


fo(x) 


Cy Cy 


fn(#) 


which shows that f,; is some linear combination of the other functions. That is, f; 


is dependent upon the values of the other functions. 
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Single-valued Functions 
Consider plane curves represented in rectangular coordinates such as the curves 
illustrated in the figures 1-8. These curves can be considered as a set of ordered 


pairs (x,y) where the x and y values satisfy some specified condition. 


Figure 1-8. Selected curves sketched in rectangular coordinates 


In terms of a set representation, these curves can be described using the set 
notation 


C = {(z,y) | relationship satisfied by x and y with x<¢ X } 


This represents a collection of points (x,y), where z is restricted to values from some 
set X and y is related to x in some fashion. A graph of the function results when the 
points of the set are plotted in rectangular coordinates. If for all values 29 a vertical 
line « = 29 cuts the graph of the function in only a single point, then the function is 
called single-valued. If the vertical line intersects the graph of the function in more 
than one point, then the function is called multiple-valued. 

Similarly, in polar coordinates, a graph of the function is a curve which can be 


represented by a collection of ordered pairs (r,@). For example, 
C = {(r,@) | relationship satisfied by r and 6 with 6c © } 


where © is some specified domain of definition of the function. There are available 
many plotting programs for the computer which produce a variety of specialized 
graphs. Some computer programs produce not only cartesian plots and polar plots, 
but also many other specialized graph types needed for various science and engineer- 
ing applications. These other graph types give an alternative way of representing 
functional relationships between variables. 


Example 1-4. Rectangular and Polar Graphs 

Plotting the same function in both rectangular coordinates and polar coordinates 
gives different shaped curves and so the graphs of these functions have different 
properties depending upon the coordinate system used to represent the function. 
For example, plot the function y = f(x) = 2? for —2 < « < 2 in rectangular coordinates 
and then plot the function r = g(@) = 6? for 0 < 6 < 27 in polar coordinates. Show 
that one curve is a parabola and the other curve is a spiral. 


Solution 


Cy ={(a,y) | y=fl(e) = 27, -2<2<2}) G={7,0)| r=9O =, 0<0< 27 } 


Figure 1-9. Rectangular and polar graphs give different pictures of function. 


Select some points x from the domain of the function and calculate the image 
points under the mapping y = f(x) = z?. For example, one can use a spread sheet 
and put values of x in one column and the image values y in an adjacent column 
to obtain a table of values for representing the function at a discrete set of selected 
points. 
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Similarly, select some points @ from the domain of the function to be plotted in 
polar coordinates and calculate the image points under the mapping r = g(@) = 67. 
Use a spread sheet and put values of 6 in one column and the image values r in an 
adjacent column to obtain a table for representing the function as a discrete set of 
selected points. Using an x spacing of 0.25 between points for the rectangular graph 
and a @ spacing of 7/4 for the polar graph, one can verify the table of values and 
graphs given in the figure 1-9. 


Some well known cartesian curves are illustrated in the following figures. 


Figure 1-10. Polynomial curves y = x, y = 2? and y = 2° 


Figure 1-11. The trigonometric functions y = sinz and y= cosz for —1 < x < 2r. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


Some well known polar curves are illustrated in the following figures. 


b=-a b=2a b=3a 
Figure 1-12. The limacon curves r = 2acos6@ + b 


r—asin30 r = acos 20 r—asin50 


Figure 1-13. The rose curves r = acosn@ and r = asinné 


If n odd, curve has n-loops and if n is even, curve has 2n loops. 


Parametric Representation of Curve 

Examine the graph in figure 1-8(b) and observe that it does not represent a 
single-valued function y = f(x). Also the circle in figure 1-8(c) does not define a 
single valued function. An alternative way of graphing a function is to represent 


it in a parametric form.* In general, a graphical representation of a function or a 


4 The parametric form for representing a curve is not unique and the parameter used may or may not have a 
physical meaning. 
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section of a function, be it single-valued or multiple-valued, can be defined by a 


parametric representation 
C= {(z,y) | t= a(t), y=y(t), a<t <b} (1.10) 


where both x(t) and y(t) are single-valued functions of the parameter ¢. The re- 
lationship between x and y is obtained by eliminating the parameter t from the 
representation z = x(t) and y = y(t). For example, the parametric representation 
x = «(t) =t and y = y(t) = #?, for t € R, is one parametric representation of the 
parabola y = ?. 

The Equation of a Circle 


A circle of radius p and centered at 


the point (h,k) is illustrated in the figure 
1-14 and is defined as the set of all points 
(x,y) whose distance from the point (h,k) 
has the constant value of ». Using the dis- 


tance formula (1.3), with (1,41) replaced 
by (h,k), the point (x2, y2) replaced by the 
variable point (x,y) and replacing d by p, 
one can show the equation of the circle is 
given by one of the formulas 


(1.11) Figure 1-14. 


or —h)/?+y-ky= 
V(x —h)? + (y—k)? = p Circle centered at (h, k). 


Equations of the form 
ety? +art+ Byt+y7=0, a, 6, 7 constants (1.12) 


can be converted to the form of equation (1.11) by completing the square on the 
z and y terms. This is accomplished by taking 1/2 of the 2-coefficient, squaring 
and adding the result to both sides of equation (1.12) and then taking 1/2 of the 
y-coefficient, squaring and adding the result to both sides of equation (1.12). One 
then obtains 
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(?+ar+ >) +(x + 40+ 5) aes 


II 
a 
a) 


which simplifies to (x - ey" + (u + 5) = r? 

where r? = + cle — 7. Completing the square is a valid conversion whenever the 
right-hand side 9 + ca —7>0. 

An alternative method of representing the equation of the circle is to introduce 
a parameter @ such as the angle illustrated in the figure 1-14 and observe that by 
trigonometry 

sin @ = yah and cos 0 = — 
p p 


These equations are used to represent the circle in the alternative form 
C={(z,y) | x=h+pcosé, y=k+psinbé, 0<0< 27 } (1.13) 


This is called a parametric representation of the circle in terms of a parameter 0. 


The equation of a circle in polar form can 
be constructed as follows. Let (r,@) denote 
a variable point which moves along the cir- 
cumference of a circle of radius p which is 
centered at the point (r,,@,) as illustrated 
in the figure 1-15. Using the distances r,r; 
and p, one can employ the law of cosines 
to express the polar form of the equation 
of a circle as 


Figure 1-15. r? + rj — 2rr;cos(6 — 01) = p” (1.14) 


Circle centered at (r1, 41). 


Functions can be represented in a variety of ways. Sometimes functions are 
represented in the implicit form G(z,y) = 0, because it is not always possible to 
solve for one variable explicitly in terms of another. In those cases where it is 
possible to solve for one variable in terms of another to obtain y = f(x) or x = g(y), 
the function is said to be represented in an explicit form. 
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For example, the circle of radius p can be represented by any of the relations 
G(a,y) =a? +y"— p? = 0, 
p?—a*, —-p<a<p ) p?—y?, —psy<p (1.15) 
———~ ) T= Gy) = 
—/p? -2?, -p<a<p —/p? —y?, -p<y<p 


Note that the circle in figure 1-8(c) does not define a single valued function. The 


y=f(x)= 


circle can be thought of as a graph of two single-valued functions y = +,/p? — 2? 
and y = —\/p?— «x? for —p < x < p if one treats y as a function of x. The other 
representation in equation (1.15) results if one treats x as a function of y. 


Types of functions 

One can define a functional relationships between the two variables x and y in 
different ways. 

A polynomial function in the variable x has the form 


Y = Pn(L) = age” + aya"! + aga”? + +++ + Gn-10 + An (1.16) 


where ag, a@1,...,a, represent constants with ag 4 0 and n is a positive integer. The 
integer n is called the degree of the polynomial function. The fundamental theorem 
of algebra states that a polynomial of degree n has n-roots. That is, the polynomial 
equation p,(z) = 0 has n-solutions called the roots of the polynomial equation. If 
these roots are denoted by 21, 22,...,2n, then the polynomial can also be represented 


in the form 


Pn (a) = ao(# — a1)(@ — ag)++-(@ — an) 


If x; is a number, real or complex, which satisfies p,,(x;) = 0, then (2—-,) is a factor of 
the polynomial function p,,(x). Complex roots of a polynomial function must always 
occur in conjugate pairs and one can say that if a+i@ is a root of p,(x) = 0, then 
a—iZis also a root. Real roots 2; of a polynomial function give rise to linear factors 
(x —2;), while complex roots of a polynomial function give rise to quadratic factors 
of the form |(x — a)? + 6], a, 8 constant terms. 

A rational function is any function of the form 
P(x) 
Q(z) 
where both P(x) and Q(z) are polynomial functions in x and Q(x) 40. If y= f(z) is 


y= f(x) = (1.17) 


a root of an equation of the form 


bo(x)y” + bi (ay? + bo(x)y"~* +--+ bn-a(a)y + bn(a) = 0 (1.18) 


where bo(x), bi(x),...,b»(x) are polynomial functions of x and n is a positive integer, 
then y = f(x) is called an algebraic function. Note that polynomial functions and 
rational functions are special types of algebraic functions. Functions which are built 
up from a finite number of operations of the five basic operations of addition, sub- 
traction, multiplication, division and extraction of integer roots, usually represent 


algebraic functions. Some examples of algebraic functions are 
1. Any polynomial function. 


2. fil) = (2° +1)Ve44 


2 3/6 2 
3. fo(x) = SCE 


The function f(x) = Vz? is an example of a function which is not an algebraic func- 
tion. This is because the square root of 2? is the absolute value of x and represented 
z, ifa>0 
f(x) = Ve els {2 ifx#<0 
and the absolute value operation is not one of the five basic operations mentioned 
above. 

A transcendental function is any function which is not an algebraic function. 
The exponential functions, logarithmic functions, trigonometric functions, inverse 
trigonometric functions, hyperbolic functions and inverse hyperbolic functions are 
examples of transcendental functions considered in this calculus text. 

The Exponential and Logarithmic Functions 
The exponential functions have the form y = b*, where b > 0 is a positive constant 


and the variable x is an exponent. If x =n is a positive integer, one defines 


1 
b=) bebe 6. anid’) b= (1.19) 
—— bn 
n factors 


By definition, if = 0, then b° = 1. Note that if y = b*, then y > 0 for all real values 
of x. 


Logarithmic functions and exponential functions are related. By definition, 
ify=b*” then 2x =log,y (1.20) 


and x, the exponent, is called the logarithm of y to the base b. Consequently, one 


can write 


log,(b”) = a for every x ER and pies * — x for every x > 0 (1.21) 
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Recall that logarithms satisfy the following properties 
log,(xy) = log, x + log, y, xz>Oandy>0O 
log, (=) = log, x — log, y, x>Oandy>0O (1.22) 
y 


log,(y”) = xlog,y, «x can be any real number 


Of all the numbers b > 0 available for use as a base for the logarithm function 
the base b = 10 and base b = e = 2.71818--- are the most often seen in engineering 
and scientific research. The number e is a physical constant® like 7. It can not be 
represented as the ratio of two integer so is an irrational number. It can be defined 


as the limiting sum of the infinite series 


a 
Sa 


Eel Pogue 
3! 4! 5 


1 
ear 


1 1 
Ce oe at 


Using a computer® one can verify that the numerical value of e to 50 decimal places 


is given by 


e = 2.718281828459045235360287471352662497 7572470936999 ... 


The irrational number e can also be determined from the limit e = lim irs) 


In the early part of the seventeenth century many mathematicians dealt with 
and calculated the number e, but it was Leibnitz’ in 1690 who first gave it a name 
and notation. His notation for the representation of e didn’t catch on. The value of 
the number represented by the limit lim (1+h)'/" is used so much in mathematics 
it was represented using the symbol e by Leonhard Euler® sometime around 1731 
and his notation for representing this number has been used ever since. The number 
e is sometimes referred to as Euler’s number, the base of the natural logarithms. 
The number e and the exponential function e* will occur frequently in our study of 


calculus. 


> There are many physical constants in mathematics. Some examples are €, 7, 7,(imaginary component), Y 
(Euler-Mascheroni constant). For a listing of additional mathematical constants go to the web site 


http : //en.wikipedia.org/wiki/Mathematical_constant. 


© One can go to the web site 
http : //www.numberworld.org/misc_runs/e — 500b.html to see that over 500 billion digits of this number have 


been calculated. 
” Gottfried Wilhelm Leibnitz (1646-1716) a German physicist, mathematician. 
8 Leonhard Buler (1707-1783) a famous Swiss mathematician. 


The logarithm to the base e, is called the natural logarithm and its properties 
are developed in a later chapter. The natural logarithm is given a special notation. 


Whenever the base b = e one can write either 
y= log, x =lInz or y = logz (1.23) 


That is, if the notation In is used or whenever the base is not specified in using 
logarithms, it is to be understood that the base b = e is being employed. In this 


special case one can show 
y = e* = exp(z) —> xz=IlIny (1.24) 

which gives the identities 
In(e*)=a2, «ER and e™™— 7, 2 >O0 (1.25) 


In our study of calculus it will be demonstrated that the natural logarithm has the 


special value In(e) = 1. 


yy=e y y=Inz 


2 -l 0 1 2 


Figure 1-16. The exponential function y = e” and logarithmic function y = Inz 


Note that if y = log,z, then one can write the equivalent statement bY = x since a 
logarithm is an exponent. Taking the natural logarithm of both sides of this last 
equation gives 

In(b’) = Ina or ylnb= Ina (1.26) 
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Consequently, for any positive number b different from one 


Ina 
y= log, x — bAl (1.27) 
Inb 
The exponential function y = e”, together with the natural logarithm function can 


then be used to define all exponential functions by employing the identity 
y= bz = (elm >)” = ezind (1.28) 


Graphs of the exponential function y = e® = exp(x) and the natural logarithmic 
function y = In(x) = log(z) are illustrated in the figure 1-16. 
The Trigonometric Functions 
The ratio of sides of a right triangle are used to define the six trigonometric 
functions associated with one of the acute angles of a right triangle. These definitions 
can then be extended to apply to positive and negative angles associated with a point 


moving on a unit circle. 


The six trigonometric functions asso- y 
ciated with a right triangle are hypotenuse opposite 
sine tangent secant o y side 
cosine cotangent cosecant 
ye O 


which are abbreviated respectively as _ ;. 
adjacent side 


sin, tan, sec, cos, cot, and csc. 
Let @ and ~ denote complementary angles in a right triangle as illustrated above. 


The six trigonometric functions associated with the angle 6 are 


. y opposite side y opposite side Tr hypotenuse 
sin 9=— = ; tan 9=—= - — sec9@ =— = - - 
Tr hypotenuse x adjacent side x adjacent side 
0 x adjacent side a x adjacent side 0 Tr hypotenuse 
cos 9 =— = cot @=— = csc 9 =— = 
Tr hypotenuse ’ y opposite side’ y opposite side 


Graphs of the Trigonometric Functions 
Graphs of the trigonometric functions sin @, cos@ and tan6, for 6 varying over the 
domain 0 < @ < 4x, can be represented in rectangular coordinates by the point sets 
S={(0,y) | y=sindé, 0<6<4r}, 
C={(0,2)| 2=cos0, 0<6<4r} 
T={(6,y) | y=tand, 0<0<4r} 


and are illustrated in the figure 1-17. 
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Using the periodic properties 
sin(@ + 27) = sin 6, cos(9 +27) = cos@ and tan(@+7) = tand 


these graphs can be extend and plotted over other domains. 


Figure 1-17. Graphs of the trigonometric functions sin@, cos@ and tané 


The function y = sin@ can also be interpreted as representing the motion of a point P 
moving on the circumference of a unit circle. The point P starts at the point (1,0), 
where the angle @ is zero and then moves in a counterclockwise direction about the 
circle. As the point P moves around the circle its ordinate value is plotted against 
the angle 6. The situation is as illustrated in the figure 1-17(a). The function x = cos 
can be interpreted in the same way with the point P moving on a circle but starting 
at a point which is shifted 7/2 radians clockwise. This is the equivalent to rotating 
the x, y-axes for the circle by 7/2 radians and starting the point P at the coordinate 
(1,0) as illustrated in the figure 1-17(b). 

The Hyperbolic Functions 


Related to the exponential functions e* and e~* are the hyperbolic functions 
hyperbolic sine written sinh, hyperbolic cotangent written coth 
hyperbolic cosine written cosh, hyperbolic secant written sech 


hyperbolic tangent written tanh, hyperbolic cosecant written csch 
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These functions are defined 


d e*~ —e * 1 
sinha =———__, cscha = 
2 sinhz 
a —2“ 1 
2 coshz 
sinhx 1 
tanhz = cotha = 
coshz tanhz 


As the trigonometric functions are related to the circle and are sometimes referred 
to as circular functions, it has been found that the hyperbolic functions are related 
to equilateral hyperbola and hence the name hyperbolic functions. This will be 
explained in more detail in the next chapter. 

Symmetry of Functions 

The expression y = f(x) is the representation of a function in an explicit form 
where one variable is expressed in terms of a second variable. The set of values given 
by 

S= {(z,y) |y=f(a), ce X} 


where X is the domain of the function, represents a graph of the function. The 
notation f(x), read “f of”, has the physical interpretation of representing y which 
is the height of the curve at the point z. Given a function y = f(x), one can replace 
x by any other argument. For example, if f(x) is a periodic function with least 
period T, one can write f(z) = f(2+T7) for all values of x. One can interpret the 
equation f(x) = f(a +7) for all values of « as stating that the height of the curve at 
any point x is the same as the height of the curve at the point x +7. As another 
example, if the notation y = f(x) represents the height of the curve at the point z, 
then y + Ay = f(a + Ax) would represent the height of the given curve at the point 
x+Aza and Ay = f(a+Az)— f(x) would represent the change in the height of the curve 
y in moving from the point x to the point z+Az. If the argument z of the function 
is replaced by —z, then one can compare the height of the curve at the points x and 
—a. If f(x) = f(—2) for all values of x, then the height of the curve at x equals the 
height of the curve at —z and when this happens the function f(z) is called an even 
function of x and one can state that f(x) is a symmetric function about the y-axis. 
If f(x) = —f(—2) for all values of x, then the height of the curve at x equals the 
negative of the height of the curve at —x and in this case the function f(x) is called 
an odd function of x and one can state that the function f(x) is symmetric about the 


origin. By interchanging the roles of x and y and shifting or rotation of axes, other 


symmetries can be discovered. The figure 1-18 and 1-19 illustrates some examples 


of symmetric functions. 


Symmetry about a line. Symmetry about a point. 


Figure 1-19. Examples of symmetric functions 


In general, two points P,; and P, are said to be symmetric to a line if the line is 
the perpendicular bisector of the line segment joining the two points. In a similar 
fashion a graph is said to symmetric to a line if all points of the graph can be 
grouped into pairs which are symmetric to the line and then the line is called the 
axis of symmetry of the graph. A point of symmetry occurs if all points on the graph 
can be grouped into pairs so that all the line segments joining the pairs are then 
bisected by the same point. See for example the figure 1-19. For example, one can 
say that a curve is symmetric with respect to the x-axis if for each point (x,y) on the 
curve, the point (x,—y) is also on the curve. A curve is symmetric with respect to 
the y-axis if for each point (x,y) on the curve, the point (—z,y) is also on the curve. 
A curve is said to be symmetric about the origin if for each point (x,y) on the curve, 


then the point (—z,—y) is also on the curve. 
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Example 1-5. A polynomial function p,(2) = aor" + ajx"~! +--+ + an_12 +a, Of 

degree n has the following properties. 

(i) If only even powers of x occur in p,(z), then the polynomial curve is symmetric 
about the y-axis, because in this case p,,(—2) = pn(z). 

(ii) If only odd powers of x occur in p,,(x), then the polynomial curve is symmetric 
about the origin, because in this case p,(—x) = —pp(z). 

(iii) If there are points x =a and x =c such that p,(a) and p,,(c) have opposite signs, 
then there exists at least one point x = b satisfying a < b <c, such that p,(b) =0. 
This is because polynomial functions are continuous functions and they must 
change continuously from the value p,(a) to the value p,,(c) and so must pass, at 


least once, through the value zero. 


Translation and Scaling of Axes 

Consider two sets of axes labeled (x,y) and (z,%) as illustrated in the figure 1- 
20(a) and (b). Pick up the (z,y) axes and keep the axes parallel to each other and 
place the barred axes at some point P having the coordinates (h,k) on the (x, y) axes 
as illustrated in the figure 1-20(c). One can now think of the barred axes as being 
a translated set of axes where the new origin has been translated to the point (h, k) 
of the old set of unbarred axes. How is an arbitrary point (2, y) represented in terms 
of the new barred axes coordinates? An examination of the figure 1-20 shows that 
a general point (x,y) can be represented as 


r=£+h and y=yt+k or Z=xr2—-h and g=y-k (1.30) 


Consider a curve y = f(x) sketched on the (z,y) axes of figure 1-20(a). Change 
the symbols x and y to z and g and sketch the curve g = f(z) on the (z,y) axes of 
figure 1-20(b). The two curves should look exactly the same, the only difference 
being how the curves are labeled. Now move the (z,y) axes to a point (h,k) of the 
(x,y) coordinate system to produce a situation where the curve 9 = f(Z) is now to be 
represented with respect to the (x,y) coordinate system. 


The new representation can be determined by using the transformation equations 
(1.30). That is, the new representation of the curve is obtained by replacing y by 
y —k and replacing z by x —h to obtain 


y—-k=f(r—-h) (1.31) 


Figure 1-20. Shifting of axes. 


In the special case k = 0, the curve y = f(x —h) represents a shifting of the curve 
y = f(x) a distance of h units to the right. Replacing h by —h and letting k = 0 one 
finds the curve y = f(a+h) is a shifting of the curve y = f(x) a distance of h units 
to the left. In the special case h = 0 and k 4 0, the curve y = f(x) +k represents a 
shifting of the graph y = f(x) a distance of k units upwards. In a similar fashion, 
the curve y = f(z) — k represents a shifting of the graph of y = f(x) a distance of k 
units downward. The figure 1-21 illustrates the shifting and translation of axes for 


the function y = f(x) = 2?. 


Figure 1-21. Translation and shifting of axes. 


Introducing a constant scaling factor s > 0, by replacing y by y/s one can create 
the scaled function y = sf(x). Alternatively one can replace x by sx and obtain the 
scaled function y = f(sx). These functions are interpreted as follows. 

(1) Plotting the function y = sf(x) has the effect of expanding the graph of y = f(z) 


in the vertical direction if s > 1 and compresses the graph if s < 1. This is 
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equivalent to changing the scaling of the units on the y-axis in plotting a graph. 
As an exercise plot graphs of y =sinz, y= 5sinz and y = ;sinz. 

(2) Plotting the function y = f(sz) has the effect of expanding the graph of y = f(z) 
in the horizontal direction if s < 1 and compresses the graph in the z-direction 
if s>1. This is equivalent to changing the scaling of the units on the z-axis in 
plotting a graph. As an exercise plot graphs of y = sin, y = sin(}x) and y = sin(3z). 

(3) A plot of the graph (x, —f(x)) gives a reflection of the graph y = f(x) with respect 
to the z-axis. 


(4) A plot of the graph (2, f(—2)) gives a reflection of the graph y = f(x) with respect 
to the y-axis. 


Rotation of Axes 

Place the (z,y) axes from figure 1-20(b) on top of the (x,y) axes of figure 1-20(a) 
and then rotate the (z,y) axes through an angle 6 to obtain the figure 1-22. An 
arbitrary point («,y), a distance r from the origin, has the coordinates (z,7) when 
referenced to the (z,) coordinate system. Using basic trigonometry one can find 
the relationship between the rotated and unrotated axes. Examine the figure 1-22 
and verify the following trigonometric relationships. 
The projection of r onto the z axis produces z = rcos@ and the projection of r onto 
the y axis produces 7 = rsing. In a similar fashion consider the projection of r onto 
the y-axis to show y = rsin(@+¢) and the projection of r onto the z-axis produces 
x =rcos(6+¢). 
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Expressing these projections in the form 


cos(0 + @) = - 
. ay (1.32) 
sin(6 + ¢) = . 
x 
ee =@ (1.33) 
sind == 


one can expand the equations (1.32) to obtain 


Figure 1-22. 


Rotation of axes. Sa a ia al (1.34) 


y =rsin(@ + ¢) =r(sin6 cos ¢ + cos@ sin ) 


Substitute the results from the equations (1.33) into the equations (1.34) to ob- 
tain the transformation equations from the rotated coordinates to the unrotated 


coordinates. One finds these transformation equations can be expressed 


x = cos 6 — ysind 


(1.35) 
y =Zsind + ycosé 
Solving the equations (1.35) for z and g produces the inverse transformation 
&=xcosé+ ysind 
(1.36) 


y = —xsind+ycosdé 


Inverse Functions 

If a function y = f(x) is such that it never takes on the same value twice, then 
it is called a one-to-one function. One-to-one functions are such that if 2; 4 v2, then 
f(v1) 4 f(x). One can test to determine if a function is a one-to-one function by 
using the horizontal line test which is as follows. If there exists a horizontal line 
y = constant, which intersects the graph of y = f(z) in more than one point, then 
there will exist numbers xz; and zz such that the height of the curve at x, is the 
same as the height of the curve at 2 or f(x) = f(r). This shows that the function 
y = f(x) is not a one-to-one function. 

Let y = f(x) be a single-valued function of x which is a one-to-one function such as 
the function sketched in the figure 1-23(a). On this graph interchange the values of 
z and y everywhere to obtain the graph in figure 1-23(b). To represent the function 
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x = f(y) with y in terms of x define the inverse operator f~! with the property that 
f-1f(v) = x. Now apply this operator to both sides of the equation x = f(y) to obtain 
f-l\(2) = folf(y) = y or y = fo'(2). The function y = f-'(z) is called the inverse 
function associated with the function y = f(x). Rearrange the axes in figure 1-23(b) 
so the z-axis is to the right and the y-axis is vertical so that the axes agree with 
the axes representation in figure 1-23(a). This produces the figure 1-23(c). Now 
place the figure 1-23(c) on top of the original graph of figure 1-23(a) to obtain the 
figure 1-23(d), which represents a comparison of the original function and its inverse 
function. This figure illustrates the function f(x) and its inverse function f~!(«) are 
one-to-one functions which are symmetric about the line y = z. 


Figure 1-23. Sketch of a function and its inverse function. 


Note that some functions do not have an inverse function. This is usually the 
result of the original function not being a one-to-one function. By selecting a domain 
of the function where it is a one-to-one function one can define a branch of the function 
which has an inverse function associated with it. 

Lets examine what has just been done in a slightly different way. If y = f(x) isa 
one-to-one function, then the graph of the function y = f(x) is a set of ordered pairs 
(x,y), Where x ¢ X, the domain of the function and y € Y the range of the function. 


Now if the function f(x) is such that no two ordered pairs have the same second 
element, then the function obtained from the set 


S= {(z,y) | y = f(x), se i 


by interchanging the values of x and y is called the inverse function of f and it is 
denoted by f~!. Observe that the inverse function has the domain of definition Y 


and its range is X and one can write 


y = f(x) oe f@)=2 (1.32) 


Still another way to approach the problem is as follows. Two functions f(z) 
and g(x) are said to be inverse functions of one another if f(x) and g(x) have the 
properties that 


Wf(z))=2 and — f(g(z))= 2 (1.33) 


If g(x) is an inverse function of f(a), the notation f-', (read finverse), is used to 
denote the function g. That is, an inverse function of f(x) is denoted f~!(x) and has 
the properties 

fF(@)) = 2 and f(f'(a)) = 2 (1.34) 


Given a function y = f(x), then by interchanging the symbols z and y there results 

x = f(y). This is an equation which defines the inverse function. If the equation 

x = f(y) can be solved for y in terms of x, to obtain a single valued function, then 

this function is called the inverse function of f(x). One then obtains the equivalent 
statements 

z= f(y) — y= f*(2) (1.35) 


The process of interchanging x and y in the representation y = f(x) to obtain 
x = f(y) implies that geometrically the graphs of f and f~! are mirror images of 
each other about the line y = x. In order that the inverse function be single valued 
and one-to-one, it is necessary that there are no horizontal lines, y = constant, which 
intersect the graph y = f(x) more than once. Observe that one way to find the inverse 
function is the following. 
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(1.) Write y = f(z) and then interchange x and y to obtain x = f(y) 

(2.) Solve x = f(y) for the variable y to obtain y = f~!(z) 

(3.) Note the inverse function f~1(z) sometimes turns out to be a multiple-valued 
function. Whenever this happens it is customary to break the function up into 
a collection of single-valued functions, called branches, and then one of these 
branches is selected to be called the principal branch of the function. That is, 
if multiple-valued functions are involved, then select a branch of the function 
which is single-valued such that the range of y = f(x) is the domain of f~1(z). 


An example of a function and its inverse is given in the figure 1-22. 


Figure 1-22. An example of a function and its inverse. 


Example 1-6. (Inverse Trigonometric Functions) 

The inverse trigonometric functions are defined in the table 1-1. The inverse 
trigonometric functions can be graphed by interchanging the axes on the graphs 
of the trigonometric functions as illustrated in the figures 1-23 and 1-24. Observe 
that these inverse functions are multi-valued functions and consequently one must 
define an interval associated with each inverse function such that the inverse function 
becomes a single-valued function. This is called selecting a branch of the function 
such that it is single-valued. 


Table 1-1 
Inverse Trigonometric Functions 


Alternate Interval for 
Function | notation single-valuedness 


1 


Figure 1-23. The inverse trigonometric functions sin~'z, cos~!z and tan7! 2. 


There are many different intervals over which each inverse trigonometric function 
can be made into a single-valued function. These different intervals are referred to 
as branches of the inverse trigonometric functions. Whenever a particular branch is 
required for certain problems, then by agreement these branches are called principal 
branches and are always used in doing calculations. The following table gives one 
way of defining principal value branches for the inverse trigonometric functions. 
These branches are highlighted in the figures 1-23 and 1-24. 
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Principal Values for Regions Indicated 


Figure 1-24. The inverse trigonometric functions cot~!z, sec~!a and csc~! 2. 


Equations of lines 

Given two points (21, y,) and (#2, y2) one can plot these points on a rectangular 
coordinate system and then draw a straight line @ through the two points as illus- 
trated in the sketch given in the figure 1-25. By definition the slope of the line is 
defined as the tangent of the angle a which is formed where the line ¢ intersects the 


xv-AaXIs. 


Move from point (x1, y:) to point (2, y2) along the line and let Ay denote a change 
in y and let Ax denote a change in z, then the slope of the line, call it m, is calculated 
y2— Y1 change in yY Ay 


slope of line = m= tana = = - = 
P t—-2; changeinz Az 


(1.36) 


If (x,y) is used to denote a variable point which moves along the line, then one can 
make use of similar triangles and write either of the statements 


~9="2% of ma PTB (1.37) 
Bae vt — XQ 


m 


The first equation representing the change in y over a change in z relative to the 
first point and the second equation representing a change in y over a change in x 
relative to the second point on the line. 

This gives the two-point formulas for representing a line 


YT" _ WW _ or YT _ WAN _ | (1.38) 
L— XY Q2— Vy wL— XY Q— Ly 


Figure 1-25. The line y — y, = m(a# — 2) 


change in y 
change in x 
the line using either of the point-slope forms 


Once the slope m = = tana of the line is known, one can represent 


y-y = M(x 24) or Y — Y2 = M(x — x2) (1.39) 


Note that lines parallel to the z-axis have zero slope and are represented by 
equations of the form y = yo = a constant. For lines which are perpendicular to the 
x-axis or parallel to the y-axis, the slope is not defined. This is because the slope 
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tends toward a + infinite slope or - infinite slope depending upon how the angle of 
intersection a approaches 7/2. Lines of this type are represented by an equation 
having the form x = 2) = aconstant. The figure 1-26 illustrates the general shape 
of a straight line which has a positive, zero and negative slope. 


Figure 1-26. The slope of a line. 


The general equation of a line is given by 
Ar+ By+C=0, where A,B,C are constants. (1.40) 
The slope-intercept form for the equation of a line is given by 
y=mxz+b (1.41) 


where m is the slope and b is the y—intercept. Note that when x = 0, then the point 
(0, b) is where the line intersects the y axis. If the line intersects the y-axis at the 
point (0,b) and intersects the x-axis at the point (a,0), then the intercept form for 
the equation of a straight line is given by 


Se a#0, b#0 (1.42) 
ab 
One form! for the parametric equation of a straight line is given by the set of points 
£={(z,y)|2=tandy=mt+b, -w<t<o} 
Another parametric form such as 
£={(2,y)|2=sint and y=msint+b, -o<t<oo} 


gives only a segment of the total line. 


| The parametric representation of a line or curve is not unique and depends upon the representation. 
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The polar form for the equation of a straight line can be obtained from the 
intercept form for a line, given by equation (1.42), by using the transformation 


equations (1.1) previously considered. For example, if the intercept form of the line 
lis - fee 1, then the transformation equations x = rcos@ and y = rsin@ change this 
equation to the form 


reosé rsin@ 
al 1.43 
, 5 (1.43) 


Let d denote the perpendicular distance 
from the line ¢ to the origin of the rectan- 
gular z,y coordinate system as illustrated 
in the figure 1-27. This perpendicular line 
makes an angle @ such that 


cos 3 = < and cos( + — B)=sinB= ° 


Solve for z and and substitute the results 


Figure 1-27. 


Determining polar form for line. 


a 
into the equation (1.43) to show 


5 cos 8.cos 8+ | sind sin 8 ell 
Use trigonometry to simplify the above equation and show the polar form for the 
equation of the line is 


rcos(@ — 8) = d (1.44) 


Here (r,@) is a general point in polar coordinates which moves along the line ¢ de- 
scribed by the polar equation (1.44) and is the angle that the z-axis makes with 
the line which passes through the origin and is perpendicular to the line @. 
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Perpendicular Lines 

Consider a line ¢2 which is perpendicular to a given line 
é, as illustrated in the figure 1-28. The slope of the line 
é, is given by m,; = tana, and the slope of the line é is 
given by mz = tanag where a; and ay are the positive 


angles made when the lines ¢; and ¢ intersect the x-axis. Figure 1-28. 


Perpendicular lines. 
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Two lines are said to intersect orthogonally when they intersect to form two right 
angles. Note that a2 is an exterior angle to a right triangle ABC and so one can 
write a2 = a,+7/2. If the two lines are perpendicular, then the product of the slopes 


m, and mz must satisfy 


a sin(ay+7/2) _ sina, cosa, 1 (1.45) 


MyM, = tana, tanag = 
all : . ( cos(a;+7/2) cosa, (—sinay;) 


COS 1 


which shows that if the two lines are perpendicular, then the product of their slopes 
must equal -1, or alternatively, one slope must be the negative reciprocal of the other 
slope. This relation breaks down if one of the lines is parallel to the z-axis, because 
then a zero slope occurs. 

In general, if line ¢,; with slope m; = tané@, inter- 
sects line f2 with slope m2: = tan@2 and @ denotes the 
angle of intersection as measured from line ¢; to 9, 
then @ = 62 — 6, and 

tan 02 — tan 0, 


tan 0 =tan(@2 — 0,) = 
o outta 1) 1+ tan 6, tan 02 


m2 — M1 
tan 9 =—W— 
1 + mimg 


Note that as mz approaches —1/m,, then the angle 6 approaches 7/2. 
Limits 

The notation x — oo is used to denote the value x increasing without bound 
in the positive direction and the notation x — —oo is used to denote x increasing 
without bound in the negative direction. The limits Jim f(2) and _Jim_ f(2), if they 
exist, are used to denote the values of a function f(x) as the variable x is allowed 
to increase without bound in the positive and negative directions. For example one 
can write 
lim (2+ =) = 2 and lim Q+4)=2 


The notation « — 2) denotes the variable x approaching the finite value x9, but 
it never gets there. If x and x) denote real numbers, then x can approach xo from 
any direction and get as close to zp as you desire, but it cannot equal the value zo. 
For « > 0 a small real number, sketch on a piece of paper the difference between the 
x-values defined by the sets 


N= {x | | x-—2z9| <e} and No = {x | 0< |x — | < €} (1.46) 
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Observe that the set N contains all the points between x9 — « and xp + € together with 
the point 2) €¢ N, while the set No is the same as N but has the point x9 excluded so 
one can write ry ¢ No. The set N is called a neighborhood of the point x9 while the set 
No is called a deleted neighborhood of the point x 9. The notation x — x) emphasizes 
the requirement that x approach the value xo, but zx is restricted to taking on the 
values in the set No. The situation is illustrated in the figures 1-29(a) and 1-29(b). 
The notation « — 27 is used to denote x approaching zo from the right-hand side of 
xo, Where z is restricted such that « > x. The notation x — x9 is used to denote x 
approaching x9 from the left-hand side of x9, where z is restricted such that x < 2». 
In general, the notation « — 2) means x can approach zy from any direction, but « 


can never equal zo. 


Figure 1-29. Left and right-hand approaches of x to the value zo. 


Infinitesimals 
You cannot compare two quantities which are completely different in every way. 
To measure related quantities you must have 


(i) A basic unit of measurement applicable to the quantity being measured. 


(ii) A number representing the ratio of the measured quantity to the basic unit. 


The concept of largeness or smallness of a quantity is relative to the basic unit 
selected for use in the measurement. For example, if a quantity Q is divided up 
into some fractional part f, then fQ is smaller than Q because the ratio fQ/Q = f 
is small. For f < 1, quantities like fQ, f?Q, f?Q,... are called small quantities of 
the first, second, third orders of smallness, since each quantity is a small fraction 
f of the previous quantity. If the fraction f is allowed to approach zero, then the 
quantities fQ, f?Q, f?Q,... are very, very small and are called infinitesimals of the 
first, second, third, ..., orders. Thus, if Ar is a small change in z, then (Az)? would 
be an infinitesimal of the second order, (Ar)? would be an infinitesimal of the third 
order, etc. 


Al 


A2 


In terms of limits, if a and @ are infinitesimals and lim e is some constant 
different from zero, then a and @ are called infinitesimals of the same order. However, 
if lim © =0, then @ is called an infinitesimal of higher order than a. 

If you are dealing with an equation involving infinitesimals of different 
orders, you only need to retain those infinitesimals of lowest order, stnce the higher 
order infinitesimals are significantly smaller and will not affect the results 
when these infinitesimals approach zero . 

This concept is often used in comparing the ratio of two small quantities which 
approach zero. Consider the problem of finding the volume of a hollow cylinder, as 


illustrated in the figure 1-30, as the thickness of the cylinder sides approaches zero. 


Figure 1-30. Volume of hollow cylinder. 


Let AV denote the volume of the hollow cylinder with r the inner radius of the 
hollow cylinder and r+ Ar the outer radius. One can write 

AV =Volume of outer cylinder — Volume of inner cylinder 

AV =n(r + Ar)*h — ar*h = a[r? + 2rAr + (Ar)*|h — ar?h 

AV =2nrrhAr + h(Ar)? 
This relation gives the exact volume of the hollow cylinder. If one takes the limit 
as Ar tends toward zero, then the Ar and (Ar)? terms become infinitesimals and 


the infinitesimal of the second order can be neglected since one is only interested in 
comparison of ratios when dealing with small quantities. For example 


lim a = lim (Qarh+4+ athAr) = 2arh 
Ar—o Ar Ar—0 
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Limiting Value of a Function 

The notation lim f(x) = ¢ is used to denote the limiting value of a function f(z) 
as x approaches the walue xo, but #4 x. Note that the limit statement lim f(x) is 
dependent upon values of f(x) for 2 near x9, but not for x = 2p. One must examine 
the values of f(x) both for xf values (values of x slightly greater than 29) and for 
zy values (values of x slightly less than ao). These type of limiting statements are 
written 

lim f(z) and lim f(z) 


+ = 
L-£o L—-Xo 


and are called right-hand and left-hand limits respectively. There may be situations 
where (a) f(2o) is not defined (b) f(ao) is defined but does not equal the limiting 
value ¢ (c) the limit lim f(x) might become unbounded, in which case one can write 
a statement stating that “no limit exists as x — zo ” 

Some limits are easy to calculate, for example lim, (32 +1) = 7, is a limit of the 
form jim f(x) = f(20), where f(z) is the value of f(x) at x = xo, if the value f(z9) 
exists. This method is fine if the graph of the function f(x) is a smooth unbroken 
curve in the neighborhood of the point zo. 


defined 


Figure 1-31. 


Sectionally-continuous 


_ [2-2 —29), a a 
I(2) = oe o> ip 


function 


is an example of a sectionally continuous function. Note this function is not defined 
at the point x9 and the left-hand limit lim f(x) = 2 and the right-hand limit given 


Lx, 


by lim, f(x) = 5 are not equal and f(z) is not defined. The graph of f(z) is sketched 


4 Ole a4 7 


0 
in the figure 1-31. The function f(z) is said to have a jump discontinuity at the point 
x =xq and one would write lim f(x) does not exit. 
L—2Xo 
Some limiting values produce the indeterminate forms # or © and these resulting 


forms must be analyzed further to determine their limiting value. For example, the 
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The limiting value lim f(x) cannot be calculated by eval- 
uating the function f (x) at the point 29 if the function is 
not defined at the point x. A function f(x) is called a 
sectionally continuous function if its graph can be repre- 
sented by sections of unbroken curves. The function f() 


AA 


limiting value ? may reduce to a zero value, a finite quantity or it may become an 


infinite quantity as the following examples illustrate. 


3 3 , : ee 
“oD 3 lim aan = lim —-=oo, an infinite limit 
lim — = lim =2=0, a zero limit sa at 2x 
2, BS ae 3 lim ——~° = lim (tO Cc 2X9 
Xv p ie A — = ’ 
lim, ai lim, gigs finite limit t>to L—TQ et -xo (x — xo) 
eee a finite limit 
Example 1-7. Geometry used to determine limiting value 
P 
Consider the function f(x) = ~— and observe that this function is not defined 
x 
44 0 
at the value x = 0, because f(0) = alas => an indeterminate form. Let us 
t 2=0 


investigate the limit lim me using the geometry of the figure 1-32 as the angle? x 
gets very small, but with «40. The figure 1-32 illustrates part of a circle of radius 
r sketched in the first quadrant along with a ray from the origin constructed at the 
angle z. The lines AD and BC perpendicular to the polar axis are constructed along 
with the line BD representing a chord. These constructions are illustrated in the 


figure 1-32. From the geometry of figure 1-32 verify the following values. 


1 1 
Area AOBD = 5 0B -AD = Sf sin x 
AD=  rsinz 1 
Area sector OBD = =r?zx 
BC=rtanz 2 


1 1 
Area AOBC = 308 -BC= a tanz 


One can compare the areas of triangles AOBD, AOBC and sector 0BD to come 
up with the inequalities 


Area AOBD < Area sector OBD < Area AOBC 
1 1 1 1.47 
or <r?sinz < <p e < -r* tang ( ) 
2 2 2 
x 1 


Divide this inequality through by }r?sinz to obtain the result 1 < ee 
Taking the reciprocals one can write 


= > cos £ (1.48) 


? Radian measure is always used. 


Figure 1-32. Construction of triangles and sector associated with circle. 


Now take the limit as x approaches zero to show 


1> lim = > lim cos x (1.49) 
20 £ x—0 
The function —— is squeezed or sandwiched between the values 1 and cos x and since 
x 
the cosine function approaches 1 as x approaches zero, one can say the limit of the 


a sin v : 
function —— must also approach 1 and so one can write 
x 


=1 (1.50) 


In our study of calculus other methods are developed to verify the above limiting 
value associated with the indeterminate form _ as x approaches zero. 


Example 1-8. (Algebra used to determine limiting value) 
Algebra as well as geometry can be used to aid in evaluating limits. For example, 
to calculate the limit 


0 ; : 
lim = =-— an indeterminate form (1.51) 
a ge | Ged Joag 0 


one can make the change of variables z = z—1 and express the limit given by equation 


(1.51) in the form 
. (l+z)"-1 
lim, <> 


1.52 
lim 3 (1.52) 


The numerator of this limit expression can be expanded by using the binomial 


theorem 
(l+2z)"=1l4+nz+ mn » z+ nS din =2) a (1.53) 


A5 
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Substituting the expansion (1.53) into the equation (1.52) and simplifying reduces 
the given limit to the form 


: n(n — 1) n(n —1)(n-—2) 5 7 
lim eae rT Fisk: 31 Bap he) Te (1.54) 
. ~ “er —) 
This shows that lim =n 
col g—l 
| 


Example 1-9. (Limits) 
The following are some examples illustrating limiting values associated with 


functions. 
p 1 
lim x? =9 lim — =— oo lim toned 4 
r—3 x—0- & 6—0 0 
. 1 | Tah 
lim, — = +00 lim Peli =3 lim pe eee ee 
x—O0T & LOO x x—0 Hb; 2 


Formal Definition of Limit 

In the early development of mathematics the concept of a limit was very vague. 
The calculation of a limit was so fundamental to understanding certain aspects of 
calculus, that it required a precise definition. A more formal «—6 (read epsilon-delta) 
definition of a limit was finally developed around the 1800’s. This formalization 
resulted from the combined research into limits developed by the mathematicians 


Weierstrass,? Bolzano* and Cauchy.°® 


Definition 1: Limit of a function 
Let f(x) be defined and single-valued for all values of x in some deleted neigh- 
borhood of the point x9. A number ¢ is called a limit of f(x) as x approaches xo, 
written lim f(x) = ¢, if for every small positive number «> 0 there exists a number 
6 such that® 
|f(x) -e]) <e whenever 0<|x-—29| <6 (1.55) 


Then one can write f(x) — € (f(z) approaches ¢) as x — x9 (x approaches xo). Note 


that f(x) need not be defined at the point x9 in order for a limit to exist. 


3 Karl Theodor Wilhelm Weierstrass (1815-1897) A German mathematician. 
4 Bernard Placidus Johan Nepomuk Bolzano (1781-1848) A Bohemian philosopher and mathematician. 
> Augustin Louis Cauchy (1789-1857) A French mathematician. 


6 The number 6 usually depends upon how € is selected. 


The above definition must be modified if restrictions are placed upon how zx 
approaches 2 9. For example, the limits lim, f(x) = 4 and lim f(x) = ¢ are called 


LL oy 


the right-hand and left-hand limits associated with the function f(x) as x approaches 


the point 2 9. Sometimes the right-hand limit is expressed lim f(x) = f(z3) and 


the left-hand limit is expressed lim f(r) = f(aj). The e—6 definitions associated 
with these left and right-hand limits is exactly the same as given above with the 
understanding that for right-hand limits x is restricted to the set of values x > x9 


and for left-hand limits x is restricted to the set of values x < xp. 


Definition 2: Limit of a function f(z) as z— 00 

Let f(x) be defined over the unbounded interval c < x < co, then a number ¢ is 
called a limit of f(x) as x increases without bound, written as lim f(x) = £, if for 
every «>0, there exists a number N, >0 such that |f(ax) — @| <e, “whenever x > N,. 

In a similar fashion, if f(x) 1s defined over the unbounded interval —co < x <c, 
then the number ¢ is called a limit of f(x) as x decreases without bound, written 
lim f(x) = 4, if for every « > 0, there exists a number Nz >0 such that |f(x)—@| <e, 
Whenever x<—Np. 


In terms of the graph { (z,y) | y= f(x), « € R} one can say that for x sufficiently 
large, larger than N, or less than —N2, the y values of the graph would get as close 
as you want to the line y = @. 


Definition 3: Limit of a function becomes unbounded 

In the cases where the limit Jim f(a) either increases or decreases without bound 
and does not approach a limit, then the notation lim f(x) = +00 ts used to denote 
that there exists a number N3 > 0, such that f(z) Ne, whenever 0 < |x—20| < 6 and 
the notation jim f(x) = —oo is used to denote that there exists a number N, > 0, 
such that f(x) < i, whenever 0 < |x — xo| < 6. 

In the above notations the symbols +oo (plus infinity) and —oo (minus infinity) 
are used to denote unboundedness of the functions. These symbols are not numbers. 
Also observe that there are situations where to use the above notation one might 
have to replace the limit subscript x — 29 by either x — x23 or x — xp in order to 
denote right or left-handed limits. 


AT 
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In using the «—6 methods to prove limit statements, observe that the statement 
“ f(x) is near £” is expressed mathematically by the statement | f(x) — ¢| < « where 
« >0 is very small. By selecting « very small you can force f(x) to be very near @, 
but what must 6 be in order that f(x) be that close to ¢? The selection of 5, in most 
cases, will depend upon how « is specified. The statement that “a is near 29, but 


? 


is not equal to z)” is expressed mathematically by the statement 0 < |x — xo| < 6. 
The real number 6 which is selected to achieve the smallness specified by e, is not 
a unique number. Once one value of 6 is found, then any other value 6, < 6 would 


also satisfy the definition. 


Figure 1-33. 
(a) Graphical sketch of ¢— 6 limit. 
(b) Function having jump discontinuity at the point zo 


A sketch of the « —6 definition of a limit is given in the figure 1-33(a). Here 
xo, ,€ > 0,6>0 are all real numbers and the given function y = f(x) is understood to 
be well defined for both x < 2 and for z > x, while the function value f(z 9) may or 
may not be defined. That portion of the graph inside the shaded rectangle is given 
by the set of values 


G={(2,y) | 0<|e—a| <6 and y= f(a) } 


which is a subset of all the points inside the shaded rectangle. 


The shaded rectangle consists of the set of values 
S={(z,y) | 0<|x—29| <6 and |y—¢| <« } 


Note that the line where x = xp and @—« < y < £+€ is excluded from the set. The 
problem is that for every « > 0 that is specified, one must know how to select the 
6 to insure the curve stays within the shaded rectangle. If this can be done then ¢ 
is defined to be the lim f(x). In order to make |f(x) — ¢| small, as x — xy, one must 
restrict the values of 2 to some small deleted neighborhood of the point x». If only 
points near zo are to be considered, it is customary to always select 6 to be less than 


or equal to 1. Thus if | — | < 1, then z is restricted to the interval [29 — 1,29 +1). 


Example 1-10. (e-—6 proof) 
Use the « — 6 definition of a limit to prove that lim r= 9 
Solution 


Here f(x) = x? and €= 9 so that 
|f(x) — €| = |a? — 9] = |(a + 3)(e@— 3)| = |x +3] - |x —3| (1.56) 


To make | f(a) — ¢| small one must control the size of |a— 3]. Recall that by agreement 
6 is to be selected such that 6 <1 and as a consequence of this the statement “zx is 
near 3” is to mean z is restricted to the interval [2, 4]. This information allows us to 
place bounds upon the factor («+ 3). That is, |2 +3] <7, since z is restricted to the 
interval [2,4]. One can now use this information to change equation (1.56) into an 


inequality by noting that if |2— 3] <6, one can then select 6 such that 
| f(z) — | = |z? — 9| = |x +3 - |2 — 3] < 75 <e (1.57) 


where « > 0 and less than 1, is as small as you want it to be. The inequality (1.57) 
tells us that if 5 < «/7, then it follows that 


|x? -—9|<e whenever |r—3| <6 


Special Considerations 
1. The quantity « used in the definition of a limit is often replaced by some scaled 
value of «, such as ae, €?,,/e, etc. in order to make the algebra associated with 


some theorem or proof easier. 


AQ 


2. The limiting process has the property that for f(z) = c, a constant, for all values 
of x, then 
lim ¢=:¢ (1.58) 


This is known as the constant function rule for limits. 
3. The limiting process has the property that for f(x) = x, then lim x = 2». 
This is sometimes called the identity function rule for limits. —_ 
Properties of Limits 
If f(x) and g(x) are functions and the limits Jim f(x) = 4 and Jim g(x) = both 
exist and are finite, then ; ; 
(a) The limit of a constant times a function equals the constant times the limit of 
the function. 
lim cf(x) = ¢ lim f(z) = ct, for all constants c 


LLOQ 


(b) The limit of a sum is the sum of the limits. 


lim [f() + g()| = Tim f(a) + lim g(2) = 4 + b 


LLOQ 


(c) The limit of a difference is the difference of the limits. 
lim [f(x) — g(z)] = lim f(z) —- lim g(x) = 4, -—b 
L—Xo L—Xo 


L—XO 


(d) The limit of a product of functions equals the product of the function limits. 


Kim, [#(2)-a(2)] = (tim #(@)) + (tim (0) = 6-4 


L—Xo 


(e) The limit of a quotient is the quotient of the limits provided that the denom- 


inator limit is nee Plo) 
Cee eee 
l = —— = ded 2 4 0 
rim g(a) lim g(a)’ Provided A 


(f) The limit of an nth root is the nth root of the limit. 


lim */f(z) = i/ lim f(a 


L—XoO xL—-XoO 


7, {rs n is an odd positive integer or 
if n is an even positive integer and ¢; > 0 
(g) Repeated applications of the product rule with g(x) = f(x) gives the extended 


product rule. . 
lin f(y (im f(z) 


(h) The limit theorem for composite functions is as follows. 


If Jim, g(e) =¢, then tim fg(2)) =f ( tim a(x) = £0 


Example 1-11. (Limit Theorem) 

Use the « — 6 definition of a limit to prove the limit of a sum is the sum of the 
limits Jim (f(x) + g(x)) = Jim f(a) + Jim g(x) = 41 + bo 
Solution By ‘hypothesis, lim fer) ee and lim g(x) = f2, SO that for a small number 
€, > 0, there exists Humberd. o: and 62 such ay 


| f(a) — £1| <€1 when O0< |x — xo| < 61 
\g(z) —f2)<e, when 0< |z—29| < & 


where «; > 0 is a small quantity to be specified at a later time. Select 6 to be the 


smaller of 6, and 62, then using the triangle inequality, one can write 
|(f(z) + g(x)) — (41 + £2)| =|(F(x) — 41) + (9(@) - &)| 


< | f(x) — 41] + |g(2) — 42! 
<€, +e, = 2€] when 0 < |x —2x9| <6 


Consequently, if €; is selected as «/2, then one can say that 
\(f(x) + g(x)) — (4. +£2))<e€ when 0<|x-29| <6 


which implies 
lim (f(x) + g(x)) = lim f(x)+ lim g(x) = 0, + bg 


L—XO xL—Xo xL—Xo 


Example 1-12. (Limit Theorem) 
Use the « — 6 definition of a limit to prove the limit of a product of functions 


equals the product of the function limits. That is, if lim f(x) = ¢; and lim g(x) = &, 


then lim f(x)g(z) = (im f(z) (im a(e)) = byby. 


xL—XoO L—XoO xL—XoO 


Solution 
By hypothesis, lim f(#) = @ and lim g(x) = &, so that for every small number 
xL—XoO LLG 
e,, there exists numbers e€,,6, and €1, 62 such that 
| f(x) — £:| <1, whenever 0 < |x — x9| < 6; 
and  |g(x) — é2| < e, whenever 0 < |x — zo| < b2 


where «; > 0 is some small number to be specified later. Let 6 equal the smaller of 
the numbers 6, and 6, so that one can write 


|f(z) -—£:)<e1,  |g(x) — £2] <1, whenever 0 < |x — x9| < 6 


o1 


52 


To prove the above limit one must specify how to select 6 associated with a given 
value of « such that 


|f(x)g(x) — €:l2|<e« whenever |x —2| <6 


One can select €; above as a small number which is some scaled version of «. Observe 
that the function f(x) is bounded, since by the triangle inequality one can write 


[f(z)| = |f(@) — 41 + 41| < |f(@) — A] + [A] <a + [| < 14+ [4 


where e; is assumed to be less than unity. Also note that one can write 


|f(x)g(x) — €1€2| =|F(@) g(a) — Lo f(x) + of (x) — 4] 
S|f(x)(g(@) — £2)| + |f2(F(@) — 41)| 
S| f(x)||9(x) — €2] + ||| F(x) — 41 
<(1 + |ér|)er + [€oler = (1 + [er] + [42/ er 


Consequently, if the quantity «, is selected to satisfy the inequality (1+]|@|+|s|)e1 < e, 
then one can say that 


|f(x)g(x) — €l2|<e€ whenever |x —x9| <6 


so that 


Example 1-13. (Limit Theorem) 


If ¢2 £0, prove that if lim g(x) = é, then lim == = 
229 seo g(x) lim g(a) &a 


Solution By hypothesis lim g(x) = ¢, with 2 40. This means that for every «, > 0 


there exists a 6, such that |g(x) — ¢2| < e, whenever |x — z0| < 6,. How can this 
information be used to show that for every « > 0 there exists a 6 such that 

oan ie 
g(a) a 


The left-hand side of the inequality (1.59) can be expressed 


<e whenever |r—20| <6? (1.59) 


| 1 1] _ |&—g(e)|_ [9(@)-4 1 
ge) | ~ lg(e)eal lal (ae) 


(1.60) 


53 


For a given «;, one can find a 6, such that the quantity |g(x) — ¢2| < e, whenever 
|a — a9| < 6. What can be constructed as an inequality concerning the quantity 


= 
lg (a)| 


? If ¢ £0 one can employ the triangle inequality and write 

[2] = |€2 — g(x) + g(a)| < 2 — g(x)| + [9(@)| 
By the definition of a limit, one can select values e3 and 63 such that 
\g(z) — 22|<e3 when |xr—29| < 63 


This gives the inequalities 

1 1 
@ ale 
provided |f2| — «3 is not zero. Recall that the values of «; and «3 have not been 


\f2| <e3+|g(x)| or |é2|-—e3 <|g(a)| or 


(1.61) 


specified and their values can be selected to have any small values that we desire. 

The inequality given by equation (1.60) can be expressed in the form 
1 1 \g(x) — £5| ee: ose 1 

g(a) ba |¢2| lg(x)| [ea] [42] —€s 

and is valid for all x values satisfying |x —29| < 6, where 6 is selected as the smaller of 


(1.62) 


the values 6, and 63. Let us now specify an «; and e3 value so that with some algebra 
the right-hand side of equation (1.62) can be made less than ¢ for |x — x0| < 6. One 
way to accomplish this is as follows. After « is selected, one can select 6, above to go 
with €, = «(1 — )|2|? and select 63; above to go with e3 = 3\f2|, where @ is some small 
fraction less than 1. Then 6 is selected as the smaller of the values 6, and 63 and the 
product on the right-hand side of equation (1.62) is less than e for |x — xo| < 6. 

The above result can now be combined with the limit of a product rule 


lim f(x)h(x) = lim f(x)- lim h(x) with h(x) = zy to establish the quotient rule 


lim f(z) 
fie 2 ( lim f(z) ( fe ) =— il provided ¢) 4 0 


vane g(a) ety voto g(t)) lim g(a)’ 
L— Xo 


The Squeeze Theorem 
Assume that for x near x there exists three functions f(x), g(x) and h(x) which 


can be shown to satisfy the inequalities f(x) < g(x) < h(x). If one can show that 
lim f(a) =e and lira he) =, 


then one can conclude 
lin gaya £ 


LL 


This result is known as the squeeze theorem. 


D4 


Continuous Functions and Discontinuous Functions 
A function f(x) is called a continuous function over the interval a < 2x9 < b if for 


all points x) within the interval 


(i) f(xo) is well defined 


(ii) lim f(z) exists (1.63) 
(iit) lim f(x) = f(ao) 


Polynomial functions are continuous functions. Rational algebraic functions, 
represented by the quotient of two polynomials, are continuous except for those 
points where the denominator becomes zero. The trigonometric functions, exponen- 
tial functions and logarithmic functions are continuous functions over appropriate 
intervals. 

Alternatively, one can assume the right-hand limit _jim | f(x) = £, and the left- 
hand limit lim f(r) = ¢, both exist, then if @; = @ and f(xo) = &, then the function 


LF Lo 


f(z) is said to be continuous at the point zo. A function continuous at all points zo 
within an interval is said to be continuous over the interval. 
If any of the conditions given in equation (1.63) are not met, then f(z) is called 


a discontinuous function. For example, if lim f(x) = 4 and lim f(x) = é2 both exist 
L—-2XO 


and ¢, 4 é, the function f(z) is said to have a jump discontinuity at the point zo. 
An example of a function with a jump discontinuity is given in the figure 1-33(b). 


If lim f(x) does not exist, then f(x) is said to be discontinuous at the point zo. 


The Intermediate Value Property states that a function f(x) which is continuous 
on a closed interval a < x < b is such that when x moves from the point a to the point 
b the function takes on every intermediate value between f(a) and f(b) at least once. 
An alternative version of the intermediate value property 
is the following. If y = f(x) denotes a continuous function 
on the interval a < x < b, where f(a) < ¢ < f(b), and the 
line y = c = constant is constructed , then the Intermediate 
Value Theorem states that there must exist at least one 
number € satisfying a < € <b such that f(€) =<. 
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Example 1-14.  (Discontinuities) 


(a) f(a) = == is not defined at the point 2 =1, so f(x) is said to be discontin- 
(a —1)(a+ 1) 


uous at the point x =1. The limit lim aS = 2 exists and so by defining 
the function f(x) to have the value f(1) = 2, the function can be made continuous. 
In this case the function is said to have a removable discontinuity at the point 
Tl, 

(b) If Jim f(x) = +00, then obviously f(x) is not defined at the point 2). Another 
way to spot an infinite discontinuity is to set the ecomineyO: of a function equal 
@—D@-D@ 23)’ then f(z) is 


said to have infinite discontinuities at the points = 1, x =2 and # =3. 


(c) The function f(x) = ie 2 a is not defined at the point x = 2. The 


left and right-hand limits as x — 2 are not the same and so the function is said 


to zero and solve for «. For example, if f(x) = 


to have a jump discontinuity at the point x = 2. The limit lim,_.2 f(x) does not 
exist. At a point where a jump discontinuity occurs, it is sometimes convenient 
to define the value of the function as the average value of the left and right-hand 


limits. 


Asymptotic Lines 

A graph is a set of ordered pairs (x,y) which are well defined over some region 
of the z,y-plane. If there exists one or more straight lines such that the graph 
approaches one of these lines as x or y increases without bound, then the lines are 


called asymptotic lines. 


Example 1-15. (Asymptotic Lines) 


Consider the curve C = { (2, y) | y= f(x) = 14+ — x € R} and observe that the 
curve passes through the origin since when x = 0 one finds y = f(0) = 0. Also note 


that as x increases, jim f(z) =1 and that as x approaches the value 1, lim f(x) = too. 
If one plots some selected points one can produce the illustration of the curve C as 
given by the figure 1-34. In the figure 1-34 the line y = 1 is a horizontal asymptote 
associated with the curve and the line x = 1 is a vertical asymptote associated with 


the curve. 
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Consider a curve defined by one of the equations 
G(z,y) = 0, y = f(z), «= gly) 


If a line @ is an asymptotic line associated with one of the above curves, then the 
following properties must be satisfied. Let d denote the perpendicular distance from 
a point (x,y) on the curve to the line ¢. If one or more of the conditions 


lim d= 0, lm d=0, lim d= 0, lm d=0, 


is satisfied, then the line @ is called an asymptotic line or asymptote associated with 


the given curve. 


1 
=1 


Figure 1-34. The graph of y = f(x) = 1+ - 


Finding Asymptotic Lines 
One can determine an asymptotic line associated with a curve y = f(x) by ap- 
plying one of the following procedures. 
1. Solve for y in terms of 2 and set the denominator equal to zero and solve for x. 
The resulting values for x represent the vertical asymptotic lines. 
2. Solve for x in terms of y and set the denominator equal to zero and solve for y. 
The resulting values for y represent the horizontal asymptotic lines. 
3. The line x = zp is called a vertical asymptote if one of the following conditions 


is true. 
litte f (|) = 06; lim f(z) = 00, lim, (2) = co 
SEO Lr Lo LLG 
lim f(z) = —oo, lim f(z) = —oo, lim, f(z) = —oo 
LLOQ on Lz 


0 0 
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4. The line y = yo is called a horizontal asymptote if one of the following condi- 
tions is true. 


lim f(x) = yo, Jim f(x) = Yo 


5. The line y = mz +b is called a slant asymptote or oblique asymptote if 
lim [f(z) — (mz + b)] = 0 
Example 1-16. Asymptotic Lines 
. 1 ; : 
Consider the curve y = f(z) = 2a +1+ = where z € R. This function has the 
properties that 


myo-OoviiSe tn =o wd tape 


200 Zoo x—0 


so that one can say the line y = 2x +1 is an oblique asymptote and the line z = 0 is 
a vertical asymptote. A sketch of this curve is given in the figure 1-35. 


r=O0 
Figure 1-35. Sketch of curve y = f(x) = 24 +1+ “ 


Conic Sections 
A general equation of the second degree has the form 


Az? + Bry+ Cy? + Da+ Ey+F=0 (1.64) 


where A, B,C, D, E, F are constants. All curves which have the form of equation (1.64) 
can be obtained by cutting a right circular cone with a plane. The figure 1-36(a) 
illustrates a right circular cone obtained by constructing a circle in a horizontal plane 
and then moving perpendicular to the plane to a point V above or below the center 
of the circle. The point V is called the vertex of the cone. All the lines through the 
point V and points on the circumference of the circle are called generators of the 


Copyright 2012 J.H. Heinbockel. All rights reserved 


58 


cone. The set of all generators produces a right circular cone. The figure 1-36(b) 
illustrates a horizontal plane intersecting the cone in a circle. The figure 1-36(c) 
illustrates a nonhorizontal plane section which cuts two opposite generators. The 
resulting curve of intersection is called an ellipse. Figure 1-36(d) illustrates a plane 
parallel to a generator of the cone which also intersects the cone. The resulting 
curve of intersection is called a parabola. Any plane cutting both the upper and 
lower parts of a cone will intersect the cone in a curve called a hyperbola which is 
illustrated in the figure 1-36(e). 


Figure 1-36. The intersection of right circular cone with a plane. 


Conic sections were studied by the early Greeks. Euclid’ supposedly wrote four 
books on conic sections. The Greek geometer Appollonius® wrote eight books on 
conic sections which summarized Greek knowledge of conic sections and his work 
has survived the passage of time. 

Conic sections can be defined as follows. In the zy-plane select a point f, called 
the focus, and a line D not through f. This line is called the directrix. The set of 
points P satisfying the condition that the distance from f to P, call it r= Pf, is some 
multiple e times the distance d= PP’, where d represents the perpendicular distance 
from the point P to the line D. The resulting equation for the conic section is 
obtained from the equation r = ed with the geometric interpretation of this equation 
illustrated in the figure 1-37. 


7 Buclid of Alexandria (325-265 BCE) 
a Appollonius of Perga (262-190 BCE) 


The plane curve resulting from the equation 
r = ed is called a conic section with eccentricity 
e, focus f and directrix D and if the eccentricity e 
satisfies 

0 < e < 1, the conic section is an ellipse. 

e = 1, the conic section is a parabola. 


e > 1, the conic section is a hyperbola. 


Figure 1-37. 
Defining a conic section. 


In addition to the focus and directrix there is associated with each conic section 
the following quantities. 

The vertex V The vertex V of a conic section is the midpoint of a line from the 

focus perpendicular to the directrix. 

Axis of symmetry The line through the focus and perpendicular to the directrix 

is called an axis of symmetry. 

Focal parameter 2p This is the perpendicular distance from the focus to the 

directrix, where p is the distance from the focus to the vertex or distance from 

vertex to directrix. 

Latus rectum 2@ This is a chord parallel to a directrix and perpendicular to a 

focus which passes between two points on the conic section. The latus rectum 

is used as a measure associated with the spread of a conic section. If ¢ is the 

semi-latus rectum intersecting the conic section at the point where xz = p, one 

finds r= ¢=ed and so it follows that 2¢ = 2ed. 

Circle 

A circle is the locus of points (z, y) in a plane equidistant from a fixed point called 
the center of the circle. Note that no real locus occurs if the radius r is negative or 
imaginary. It has been previously demonstrated how to calculate the equation of a 
circle. The figure 1-38 is a summary of these previous results. The circle 2? + y? = r? 
has eccentricity zero and latus rectum of 2r. Parametric equations for the circle 
(x — to)? + (y— yo)? = r?, centered at (xo, yo), are 


L=2X%+1r cost, y=yotrsint, O<t<27 
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When dealing with second degree equations of the form 2x? + y? + ax + By = 7, 
where a, 3 and y are constants, it is customary to complete the square on the z and 
y terms to obtain 

es ee B 


a? a 
(a? +ae+—)+ (y+ y+ P= y+ Tt = (e+ 5 +t 5h ar 


2 


where it is assumed that r? = y+ on + cle > 0. This produces the equation of a circle 
with radius r which is centered at the point (-$, —§). 


Figure 1-38. 


Circle about origin and circle translated to point (0, yo) 


Parabola 

The parabola can be defined as the locus of points (x,y) in a plane, such that 
(x, y) Moves to remain equidistant from a fixed point (zo, yo) and fixed line @. The fixed 
point is called the focus of the parabola and the fixed line is called the directrix of 
the parabola. The midpoint of the perpendicular line from the focus to the directrix 
is called the vertex of the parabola. 

In figure 1-39(b), let the point (0,p) denote the focus of the parabola symmetric 
about the y-axis and let the line y = —p denote the directrix of the parabola. If (z, y) 
is a general point on the parabola, then 


d, =distance from (x,y) to focus = Vx? + (y— p)? 


dz =distance from (2, y) to directrix = y+p 
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If d, = d2 for all values of x and y, then 


Ve+(y-p=ytp or 27=4py, p#0 (1.65) 


This parabola has its vertex at the origin, an eccentricity of 1, a semi-latus rectum 


of length 2p, latus rectum of 2¢ = 4p and focal parameter of 2p. 


y 
—p Pp 
y 
2p 
Pr | 
xz p 
—p a 
—Py r | | | | directrix 
—2p—P0 P 2p 
directrix a* = Apy 
y? = 4px 
(a) (b) 
Figure 1-39. 


Parabolas symmetric about the x and y axes. 


Other forms for the equation of a parabola are obtained by replacing p by —p 
and interchanging the variables x and y. For p > 0, other standard forms for the 
equation of a parabola are illustrated in the figure 1-40. In the figure 1-40 observe 
the upward/downward and left/right opening of the parabola depend upon the sign 
before the parameter p, where p > 0 represents the distance from the origin to the 
focus. By replacing x by —x and y by —y one can verify the various symmetries 
associated with these shapes. 

Using the translation of axes equations (1.30), the vertex of the parabolas in the 
figure 1-40 can be translated to a point (h,k). These translated equations have the 


representations 
(x — h)? =4p(y — k) (y — k)? =4p(a — h) 
(a — h)* = — 4p(y — k) (y — k)? = —4p(a — h) 


Also note that the lines of symmetry are also shifted. 


(1.66) 
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<a a 
xz 
2 
xz“ = —4 
a? = apy PY 
y y 
x 
xz 
2 
y = 4px y? = —Apx 
Figure 1-40. 
Other forms for representing a parabola. 


One form for the parametric representation of the parabola (2 —h)? = 4p(y—k) is 
given by 
P={(a,y)| c=h+t, y=k+t?/4p, —00 <t <0 } (1.67) 


with similar parametric representations for the other parabolas. 
Use of determinants 
The equation of the parabola passing through the three distinct points (271, y1), 
(x2, y2) and (x3, y3) can be determined by evaluating the determinant? 
y 2 x 
YW ty Ly 


Y2 %% 22 
Y¥3 %3 XB 


ho 
ro 
I 
=) 


a? 2, 1 rm yw il 
ae go 1/40, and tq yo 1/40 
ae X3 1 X3 Y3 1 


9 Determinants and their properties are discussed in chapter 10. 
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Ellipse 
The eccentricity e of an ellipse satisfies 0 < e < 1 so that for any given positive 
number a one can state that 


ae < = Vex (1.68) 
€ 


Consequently, if the point (ae,0) is selected as the focus of an ellipse and the line 
x =a/e is selected as the directrix of the ellipse, then in relation to this fixed focus 


and fixed line a general point (x,y) will satisfy 


d, =distance of (x, y) to focus = \/(# — ae)? + y? 


dy = 1 distance of (x,y) to directrix = |x — a/e| 


The ellipse can then be defined as the set of points (a, y) satisfying the constraint 
condition d; = ed, which can be expressed as the set of points 


Ey, ={(a,y) | V(e@—-ae)? + y? = elx—a/el, 0<e<1} (1.69) 


Applying some algebra to the constraint condition on the points (z,y), the ellipse 
can be expressed in a different form. Observe that if d,; = edz, then 
(2 — ae)? + y? =e? (x —a/e)* 
or x” — 2aer + ae" + y* =e" x — 2aer + a? 
which simplifies to the condition 


2 2 2 2 


x y z y 2 2 2 
a? = a?(1 — e?) oe > b? , oe) Aree) 


where the eccentricity satisfies 0 <e <1. In the case where the focus is selected as 
(—ae,0) and the directrix is selected as the line x = —a/e, there results the following 
situation 


d, =distance of (a, y) to focus = \/(# + ae)? + y? 


dy = 1 distance of (x,y) to directrix = |x + a/e| 
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The condition that d, = edz can be represented as the set of points 
Ey = {(2,y) | V(a+ ae)? +y? = elx+a/el, 0<e<1} (1.71) 


As an exercise, show that the simplification of the constraint condition for the set 
of points FE, also produces the equation (1.70). 


directrix directrix 


ay 
: z ey 
Figure 1-41. The ellipse tpt i 
Define the constants 
c=ae and 6?=a%(1-e)=a?-¢? (1.72) 


and note that b? < a?, then from the above discussion one can conclude that an 
ellipse is defined by the equation 


fi y? 
> mn =] U<enl, Perrier) cae (1.73) 

a bo 
and has the points (ae,0) and (—ae,0) as foci and the lines x = —a/e and x = a/e as 
directrices. The resulting graph for the ellipse is illustrated in the figure 1-41. This 


ellipse has vertices at (—a,0) and (a,0), a latus rectum of length 2b?/a and eccentricity 
given by \/1 — b?/a?. 

In the figure 1-41 a right triangle has been constructed as a mnemonic device to 
help remember the relations given by the equations (1.72). The distance 2a between 
(—a,0) and (a,0) is called the major axis of the ellipse and the distance 2b from (0, —b) 
to (0,b) is called the minor axis of the ellipse. The origin (0,0) is called the center of 
the ellipse. 


y2 
7+ 
a2 b2 


2 
*'=1 with a>b 


Figure 1-42. Symmetry of the ellipse. 


Some algebra can verify the following property satisfied by a general point (z, y) 


on the ellipse. Construct the distances 
d3 =distance of (x,y) to focus (c,0) = (x — 0)? +y? 0 
d, =distance of (x,y) to focus (—c,0) = (#4 ¢)? +42 . 


and show 


d3t+da= V(a-c)? +y2 + V(x +0)? +y? = 2a (1.75) 


One can use this property to define the ellipse as the locus of points (x,y) such 
that the sum of its distances from two fixed points equals a constant. 

The figure 1-42 illustrates that when the roles of x and y are interchanged, then 
the major axis and minor axis of the ellipse are reversed. A shifting of the axes so 
that the point (29, yo) is the center of the ellipse produces the equations 


(@—@o)" , y=)" 
a + 73 = 1 or 72 + 52 = 1 (1.76) 


These equations represent the ellipses illustrated in the figure 1-42 where the centers 
are shifted to the point (zo, yo). 
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_ py2 _ By2 
2 ) + y ob = 1 which is centered at the point (h, k) 


can be represented in a parametric form!®. One parametric form is to represent the 


The ellipse given by 


ellipse as the set of points 
E={(a,y) | c=h+acos0é, y=k+bsiné, O0<6<27 } (L277) 


involving the parameter @ which varies from 0 to 2r. 

Hyperbola 

Let e > 1 denote the eccentricity of a hyperbola. Again let (ae, 0) denote the focus 
of the hyperbola and let the line x = a/e denote the directrix of the hyperbola. The 
hyperbola is defined such that points (x,y) on the hyperbola satisfy d, = edz where 
d, is the distance from (z,y) to the focus and dz is the perpendicular distance from 
the point (z,y) to the directrix. The hyperbola can then be represented by the set 
of points 


A, = {(2,y) | V (a — ae)? + y? = elx—a/el, e > 1} 


A simplification of the constraint condition on the set of points (x,y) produces 
the alternative representation of the hyperbola 


v y 
a2 a?(e? — 1) 


Placing the focus at the point (—ae,0) and using as the directrix the line x = —a/e, 


=1, e>l (1.78) 


one can verify that the hyperbola is represented by the set of points 


Hy = {(2,9) | 4/(@ + ae)? +y* = ele +a/el, e>1} 


and it can be verified that the constraint con- 
dition on the points (a, y) also simplifies to the 
equation (1.78). 


1 : : . ‘ 
° The parametric representation of a curve or part of a curve is not unique. 
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Define ¢ = ae and b? = a?(e? — 1) = ce? — a? > 0 and note that for an eccentricity 
e > 1 there results the inequality ¢ > a. The hyperbola can then be described as 
having the foci (c,0) and (—c,0) and directrices x = a/e and x = —a/e. The hyperbola 
represented by 


2 2 
a if b? = eas eae (1.79) 
a 


is illustrated in the figure 1-43. 


RY: 


— directrix | directrix 
NE x = -a/e Fx = a/e Wee 


2 
Figure 1-43. The hyperbola > - z al 


This hyperbola has vertices at (—a,0) and (a,0), a latus rectum of length 2b?/a and 
eccentricity of \/1 + 6?/a?. The origin is called the center of the hyperbola. The line 
containing the two foci of the hyperbola is called the principal axis of the hyperbola. 
Setting y = 0 and solving for x one can determine that the hyperbola intersects 
the principal axis at the points (—a,0) and (a,0) which are called the vertices of the 
hyperbola. The line segment between the vertices is called the major axis of the 
hyperbola or transverse axis of the hyperbola. The distance between the points (0, 0) 
and (—b,0) is called the conjugate axis of the hyperbola. The chord through either 
focus which is perpendicular to the transverse axis is called a latus rectum. One 
can verify that the latus rectum intersects the hyperbola at the points (c, b?/a) and 
(c, —b?/a). 

Write the equation (1.79) in the form 


2 
er Gi . (1.80) 
a xv 
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and note that for very large values of x the right-hand side of this equation ap- 
proaches 1. Consequently, for large values of x the equation (1.80) becomes the 
lines 

b b 

= —e and y=—--z (1.81) 

a a 
These lines are called the asymptotic lines associated with the hyperbola and are 
illustrated in the figure 1-43. Note that the hyperbola has two branches with each 
branch approaching the asymptotic lines for large values of z. 


Let (x,y) denote a general point on the above hyperbola and construct the dis- 


tances 
dz =distance from (z,y) to the focus (c,0) = /(a—c)?+y? 
d4 =distance from (x,y) to the focus (—c,0) = V/(# +02 +4? — 
Use some algebra to verify that 
de— ty = Da (1.83) 


This property of the hyperbola is sometimes used to define the hyperbola as the 
locus of points (a, y) in the plane such that the difference of its distances from two 
fixed points is a constant. 

The hyperbola with transverse axis on the z-axis have the asymptotic lines 
y=+4ec and y=—4z2. Any hyperbola with the property that the conjugate axis has 
the same length as the transverse axis is called a rectangular or equilateral hyperbola. 
Rectangular hyperbola are such that the asymptotic lines are perpendicular to each 
other. 


y?_ x’ 
be a 


Figure 1-44. Conjugate hyperbola. 
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If two hyperbola are such that the transverse axis of either is the conjugate axis 
of the other, then they are called conjugate hyperbola. Conjugate hyperbola will 
have the same asymptotic lines. Conjugate hyperbola are illustrated in the figure 
1-44. 

The figure 1-45 illustrates that when the roles of x and y are interchanged, then 
the transverse axis and conjugate axis of the hyperbola are reversed. A shifting 
of the axes so that the point (x9, yo) is the center of the hyperbola produces the 
equations 


(cx— 20)? — (y—yo)? =i or (y—yo)? _ (w@— 20)? = (1.84) 


a b2 a b2 


The figure 1-45 illustrates what happens to the hyperbola when the values of x and 
y are interchanged. 


If the foci are on the z-axis at : : 
2 2 
(c,0) and (-c,0), then 7-4 =1 (0,c) and (0,—c), then 4 - = =1 
Figure 1-45. 


Symmetry of the hyperbola . 


2 2 
The hyperbola 5 - z = 1 can also be represented in a parametric form as the 


set of points 


H= H,U A» where 
A, ={(z,y) | «=acosht, y=bsinht, —-co<t<oo } (1.85) 


and H2={(z,y)| «=—acosht, y=bsinht, -—co<t<oo } 


which represents a union of the right-branch and left-branch of the hyperbola. Simi- 
lar parametric representations can be constructed for those hyperbola which undergo 
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a translation or rotation of axes. Remember that the parametric representation of 
a curve is not unique. 
Conic Sections in Polar Coordinates 

Place the origin of the polar coordinate system at the focus of a conic section 
with the y-axis parallel to the directrix as illustrated in the figure 1-46. If the point 
(x,y) = (rcos6,rsin9) is a point on the conic section, then the distance d from the 


point (x,y) to the directrix of the conic section is given by either 
d=p+rcos0 or d=p—rcos0 (1.86) 


depending upon whether the directrix is to the left or right of the focus. The conic 
section is defined by r = ed so there results two possible equations r = e(p —rcos@) or 
r=e(p+rcos@). Solving these equations for r demonstrates that the equations 


ep ep 


a or ———— 1.87 
1 —ecosdé . 1+ecosé ( ) 


represent the basic forms associated with representing a conic section in polar coor- 


dinates. 


directrix directrix 


Figure 1-46. Representing conic sections using polar coordinates. 


If the directrix is parallel to the z-axis at y = p or y = —p, then the general forms for 
representing a conic section in polar coordinates are given by 


ep ep 


1—esin@ = . 1l+esin@ ( ) 


r 


If the eccentricity satisfies e = 1, then the conic section is a parabola, if 0 <e <1, 


an ellipse results and if e > 1, a hyperbola results. 


General Equation of the Second Degree 


Consider the equation 
ax”? + bay + cy? + dx+ey+ f =0, (1.89) 


where a,b,c, d,e, f are constants, which is a general equation of the second degree. If 


one performs a rotation of axes by substituting the rotation equations 
x=ZcosO—ysind and y=Zsin0+ycos0 (1.90) 
into the equation (1.89), one obtains the new equation 
az’ +bzey+cy?+dz+ey+f=0 (1.91) 


with new coefficients a, b, 2, d,é, f defined by the equations 


a =acos” § + bcos@ sind + csin? 6 d =dcos6 + esin0 
b =b(cos* 6 — sin? @) + 2(c — a) sin@ cos 6 é = — dsin@ + ecosé (1.92) 
é =asin? 6 — bsin6@ cos 6 + ccos? 6 f= - 


As an exercise one can show the quantity 6? — 4ac, called the discriminant, is an 
invariant under a rotation of axes. One can show b?—4ac = b?—4az. The discriminant is 
used to predict the conic section from the equation (1.89). For example, if b?—4ac < 0, 
then an ellipse results, if b? — 4ac = 0, then a parabola results, if b? — 4ac > 0, then a 
hyperbola results. 

In the case where the original equation (1.89) has a cross product term zy, so 
that 640, then one can always find a rotation angle 9 such that in the new equations 
(1.91) and (1.92) the term b = 0. If the cross product term b is made zero, then one 
can complete the square on the z and y terms which remain. This completing the 
square operation converts the new equation (1.90) into one of the standard forms 
associated with a conic section. By setting the 6 term in equation (1.92) equal to 
zero one can determine the angle 6 such that 6 vanishes. Using the trigonometric 
identities 

cos” 9 — sin? 6 = cos 20 and 2 sin # cos 6 = sin 20 (1.93) 
one can determine the angle @ which makes the cross product term vanish by solving 
the equation 

b = bcos 20 + (c — a) sin 20 = 0 (1.94) 
for the angle 6. One finds the new term 0 is zero if @ is selected to satisfy 


cot 20 = ime 


(recall our hypothesis that b 4 0) (1.95) 
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Example 1-17. (Conic Section) Sketch the curve 4ry — 3y? = 64 
Solution 
To remove the product term zy from the general equation 
ax? + bry + cy? +dx+ey+ f =0 of a conic, the axes must be rotated through an angle @ 


determined by the equation cot 26 = 4* = 3. For the given conic a=0, b=4, c=-—3. 
This implies that cos 20 = 3/5 = 1—2sin?@ or 
2sin? @ = 2/5 giving sin@ = 1/5 and cos@ = 2/5. 


The rotation equations (1.90) become 


(% + 29) VS al 


: (27 — 7) and : 
L= —=(2F -— =— 
V5 7] oT] Us ar. 
The given equation then becomes 
zB a 
a a a = = —\ 2 —_ 
(2) (7) 3 (42) = ae 
eI v5 om 
Bo Shee aoe g2 A ; z 
which simplifies to the hyperbola 2 2 1 with 


respect to the z and y axes. 


Example 1-18. The parametric forms for representing conic sections are not 
unique. For a,b constants and 6,t used as parameters, the following are some repre- 


sentative parametric equations which produce conic sections. 


Conic Section parameter 


2 
Rectangular Hyperbola 
The symbol a > 0 denotes a nonzero constant. 


The shape of the curves depends upon the range of values assigned to the pa- 


rameters representing the curve. Because of this restriction, the parametric repre- 
sentation usually only gives a portion of the total curve. Sample graphs using the 


parameter values indicated are given below. 
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<4 


{ (w,y) | w=t?, y=2t, —2<t<2 } { (a,y) | w=cos0@, y=3sind, O<O0<27 } 


<x 


{ (x,y) | w= 3t, y=3/t where t€No } 
Lae | eee, Gap ee, SSeS e t No={ « | 0<|a|< 2} 


Computer Languages 

There are many computer languages and apps that can do graphics and math- 
ematical computations to aid in the understanding of calculus. Many of these pro- 
gramming languages can be used to perform specific functions on a computing device 
such as a desk-top computer, a lap-top computer, a touch-pad, or hand held calcu- 
lator. The following is a partial list!’ of some computer languages that you might 
want to investigate. In alphabetical order: 
Ada, APL, C, C++, C#, Cobol, Fortran, Java, Javascript, Maple, Mathcad, Math- 
ematica, Matlab, Pascal, Perl, PHP, Python, Visual Basic. 


11 For a more detailed list of programming languages go to 
en. Wikipedia.org /wiki/List_of_ programming Languages 
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Exercises 


> 1-1. Find the union AUB and intersection An B if 
(a2) A={s|-2<2<4} and B={2|2<2<7} 
(:) A={a| -2<a2<4} and B={sel4<2<7} 
(c) A= {2la? <8} and B= {a|2? < 16} 
> 1-2. Sketch a Venn diagram to illustrate the following statements. 
(a2) ACB (c) B-A (ce) (ANB)U(ANC) 
(}) ANB=¢ (da) AN(BUC)  (f) ANB 


> 1-3. If any set operation involving 0,U,n,U is an identity, then the principle of 
duality states that the replacements 0 = U, U-—-@, M—-uU, U-—n in the identity 
produces a dual statement which is also an identity. Determine the dual statements 


associated with the given identities. 
(a) (UN A)U(BNA)=A (6b) (BUAJNG@UA)D=A (c) AU(ANB)=A 


> 1-4. Show that the following are equivalent. 


(a) ACB ifandonlyif AUB=B 
(}) ACB ifandonlyif AnNBS=0 
(c) ACB if and only if4°UB=U 


pm 1-5. Prove the absorption laws 
(a) AU(ANB)=A (|) AN(AUB)=A 


> 1-6. Shade the Venn diagram to represent the statement underneath. 


> 1-7. Sketch a Venn diagram to illustrate the following set operations. 
(a2) AU(BNC)  (b) (AUB) (ce) (AUBUC) 


> 1-8. Determine if the given sets are bounded. If a set is bounded above find the 
least upper bound (¢.u.b.), if the set is bounded below, find its greatest lower bound 


(g.0.b.). 
(a) S, ={a|2? < 16} (eo) 5. =4al/e <5} 


(6) Sp ={a|x2 < 27} (@) Sa= {ale > 3} 
> 1-9. Find the general equation of the line satisfying the given conditions. 


The line passes through the point (2,4) with slope -2. 


) 

b) The line has zero slope and passes through the point (2,4) 
) The line is parallel to 2x + 3y =4 and passes through the point (2, 4) 
) 


The line is parallel to the y-axis and passes through the point (2, 4) 


>» 1-10. Express the line 3x + 4y = 12 in the following forms. 
(a) The slope-intercept form and then find the slope and y-intercept. 
(b) The intercept form and then find the z-intercept and y-intercept. 

(c) Polar form. 
) 


(d) The point-slope form using the point (1,1) 


> 1-11. Determine conditions that x must satisfy if the following inequalities are to 
be satisfied. 


12 
(a) ax—B<0 (c) x+1-— <0 
x 
22+ 3 
0 £+2 
z+4 ~ (d) ——Z<0 


> 1-12. For each function state how the domain of the function is to be restricted? 
(a) y= f(x) =V8-2 
(b 


1 =F) = AG neae. a,b,c are real constants. 
(c) Area of a circle is given by A= f(r) =7r? 
xz—1 
(ec) Volume of a sphere V = f(r) = an r3 
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> 1-13. Sketch a graph of the given functions. 


(a) y= 52, y= Qo, y = 22, -4<ar<4 
1 

(0) y= ra y=2’, y = 42’, -A4<a<A 
1 

(c) y= 58ing, y=sinz, y = 2sinz, O<2< 27 
1 

(d) y= 5 0082, y = cosz, y = 2cosz, O<a2< 27 


> 1-14. Sketch the graphs defined by the parametric equations. 


2 


(a) =e) | Hr. Pease Berea 
(b) GH tieay)| = y= 2i4+) =—25742} 
(c) C.=4 ey) | SS ces, v= sing, sete =} 
(d) Ce=41 (ey) | e@=sink: g=cost, 0< <7 } 
()  Ce={(@y)|e=t y=-V9-#, -3<t<3} 


Note that the part of the curve represented depends on (i) the form of the parametric 
representation and (ii) the values assigned to the parameters. 


> 1-15. Sketch a graph of the given polynomial functions for x € R. 


(2) y=e-1 (b+) y=a2*-22-3 (co) y 


I 
—— 
8 
ee 
" 
a, 
8 
iW) 
ee 
8 
Ww 


(d) Show the function y = («—1)(x—2)(x—3) is skew-symmetric about the line x = 2. 


> 1-16. The Heaviside! step function is defined H(x-x) 
(0, €<0 
HO={) bo, 
Sketch the following functions. 
(a) y=H(z) (d) y=H(x-1)-H(x—-2) 
(b) y=H(x-1) (ce) y=H(z)+ A(@—-1)- 2H (a — 2) 
() y=Hle-2) (ff) y=~[H(e@—2)- H(e—(eo +6), €>0 is small. 


12 Oliver Heaviside (1850-1925) An English engineer. 


pe 1-17. Sketch the given curves. 


@). (Ga) | wee, 2a a <9} (d) {(z,y)| y=(e-1), -1<2<3} 

(b+) {(2,y)| y=1l+a?, -2<2< 2} (ec) {(a,y)| y=(e4+1)?, -3<2<1} 

(c) {(z,y) | y=—-lta’, -2<2<2} (f) {(2,y)| y=14+(e-1), -1<2< 3} 
> 1-18. 


In polar coordinates the equation of a circle with radius p and center at the 
point (r1,0,) is given by 


re+ re — 2rr,cos(@ — 6;) = p” 


Write the equation of the circle and sketch its graph in polar coordinates for the 
following special cases. 


(a2) m1=p, 0, =0 (d) ri =p, 6, = 31/2 
(b) ri =p, 0, = 1/2 (e) 1 =0, 6; =0 
(c) ri =p, 1=7 Ch ra 3, 6, = 7/4 in the cases p < 3, p=3, p>3 


> 1-19. In rectangular coordinates the equation of a circle with radius p > 0 and 
center (h,k) is given by the equation 


(a—h)’ + (y—k)? =p" 


Write the equation of the circle and sketch its graph in the following special cases. 


(ec) h=3, k=4, in the cases p<5, p=5 and p>5 


p> 1-20. Show that each trigonometric function of an acute angle @ is equal to the 


co-function of the complementary angle ~ = 3 — 6. 
sin? =cosw tan @ =cot w sec 6 =csc w 
cos @ =sinw cot @é =tanw csc 8 = sec w 


p 1-21. If f(x)=2, 0<2 <1, and f(x+1) = f(z) for all values of x, sketch a graph of 
this function over the domain X ={z | 0<2<5}. 
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p> 1-22. If f(r) = 2? and g(x) =3 — 22, calculate each of the following quantities. 


xrt+h)— f(x 
() #3) (stern) — () EFB=F9  &) seqiay) 


(6) 9(3) —— (d) gw +h) (p) KEEN 9) (h) 9(f(a)) 
p> 1-23. Sketch the given curves. 
(2) {(@,y) | y=sina, OS 2 < 20 } (c) {(2,y) | y=sin(2x), 0< a < 20 } 
(6) {(z,y) | y=sin (52), O<a< 2m} (d) {(x,y) | y=sin(a—7), 0O< 2 < 20 } 
p> 1-24. Sketch the given curves. 
(2) {(#,y) | y=cosa, 0S @ < 2m } (c) {(2,y) | y=cos(2x), 0< a < 20 } 
(6) {(z,y) | y= 00s (52), O<2<2n } (d) {(z,y) | y=cos(x—7), O< x < 27} 
> 1-25. Graph the functions and then find the inverse functions. 
ia 
oe (2) y= fala) = = 


(c) y= fala) = 52-1 
p> 1-26. Test for symmetry, asymptotes and intercepts and then sketch the given 


Curve. 
(a) y=1-5 (@) yP-a%y? = 1 


(b/) y=1+ (e) x°y—Qy=1 
(f) vy=2?-1 


> 1-27. Sketch the given curves. 
(ay) (aey) | aS cosht, y= Asinht. Os 3} 


(6) 4(a,y)| eH scost, y=Asint; OA 1 < 2} 
(c) {(a,y)| e=34t, y=44/4, -3<t<3} 
= —____ <a< 
@) {79 | r= 5p 9S 0S} 
> 1-28. Test for symmetry and sketch the given curves. 
2 2 
ey een eee 
(a) y=2? (@) S+0=1 © ger! 
2 2 
(6) 2=y? (ec) eee (h) a7 ag} 
16 
Dies, 2 2 
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> 1-29. ‘Translate axes, then sketch the given curves. 


(e@-1)? | (y-2)? 


(a) (e—2)? =4(y-1) (O)) ge age 
(6) (y-2)2? =—4(@-1) o) 4 way at 
(c) (w—3)? =-8(y—2) (y-1)? , (w@—2)? _ 

(¢) gag : 


> 1-30. The number e 


Consider two methods for estimating the limit e = lim Gan 
Method 1 


(a) Make the substitution n = 1/h and show e= lim (1 + =) and then use the 


binomial theorem to show 


| oe. 
eS tay a 3! rm 


(b) Show that as n increases without bound that 


eh atts oe eng 1 
e= raya a a 


Find the sum of 5,6 and 7 terms of the series to estimate the number e. 
Method 2 


Use a calculator to fill in the given 
table to estimate both (1+ h)'/" and 
In(1 +h) for small values of h. Your 
results should show 

e= lim(1 +h)!" 


pe, il 
and Ine= lim | In(1+h)=1 


coor | SSC—~r SCS 


> 1-31. If lim (1 + ~) =e, then make appropriate substitutions and find the fol- 


lowing limits. 
a\* By 
@) m+) @ tim (142) 


where a and 6 are positive constants. 


p> 1-32. Use the « —6 definition of a limit to prove that lim (4x + 2) = 14 
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p> 1-33. Sketch a graph of the following straight lines. State the slope of each line 
and specify the x or y-intercept if it exists. 


(a) 2=5 (e) s+G=1 

(6) y=5 (f) €={(a,y) | ©=t+2, y=2t4+3} 
(c) y=artl (g) rcos(@— 7/4) =2 

(d) 3a+4y+5=0 (h) 3¢+4y=0 


p> 1-34. For each line in the previous problem construct the perpendicular bisector 


which passes through the origin. 


2 
, . 1 
> 1-35. Consider the function y = f(x) = — , for -2<2<2. 
4b — 


Is f(1) defined? 


(a) 

(b) Is the function continuous over the interval —2 < x < 2? 
(c) Find lim f(x) 

(d) Can f(x) be made into a continuous function? 
(e) 


Sketch the function f(z). 


€ 


p 1-36. Assume lim f(x) = and lim g(x) =’. Use the « — 6 proof to show that 


lim [f() — g(@)] = 4 — & 


L— Lo 


> 1-37. 
(a) Find the equation of the line with slope 2 which passes through the point (3,4). 
(b) Find the equation of the line perpendicular to the line in part (a) which passes 
through the point (3, 4). 


> 1-38. Find the following limits if the limit exists. 


(@) tim («+ 2) wm lEtO= 10) gy at 
2, t —2 
©) tim (2"+ 5) () Ima 


nd coe 0 ce im 
————: 549. GA 
h0 hy/a(x +h) 
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> 1-39. Find the following limits if the limit exists. 


2 1 

(a) i pie (d) lim asin— 

roo g2 +3742 r—0 x 

sin x : 

(0) im = Cae ee 

1 3_] 

Oe ae a 

> 1-40. Show that 
. l—-cosz . sin? x . sing . sin x 
lim = im —W— = | lim lim =0 
c0 82 «0 x(1 + cos x) z0 £ «0 1+ cosa 


p 1-41. Evaluate the following limits. 


_ sindh sin(h/2) 

] im ~—~—/* 
eh a 

___ sin? (2h) .. tane 
Oe ) be 

. l-cosh . vyvlt+a-i1 
Os ae (f) im —>T— 


fle +h) — f(a) 


if f(z) = Je and « £0. 


> 1-42. Evaluate the limit lim 


> 1-43. Determine if the following limits exist. State why they exist or do not exist. 


1 — cos(mz) 


a lim sin 
(a) a (4) Ba sin(nx) 
(b) lim sin(ma) (e) 1 sin? x 
«0 a oh Os | Boas 
; iufek . xsInT 
(c) lim xsin(—) (f) lim 


x0 1—cosx 
p> 1-44. Given the line 37 + 4y+5=0 


(a) Find the slope of the line. 

(b) Find the x and y-intercepts. 

(c) Write the equation of the line in intercept form. 

(d) Find the line perpendicular to the given line which passes through the point (0,1). 
p> 1-45. 

(a) Show that if p>0, and r= = then r is such that 0<r <1. 

(b) Write r? = a > and use the binomial theorem to show that if 0 <r <1, then 

lim r” = 0. 


pte 
ie, 
n~"” 


Show that if p> 0, and z = (1+p), then z is such that z > 1. 
(d) Write x” = (1+ p)” and use the binomial theorem to show that if « > 1, then 


lim 2” =oo 
n—co 
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> 1-46. Use the e—6 method to prove that if lim f(x) = f(xo), then 


lim cf(x) =c lim f(x) =cf(xo) where c is a constant. 


1 Coa OF 


> 1-47. The equation of a line passing through two points on a curve is called a 

secant line. 

(a) Given the parabola y = 2? find the equation of the secant line passing through 
the points (1,1) and (2,4). Sketch a graph of the curve and the secant line. 

(b) Find the equation of the secant line which passes through the points (1,1) and 
(3/2,9/4). Sketch this secant line on your graph from part (a). 

(c) Discuss how one can determine the equation of the tangent line to the curve 
y =x? at the point (1,1). 


2 


(d) Can you find the equation of the tangent line to the curve y = 2? at the point 


(1,1)? 


p> 1-48. Sketch the given parabola and find (i) the focus (ii) the vertex (iii) the 
directrix and (iv) the latus rectum. 


(a) y? — 8y — 84 + 40 =0 (d) y* —6y + 12x -—3=0 
(b) x = 12y (e) y* = 8x 
(c) y? —8y+42+8=0 (f) 2? — 6x + 12y—-15 =0 


p> 1-49. Sketch the given ellipse and find (i) the foci (ii) the directrices (iii) the latus 


rectum and (iv) the eccentricity and (v) center. 


(a) 4y* + 9a? — 16y — 182 —11=0 (d) 25y? + 16x? — 150y — 64a — 689 = 0 
a? y? a? y? 
|e ee | sy Uy 
0) a5 +5 ) 7+5 
(c) 16y? + 25x? — 64y — 150r — 111 =0 (f) 4y? + 9a? + 8y + 182 — 23 = 0 


p> 1-50. Sketch the given hyperbola and find (i) the foci (ii) the vertices (iii) the 


directrices (iv) the eccentricity and (v) the asymptotes. 


(a) 9x? — 4y? — 362 + 24y — 36 = 0 (d) x? — 4y? + 32y — 22 —67=0 
ita y? y? ita 

b) —-2=1 ———=1 

(6) F 9 (e—) FZ 9 

(c) 4y? — 9x? — 16y + 54a — 101 = 0 (f) 4x? — y2 + 4y — 24x + 28 =0 


pm 1-51. Given the parabola y? = 4x and the line y=2+b. What condition(s) must 


be satisfied in order for the line to be a tangent line to the parabola? 


p> 1-52. Examine the general equation of the second degree, given by equation (1.89). 
When this equation is transformed using a rotation of axes there results the equation 
(1.91) with coefficients defined by equation (1.92). 

(a) Show that the quantity a+c is an invariant. That is, show a+c=a+@ 
(b) Show that the discriminant is an invariant. That is, show b? — 4ac = b? — 4ae 
Note that these two invariants are used as a check for numerical errors when one 


performs the algebra involved in the rotation of axes. 
> 1-53. Show that the equation ry = a’, with a constant is a hyperbola. 


p> 1-54. Find the parabola symmetric about the z-axis which passes through the 
points (—1,0), (0,1) and (0,—1). 


> 1-55. 
2 2 
(a) Sketch the hyperbola a - > = 1 and label the y-intercepts, and the asymptotes. 
(b) Find the equation of the conjugate hyperbola. 


> 1-56. Normal form for equation of line 
Let p=0N > 0 denote the perpendicular distance 
of the line from the origin. Assume the line 0N makes 
an angle a with the z-axis and let (z,y) denote a 
variable point on the line. Write p = p; + po, where 
pi = projection of z on ON and pz = projection of y 
on ON. 
(a) Show pi + po =p = xcosatysina—p=0 which is called the normal form for 
the equation of a line. 


(b) Show that the line Ar + By+C =0 has the normal form Ae ByeS 


VAP + BP 


= 0 where 


the correct sign is selected so that p > 0. 
(c) Find the normal form for the line 3x + 4y—5 =0 


(d) Show that the distance d of a point (xo, yo) from the line described by 
Azp + Byo + C 
Vv A? + B? 
pm 1-57. The boiling point of water is 100° Celsius or 212° Fahrenheit and the freezing 


Ax + By+C =0 is given by d= 


point of water is 32° Fahrenheit and 0° Celsius. If there is a linear relationship 
between degrees Celsius and degrees Fahrenheit, then find this relationship. 


83 


84 


> 1-58. Graph the given equations by selecting @ such that r is well defined. 
(a) rcos0=3 (b) rsind=3 (c) r=A4cosé (d) r=4sind 


> 1-59. Graph the given equations by selecting 6 so that r is well defined. 


3 3 6 


(a) (0) = 7 ieee Co) Ta aae 


~ 1— cos 
> 1-60. Graph the following equations by selecting 6 so that r is well defined. 


3 3 3 


(a) .  paeue (6) r~ 9 — 30088 (¢) "2-088 


> 1-61. Find the horizontal and vertical asymptotes of the curve 
xy — 3%+ 2y-10=0 


> 1-62. Verify the following graphs by any method you wish. 


Folium of Descartes  Conchoid of Nicomedes with 6 > a 


Witch of Agnesi 
(x — a)?(x? + y?) = b2ax? 


xy + 4a?y — 8a? = 0 av + y* — 3axy = 0 


Trisectrix of Maclaurin Limagon of Pascal with a= Pee eater perneull 
y2(a — ©) = #?(3a+ a) (x? + y? — 2ax)? — b?(x? + y?) (a? + y?)? = 2a*(x* — y?) 


Hints: Try substitutions r? = 27+ y? or x =rcos6, y=rsiné@ or let y= tx and try to 


obtain a parametric representation of the given curves. 
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Chapter 2 
Differential Calculus 


The history of mathematics presents the development of calculus as being ac- 
credited to Sir Isaac Newton (1642-1727) an English physicist, mathematician and 
Gottfried Wilhelm Leibnitz (1646-1716) a German physicist, mathematician. Por- 
traits of these famous individuals are given in the figure 2-1. The introduction of 
calculus created an explosion in the development of the physical sciences and other 
areas of science as calculus provided a way of describing natural and physical laws 
in a mathematical format which is easily understood. The development of calculus 
also opened new areas of mathematics and science as individuals sought out new 
ways to apply the techniques of calculus. 


Isaac Newton Wilhelm Leibnitz 
(1642-1727) (1646-1716) 


Figure 2-1. Joint developers of the calculus. 


Calculus is the study of things that change and finding ways to represent these 
changes in a mathematical way. The symbol A will be used to represent change. 
For example, the notation Ay is to be read “The change in y”. 

Slope of Tangent Line to Curve 
Consider a continuous smooth! curve y = f(x), defined over a closed interval 


defined by the set of points X ={a | x € [a,b] }. Here z is the independent variable, y 


! A continuous smooth curve is an unbroken curve defined everywhere over the domain of definition of the 
function and is a curve which has no sharp edges. If P is a point on the curve and £ is the tangent line to the point 
P, then a smooth curve is said to have a continuously turning tangent line as P moves along the curve. 
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is the dependent variable and the function can be represented graphically as a curve 
defined by the set of points 


{(a,y) | ©€X, y= flax) } 


The slope of the curve at some given point P on the curve is defined to be the same 


as the slope of the tangent line to the curve at the point P. 


secant line 


y=f(x) 


tangent line 


Ay = f£(«+ Ax) — f(x) 


x x-+A=x 


Figure 2-2. Secant line approaching tangent line as Q - P 


One can construct a tangent line to any point P on the curve as follows. On 
the curve y = f(x) consider two neighboring points P and Q with coordinates (z, f(x)) 
and (2+ Az, f(a +Az)), as illustrated in the figure 2-2. In this figure Ar represents 
some small change in x and Ay = f(x + Az) — f(x) denotes the change in y in moving 
from point P to Q. In the figure 2-2, the near points P and Q on the curve define a 
straight line called a secant line of the curve. In the limit as the point Q approaches 
the point P the quantity Ax tends toward zero and the secant line approaches the 
tangent line. The quantity Ay also tends toward zero while the slope of the secant 
line m, approaches the slope of the tangent line m; to the curve at the point P. 

The slope of the secant line m, is given by m, = ou and the slope of the tangent 
line m, at the point P with coordinates (z, f(x)) is given by the derived function f’(z) 
calculated from the limiting process 


on fet Ae) = f(x) 


== (2.1) 
dx Az—0 Ar Az—O0 Az 


if this limit exists. 


The Derivative of y = f(z) 
The secant line through the near points P and Q approaches the tangent line in 
Ay 


the limit as Az tends toward zero. The slope of the secant line m, = i represents 


the average change of the height of the curve y with respect to changes in x over 
the interval Ar. The derived function f'(x) = ou represents the slope of the tangent 
line m; at the point P and is obtained from equation (2.1) as a limiting process. The 
derived function f’(x) is called the derivative of y = f(x) with respect to x and 
represents the slope of the curve y = f(x) at the point (x, f(x)). It also represents 
the instantaneous rate of change of y = f(x) with respect to x at the point (z, f(x)) on 
the curve y = f(x). The derived function f’(x) or derivative represents the slope m; 
of the tangent line constructed through the point (2, f(x)) on the curve. The limit, 
defined by the equation (2.1), represents a process, called differentiation, for finding 


the derivative 7 = f'(z). A function y = f(x), where the differentiation process 


is successful, is called a differentiable function. The derived function “ = f(a) 
obtained from the differentiation process is called the derivative function associated 
with the given function y = f(x). By agreement, when referencing the derivative of 
an explicit function y = f(x), it is understood to represent the ratio of changes of the 
dependent variable y, with respect to changes of the independent variable x, as these 
changes tend toward zero. There are alternative equivalent methods for calculating 


the derivative of a function y = f(x). One alternative method is the following 
GY py a, AY. Fe th) —Fe)_,. fO) -—FR) 
— = f'(x) = lim — = lim = lim ——-————_ 
dx Az—0 Agr h—0O h Ea E —2 


if these limits exist. If y = f(x) for x € X, then the domain of definition of the 
derivative f’(x) is the set X’ defined by X’={2x | f’(x) exists }. In general X’C X. 


(2.2) 


Example 2-1. Tangent line to curve 

Given the parabola y = f(x) = 16— x”. Find the tangent lines which touch this 
curve at the points (—2,12) , (3,7) and at a general point (zo, yo) on the curve. 
Solution The derivative function = = f'(x) associated with the parabolic function 
y = f(z) = 16 — x represents the slope of the tangent line to the curve at the point 
(x, f(x)) on the curve. The derivative function is calculated using the limiting process 
defined by equation (2.1) or equation (2.2). One finds using the equation (2.1) 

dy f(a +h) — f(z) a 16 — (x +h)? — (16 — 2?) 


aa! 4d = li = li 
dx F(z) h=0 h 0 h 
16 — (a? + 2rh + h?) — (16 — x? 
=a ei ee a = lim —(2a+h) = —22 
h—0 h h—0 


or if one uses equation (2.2) 
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dy gins 7 FEAF @) — 7 16-67 = O62"). (eS (e +8) 
Ome ae €-2£ = E-2£ mesa (€—2) 
= —(€+2) =—-2z¢ 


Here the derivative function is f’(2) = —2x and from the derivative function 
the slope of the tangent line at (—2,12) is m, = f’(—2) = —2(-2) =4 
the slope of the tangent line at (3,7) is m= f’(3) = —2(3) = —6 


Using the point-slope formula y — yo = m(x — x29) for representing the equation of a 


line, one finds 


tangent line through point (—2,12) is y—12=4(a + 2) 


tangent line through point (3,7) is y—7=—6(x — 3) 

Knowing that a function y = f(x) has a derivative function ow = f'(x) which is 
defined and continuous for all values of the independent variable x € (a,b) implies 
that the given function y = f(z) is a continuous function for z € (a,b). This is because 
the tangent line to a point P on the curve is a continuous turning tangent line as 
the point P moves along the curve. This is illustrated in the figure 2-3 where the 
tangent line to the curve is continuously turning without any interruptions, the slope 


moving continuously from a positive value, through zero to a negative value. 


cee ae In general, at each point (29, yo), where 


y 


y-12=>4(«+ 2) 


y=16-x 2 


Figure 2-3. 


Tangent lines to curve y = 16 — x? 


yo = (ao) = 16—2@, the slope of the curve at that 
point is also the slope of the tangent line at that 
point and this slope is given by f’(zo) = —220. 
The equation of the tangent line to the curve 
y = f(x) = 16—2? which passes through the point 
(xo, yo) iS given by the point-slope formula 


y—yo =(—2x9)(x—-z0), where yo = f(ro) = 16-23 


and zp is some fixed abscissa value within the 
The 
parabolic curve and tangent lines are illustrated 
in the figure 2-3. 


domain of definition of the function. 
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Also note that for x < 0, the slope of the curve is positive and indicates that as x 
increases, y increases. For x > 0, the slope of the curve is negative and indicates that 
as x increases, y decreases. If the derivative function changes continuously from a 
positive value to a negative value, then it must pass through zero. Here the zero 


slope occurs where the function y = f(«) = 16 — a? has a maximum value. 
: 


Example 2-2. If y= f(x) =sinz, then show a =/\(2) = < sin x = cosx 


. Use the results from 


Solution By definition a = f'(c) = Jim, ney “0 ae 
x =r x 
example 1-7 together with the trigonometric identity for the difference of two sine 


functions to obtain 


a ee De. x, 
de 7) mcs +) ae 


Example 2-3. If y= g(x) =cosz, then show ou =f (0) = < cosx = — sing 


cos(a + Az) — cos z 


Solution By definition ou = g'(z) = Jim, . Use the results from 
46 x= 


Ax 
example 1-7 together with the trigonometric identity for the difference of two cosine 
functions to obtain 


ge 72) = ma sine + SP) in, ae 
Right and Left-hand Derivatives 
If a function y = f(x) has a jump 
discontinuity at the point x = zo, then 
one can define the right-hand derivative 
of f(x) at the point x = x9 as the following 
limit 


M(t) — li 
fie) = lim, 


)\(a2—20) 
\ ) 


\ 


fet +h)-FfO8) 45 
h ’ 


if this limit exists. 


The left-hand derivative of f(x) at the point x = zo is defined as the limit 
if this limit exists. If the left-hand derivative is different from the right-hand deriva- 
tive, then there exists a tangent line through the point (x{, f(x{)) and a different 


where h is restricted such that h < 0 


tangent line through the point (2), f(zj)). If the left-hand derivative equals the 
right-hand derivative then f(x) is said to have a derivative at the point x = zo. 


Copyright 2012 J.H. Heinbockel. All rights reserved 
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Alternative Notations for the Derivative 


Some of the notations used to represent the derivative of a function y = f(x) are 


—_ “y =f'(2)=y'= =< Fe )= o = Df(«x) = Dzf (x) (2.3) 


where < D= < and D, =< are called differentiation operators. One can think 
x xv 


of < as a derivative operator which operates upon a given function to produce the 


differences Az and Ay and then evaluates the limit lim Ay to produce the derivative 


0 Ax 


f(x) —> ——> ae 


Figure 2-4. Differentiation performed by an operator box. 


function. 


The figure 2-4 illustrates an operator box where functions that enter the operator 
box get operated upon using the differentiation process defined by equation (2.1) 
and the output from the box represents a derivative of the input function. Observe 
that a derivative of a derivative function is called a second derivative function. In 


. : d : : 
general, a derivative, such as 7 = f(x), is a measure of the instantaneous rate of 
x 


change of y = f(x) with respect to a change in z. The notation “ for the derivative 
was introduced by Gottfried Leibnitz. The prime notation f'(x) for the derivative 
of a function f(x) was introduced by Joseph-Louis Lagrange?. If y = y(t), Sir Isaac 
Newton used the dot notation y, ¥, ... for representing the first, second and higher 
derivatives. The operator notation D,y was introduced by Leonhard Euler’. 
Higher Derivatives 

If the derivative function f’(x) is the input to the operator box illustrated in 
the figure 2-4, then the output function is denoted f(x) and represents a derivative 
of a derivative called a second derivative. Higher ordered derivatives are defined in 


dx”—1 dx 


es ; ; d [{d™—lty d"y ; a 
a similar fashion with a = —— which states that the derivative of the 
Ao n 


2 Joseph-Louis Lagrange (1736-1813) an Italian born French mathematician. 
3 Leonhard Buler (1707-1783) A Swiss mathematician. 


91 


(n — 1)st derivative is the nth derivative. The function f’(x) = a is called a first 
2 3 
derivative, f(x) = ot is called a second derivative, f’”’(x) = ot is called a third 


derivative,... f(a) = au is called a n-th derivative. Other notations for higher 
ordered derivatives are as follows. 
The first derivative of y = f(x) is denoted 


d 
ae = f(a) or Dzy or Dy or y 
x 


/ 


The second derivative of y = f(x) is denoted 


dy d (2 


da? da \dx 
The third derivative of y = f(x) is denoted 


)=r"@ or D?y or D?y or y” 


d®y _d d*y 
dx® dx \ dx? 


The n-th derivative of y = f(x) is denoted 


j=r@ or D®y or D*®y or y”” 


dx”-1 


d"y 7 d d™—ly 
dz” dz 


)=70 or Dy or D”y or y™ 


Rules and Properties 

The following sections cover fundamental material associated with the introduc- 
tion of different kinds of functions and developing techniques to find the derivatives 
associated with these functions. The following list contains fundamental rules and 
properties associated with the differentiation of sums, products and quotients of 
functions. These fundamental properties should be memorized and recognized in 
applications. Note that most proofs of a differentiation property use one of the pre- 
vious definitions of differentiation given above and so the student should memorize 
the definitions of a derivative as given by equations (2.2). 


The derivative of a constant C is zero or ee =0. That is, if 
x 


y = f(x) =C =constant, then ie fi(xz)=—C=0 


Proof 


Sketch the curve y = f(x) = C = constant and observe that it has a zero slope 


everywhere. The derivative function represents the slope of the curve y = C at the 
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point with abscissa x and consequently = = 0 for all values of x since the slope is 
zero at every point on the curve and the height of the curve is not changing. Using 


the definition of a derivative one finds 


_ f(a@t+h)-f(z) , C-C.,, 0 
eo ne Bh or = ————“—-—- = -_ = 
oe ; a 


The converse statement that if f’(x) = 0 for all values of x, then y = f(x) =C isa 
constant also holds and will be proven later in this chapter. 

The derivative of the function y = f(x) = @, is ow = f'(x) = at = 1 
Proof 

Sketch the curve y = f(x) =~ and observe that it is a line which passes through 
the origin making an angle of 7/4 with the x-axis. The slope of this line is given by 
m= tan + = 1 for all values of xz. Consequently, f(x) = <e = 1 for all values of x 
since the derivative function represents the slope of the curve at the point x. Using 


the definition of a derivative one finds 


d . f(at+h) — f(z) . “a2th—-« 
/ — 
f'(x) x jim i jim is 1 


for all values of zx. 

The derivative of the function y = f(x) = x”, where n is a nonzero integer, is 
given by wu FO oa" = nz” or in words one can say the derivative of x to 
an integer power n equals the power n times x to the (n — 1)st power. 

Proof 


Using the limiting process which defines a derivative one finds 


i a el Cs) ee 
ot Sa =a h = he 


(a+h)” — a2” 


One can employ the binomial theorem to expand the numerator and obtain 


W _ pe) te? = tim tne th + Meat Ph? + the — 2" 
dx dx h—0 i 
—1 
= lim |na”1 + oe ) pn 2p eg cd 
0 aI 
= nar} 


n 


: d ' . 
Consequently, one can write ae = na”—* where n is an integer. 
BY 
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; : d ‘ 
Later it will be demonstrated that dl = rx"—* for all real numbers r which 
x 
are different from zero. 
The derivative of a constant times a function equals the constant times the deriva- 


tive of the function or 
d 
Cte) =e Ie) = Cf'(z) 
x dx 
Proof 
Use the definition of a derivative applied to the function g(x) = C f(x) and show 


that 
Cf(x+h)—Cf(x) 


= lim 


dx h—-0 h h—0 h 
= jn, o (SE+H = fe) 
h—0 h 


It is known that the limit of a constant times a function is the constant times the 


limit of the function and so one can write 


d h) — 
4 g(a) = C jm FEM = FO) 


= Cf'(z) 


or 
£ (ci(a)| = C4 f(a) = CF'(@) 
The derivative of a sum is the sum of the derivatives or 
© ju(z) + o(e)] = Sue) + So@) = +2 aueytoe) (24) 
dx dx dx dx dx 
This result can be extended to include n-functions 


d d d d 
Gg (uae) + vale) +++: + un(@)] = 7 mile) + 7 ale) +--+ + 7 un(a) 


dx dx 
Proof 
If y(x) = u(x) + v(x), then 
WY jim YE th) —y(@) 
dx h—-0 h 
Safi ul +h) +v0(a+h) — [u(a) + v(z)] 
h—0 h 
. fu(a+h) —u(x) . fuo(a+h)—v(a) 
vie h | a es, | h | 
te d d d d 
Y , , 
OY = © [u(e) + o(2)] = Hale) + Soa) = w'(a) + v'(@) 


This result follows from the limit property that the limit of a sum is the sum of 
the limits. The above proof can be extended to larger sums by breaking the larger 


sums into smaller groups of summing two functions. 
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Example 2-4. The above properties are combined into the following examples. 


(a) 


(b) 


(c) 


(d) 


If y = F(x) is a function which is differentiable and C is a nonzero constant, then 


d dF (x) d 3 d 3 2 2 

Tn [CF (x)] =C = Tn [5a*] bat 5(327) ie 
d _ dF(zx) ds Ee) dies oe ie, Wg” 
Gp gat ae Pp [a + 8] =," +q,8=% 


since the derivative of a constant times a function equals the constant times 


the derivative of the function and the derivative of a sum is the sum of the 


derivatives. 

If S = {fi (2x), fo(x), fz(x),..., fr(z),...} is a set of functions, define the set of deriva- 
7 = 1 2 3 n % : 7 

tives aa came Te det dn }. To find the derivatives of aes of the func 

tions in the set S$ = {1,2,27,23,24,2°,...,21,...,2,... }, where m is a very large 


integer, one can use properties 1 , 2 and 3 above to write 


dS 
rig 40,1, 2%, 327,427, 5a*,...,1002°,...,me™—1,... } 
av 


Consider the polynomial function y = 2° + 7x* + 322? — 17x + 33. To find the 


derivative of this function one can combine the properties 1, 2, 3, 4 to show 


ow =5 (0° + 7x* + 32x? — 17x + 33) 

dy d a 6 d d 
qe age tig @ Peta 17 + = (33) 
ou =62° + 7(4x3) + 32(2x) — 17(1) +0 

XL 

dy 


—* =627° + 28x? + 642 — 17 
dx 


This result follows from use of the properties (i) the derivative of a sum is the 
sum of the derivatives (ii) the derivative of a constant times a function is that 
constant times the derivative of the function (iii) the derivative of x to a power 
is the power times x to the one less power and (iv) the derivative of a constant 
is zero. 


To find the derivative of a polynomial function 
Y = Pn(£) = age” + aya”! + aga”? +--+ + Gn_22” + an_12 + Gn, (2.5) 


where ag, a1,...,d, are constants,with ag 4 0, one can use the first four proper- 
ties above to show that by differentiating each term one obtains the derivative 
function 


dy _ 


dn [na”—"] + ay [(n— 1)2"~7] + ag [(n — 2)a"~9] + ++ @n—2 [22] + ani [1] +0 
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(e) The polynomial function p,(«) of degree n given by equation (2.5) is a linear 
combination of terms involving x to a power. The first term agx", with ao ¥ 0, 
being the term containing the largest power of x. Make note of the higher 
derivatives associated with the function «”. These derivatives are 


aa) =nz”"} 

Ge 6c, er 
qa ) =n(n — 1)a 

d3 


S(0") =n(n — 1)(n — 2)-+-(3)(2)(1)2° = n! Read n-factorial. 
qrtt 
ager") =0 


This result demonstrates that the (n+1)st and higher derivatives of a polynomial 
of degree n will all be zero. 
(f) One can readily verify the following derivatives 


a? =o s2e b= 6 “p(@’) =51=5-4-3-2-1= 120 
a 3 @ 5 
—_(x*) =0 —_(x*) =0 


The derivative of a product of two functions is the first function times the deriva- 
tive of the second function plus the second function times the derivative of the first 


function or 


d _ dv du ; 
Gy (ule)v(@)] =u(x)s— + v(x) =~ = u(w)v! (x) + v(w)u' (x) 
or x [u(x)v(x)] =u(a)v(2) (“2 4: “e)) (2.6) 
oF u(x) v(x) 


Proof 
Use the properties of limits along with the definition of a derivative to show that if 


y(x) = u(x)v(x), then 


dy yw th) ~y(2) 
dx h—0 h 
ae ula + h)v(2 + h) — u(z)v(z) 
h—0 h 


u(z + h)v(2 +h) — u(x)o(a +h) + u(x)o(a + h) — u(x) v(a) 
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Where the term u(x)v(x + h) has been added and subtracted to the numerator. 
Now rearrange terms and use the limit properties to write 


dy |. pee =ua)] ; v(x +h) =H) 


(x +h) + lim u(z) | 


dx h—0 h 
dy. . [via +h) — v(a) ; _ [u(at+h) — u(z) 
ge fing ue) fim | EAA J wa +) im, [ME 
or 
dy _ 


d dv du / , 
Fe qglt(e)v(@)] = u(x) — + o(a)— = u(w)v'(x) + v(a)u'(a) 


The result given by equation (2.6) is known as the product rule for differentiation. 


Example 2-5. 

(a) To find the derivative of the function y = (327+ 22+ 1)(8x+3) one should recognize 
the function is defined as a product of polynomial functions and consequently 
the derivative is given by 


ow _ [(3a? + 2a + 1)(8a + 3)] 

Wy _¢ 742 +46 + 3) + (8 +3)46 * 4 22 +1) 
dx = . dx . : dx : m 
ou =(3x? + 2x + 1)(8) + (8a + 3) (6x + 2) 

© 792? + 500 +14 


(b) The second derivative is by definition a derivative of the first derivative so that 
differentiating the result in part(a) gives 


dy ddy dd 


= = 72x? +502 + 14) = 1447 + 50 
dx? dx dx Ta eed ) va 


Similarly, the third derivative is 
d>y d d*y _d 


dx? dxdx? = dz 


(144a + 50) = 144 


and the fourth derivative and higher derivatives are all zero. 


Example 2-6. 
Consider the problem of differentiating the function y = u(x)v(x)w(x) which is a 
product of three functions. To differentiate this function one can apply the product 


rule to the function y = [u(x)v(z)]- w(x) to obtain 


dy d _ dw(x) d 
= © ((u(x)o(a)]- w(x) = fula)o()] = + wl) fu@o(e) 
Applying the product rule to the last term one finds 
oY = tu(ayo(a)w(a)] = u(@)o(0) er + (2) w(e) + o(@)w(a) 
dy d , , ’ 
Phar [u(x)v(ax)w(ax)] = u(ax)v(x)w' (x) + u(x)v' (x) w(x) + u(x) v(x) w(x) 


A generalization of the above procedure produces the generalized product rule for 


differentiating a product of n-functions 


< [ur (x) U2 (x) U3 (a) +++ Un—1(H)Un(x)] =u (x) U2 (x) Us (x) +++ Un—1 (x) a) 
$ur(2)ua(2)us(2) + 2) 4, (a) 
reer 
$1 (w)ta(2) 2 ++ Un—1 (2) Un (a) 
$y (2) 8) ug) tina (@)t (@) 
ial, ua(w)ug(@) ++ Una (@) tn («) 


This result can also be expressed in the form 


eas [wy U2U3 °**Un—1Un| = Uz U2UZ°** +... 


+ 


and is obtained by a repeated application of the original product 


functions. 


“ 


Un 


rule for two 


The derivative of a quotient of two functions is the denominator times the deriva- 


tive of the numerator minus the numerator times the derivative of the 


all divided by the denominator squared or 


= v(ax)u’ (x) — u(x)v’ (x) 
v* (2) 


denominator 


(2.7) 
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Let y(z) = ue) and write 


v(x) 


dy _ lim y(a +h) —y(x) lm 2&+ h)  v(a) 
dz h—0 ~ h—0 h 
v(a)u(a + h) — u(x)v(x) + u(x)v(x) — u(x)u(a + h) 
is u(a + h)v(z) 
h—0 h 
u(x +h) — u(x) v(a + h) — v(z) 
eo et a fee 
thea u(a + h)v(a) 
| u(a + h) — u(x) (x +h) — v(x) 
20 lim | hy u(x) lim | h | 
lim u(a + h)v(x) 


or 


dy = d Ee = v(x)u’(x#) — u(x)v’ (x) 
dx dz | v(x) v2 (a) i 


This result is known as the quotient rule for differentiation. 


where v?(x) = [v(x)]? 


A special case of the above result is the differentiation formula 


= (wey) = 5 


1 -l dv -1 , 
o. @itde pa ce 


Ify= ete then find — dy 
x — x? 


3 


Example 2-7. 
Solution 


Using the derivative of a quotient property one finds 


dy d[ 30248 (a? — 2? + x) (3x? + 8) — (3a? + 8) 4 (23 — 2? + 2) 
dx dx Ee 7 (a3 — a? + x)? 
(2° — a? + 2)(6x) — (8x2 +8)(322-22+1) —3at— 2122+ 162-8 
- (x3 — 22 +22 — (x3 — 22 +22 


Differentiation of a Composite Function 
If y = y(u) is a function of u and u = u(z) is a function of x, then the derivative 
of y with respect to x equals the derivative of y with respect to u times the derivative 


of wu with respect to x or 


dy te du 


Ge ae —y(u )= —— =y'(u)u' (2) (2.9) 
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This is known as the composite function rule for differentiation or the chain rule 
for differentiation. Note that the prime notation ’ always denotes differentiation with 
respect to the argument of the function. For example z’(€) = = 
Proof 

If y = y(u) is a function of u and u = u(x) is a function of 2, then make note of 
the fact that if « changes to x + Az, then u changes to u+ Au and Au > 0 as Az > 0. 
Hence, if Au 40, one can use the identity 


Ay Ay Au 
Ac Au Az 


together with the limit theorem for products of functions, to obtain 


es ok Ba CA ae i) eee OVAG daa 


which is known as the chain rule for differentiation. 


An alternative derivation of this rule makes use of the definition of a derivative 
given by equation (2.2). If y= y(u) is a function of u and u = u(z) is a function of z, 
then one can write 


mn You(z +h) = y(u(z)) 


dx  h—0 h h—0 h ey) 


In equation (2.10) make the substitutions u = u(x) and € = u(2#+h) and write equation 
(2.10) in the form 


dy _,. [y(g)—ylu) (€—-w) 
ee) h 

dy _,. y(€)—y(u) |, ule@t+h) —u(z) 
Fg a ae eee h 

dy dy du err: ! 


Here the chain rule is used to differentiate a function of a function. For example, if 
y = f(g(x)) is a function of a function, then make the substitution u = g(x) and write 
y = f(u), then by the chain rule 

UY = H(uul(a) = Fw)al(o) (2.11) 

The derivative of a function u = u(a) raised to a power n, n an integer, equals the 

power times the function to the one less power times the derivative of the function or 


d _, du _ n—-1,/ 
= fu(2)"] = nu(ayn? & = nua) tw’) (2.12) 
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This result is known as the power rule for differentiation. 
Proof 

This is a special case of the previous property. If y = y(u) = u” is a function of 
u and u= u(x) is a function of x, then differentiation of these functions with respect 
to their independent variables gives the derivatives 


a he =nu"" and = < (2) = u'(z) 
Using the chain rule for differentiation one finds 
or 
= u(x)" = nu(x)"—+4 “ = nu(x)"—* u’ (x) 


The general power rule for differentiation is 
d , du 
2 r Toe 2.1 
= ule)” = ru(@)"? (2.13) 
where r is any real number. Here it is understood that for the derivative to exist, 
then u(x) 4 0 and the function u(z)" is well defined everywhere. A proof of the general 


power rule is given later in this chapter. 


Example 2-8. Find the derivative ow of the function y = V2? +2 
Solution Let u=2?+.2 and write y = u'/3. These functions have the derivatives 
du d 1 


Ce GS _9 1 OY 8 OS 
dx dz ee) eo ane du du gr 
By the chain rule for differentiation 
dy dydu 1 27 +1 
- = 22 +1) = 
dx dudx  3u2/3 ent) 3(x? + x)?/8 
Using the general power rule one can write 
dy di)» 1/3 _1/,9 ~2/3 2x +1 
dx age ee) 3 (t oe ae 3(x? + x)2/8 


Se 3 
Example 2-9. Find the derivative #y of the function ij = (SS) 
dx c++ 
4 


Solution Let u =~ and write y = u? so that by the chain rule for differentiation 


4 


4 i 
dy _ dy du dy _ d 3 9,2 
one has eee where ori = 3u” and 
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dus d (#?-1\ — (at+1)(2x) — (2? —1)(403) — —2a° — 403 + Qn 
dx dx\at+1/) — (x4 +1)? , (x4 + 1)? 


This gives the final result 


dy _dydu _, du _,(«?-1 2 ( -20° — 403 + 20 
dx dudzx © dx ~~ \a*+1 (x4 + 1)? 


dy 6(2 —4x5 + 4a” — 2°) 


dx (x4 + 1)4 


Differentials 


If y = f(x) is differentiable, then the limit Jim, fey) = f(2) 


The quantity Aw is called the increment given to x and Ay = f(x + Az) — f(z) 


= f(x) exists. 


is called the increment in y = f(x) corresponding to the increment in x. Since the 
derivative is determined by a limiting process, then one can define dx = Az as the 


differential of x and write 
Ay = f(z+ Az) — f(x) = f'(z)Axv+cAz = f'(x) dx+edz (2.14) 


where « > 0 as Ar — 0. Define the quantity dy = f’(x)dz as the differential of y 
which represents the principal part of the change in y as Ar — 0. Note that the 
differential dy does not equal Ay because dy is only an approximation to the actual 
change in y. Using the above definitions one can write 


Ch Ie Oe Cea oe) eer ee 
qt Ke Se 


Here dz = Az, but dy is not Ay because Ay = dy + «dx, where « — 0 as Ax — 0. 
Using the definition dy = f’(x) dx one can verify the following differentials 


df (x) =f'(x) dz d(uv) =udu + vdu 
Uw vdu—udv 
dC =0 Cis a constant a( ) = 5 
v v 
du 


d(u+v) =du + du d(u") =nu"-) du 
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Differentiation of Implicit Functions 
A function defined by an equation of the form F(z,y) = 0, where one of the 
variables x or y is not explicitly solved for in terms of the other variable, then one 
says that y is defined as an implicit function of x. For example, the equation of the 
circle given by 
F(a,y)=2*+y?—p?=0, pis a constant 


is an example of an implicit function, where a dependent variable has not been 
defined explicitly in terms of an independent variable. In general, when given an 
implicit function F(«,y) = 0, there are times where it is possible to solve for one 
variable in terms of another and thereby convert the implicit form into an explicit 
form for representing the function. Note also that there are times where the implicit 
functions F(z,y) = 0 cannot be converted into an explicit form. Given an implicit 
function F(zx,y) = 0, where it is not possible to solve for y in terms of z, it is still 
possible to calculate the derivative ow by treating the function F(z, y) = 0 as a function 
F(ax,y(x)) = 0, where it is to be understood, that theoretically the implicit function 
defines y as a function of x. One can then differentiate every part of the implicit 
Se with respect to x and then solve the resulting equation for the derivative 
] 


t — 
erm — 


Example 2-10. Given the implicit function F(z, y) = 2° + zy? + y° =0, find the 

derivative a 
dx 

Solution 


Differentiate each term of the given implicit function with respect to x to obtain 


d,s Cae d 3 d 
we ogyes oe 2.1 
dx 8, dx (ry) dx (y") 7a er) 


The derivative of the first term in equation (2.15) represents the derivative of x to 
a power. The second term in equation (2.15) represents the derivative of a product 
of two functions (the function x times the function y?(x)). The third term in equa- 
tion (2.15) represents the derivative of a function to a power (the function y3(z)). 
Remember, that when dealing with implicit functions, it is understood that y is to 
be treated as a function of x. Calculate the derivatives in equation (2.15) using the 


product rule and general power rule and show there results 


d d dy 

2 a2 2 a i 

32 tee) ty g(t) + 3Y a 0 
dy dy 

2 Oe 2(4 20Y _ 

3n° + & yz, ty) + 8y Te 0 
d 

(3x? + y?) + (2ey + 3y?)— =0 


dx 


Solving this last equation for the derivative term gives 
dy — —(3u? + y?) 


dx Qry + 3y? 


Make note that once the derivative is solved for, then the form for representing the 


derivative can be changed by using some algebra along with the given original implicit 


form y? = —x* — zy”. For example, one can write 
dy  —(3a7+y?)  —3a°y-—y? — -3a?y-—(-ay?-2°)  3ay—2? -y? 
dx Qry + 3y? Qry2 + 3y3 Qxy? + 3(—ary? — x) 3x? + y? 


An alternative method to solve the above problem is to use differentials and find 


the differential of each term to obtain 
307 dx + x -2ydy+dz-y* +3y? dy =0 


Divide each term by dx and combine like terms to obtain 


d 
(2ay + 3y) == = —(32? + y”) 


and solving for obtain the same result as above. 


Example 2-11. 

Find the equation of the tangent line to the circle 2? + 2x + y? — 6y —15 = 0 which 
passes through the point (2,7). 
Solution 

The given equation is an implicit equation defining the circle. By completing 


the square on the x and y terms one can convert this equation to the form 
(2? ++227-+1)+(y?-—6y+9)=15+10 = > (#41)? +(y—3)? =25 


which represents a circle centered at the point (—1,3) with radius 5. 
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This circle is illustrated in the figure 2-5. One 
can verify that the point (2,7) is on the circle by 
y substituting the values « = 2 and y = 7 into the 
given equation to show that these values do indeed 
satisfy the equation. Use implicit differentiation 


and show 
ay gy _ dy _ 
Figure 2-5. 2m + 2+ 2y 65 =O or (2y — 6) 7 = — (22 + 2) 
Circle centered at (—1,3) 
with radius 5. 


(e+1) 
y—3 


and so the derivative is given by a =-— 


This derivative represents the slope of the circle at a point (zo, yo) on the circle 
which is the same as the slope of the tangent line to the point (zo, yo) on the circle. 


Therefore, the slope of the tangent line to the circle at the point (2,7) is obtained by 


evaluating the derivative at this point. The notation used to denote a derivative ou 


being evaluated at a point (zo, yo) is ou . For example, one can say the slope of 
sg (o0,Yo) 
the tangent line to the circle at the point (2,7) is given by 


_ dy 
dx 


_ —(x+1) 
7 (y-3) 


_ —(2+1) _ 3 
7) (7-3) 4 


Mt 


The equation of the tangent line to the circle which passed through the point (2,7) 
is obtained from the point-slope formula y— yo = m;(x — 29) for the equation of a line. 
One finds the equation of the tangent line which passes through the point (2,7) on 
the circle is given by 


y —7 = —(3/4)(a — 2) 


Example 2-12. 

(a) Consider two lines ¢; and ¢, which intersect 
to form supplementary angles a and @ as illus- 
trated in the figure 2-6. Let a equal the coun- 
terclockwise angle from line ¢; to line @2. One 
could define either angle a or @ as the angle 


of intersection between the two lines. To avoid 
confusion as to which angle to use, define the Figure 2-6. 


point of intersection of the two lines as a point Intersection of two lines. 


of rotation. 
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One can think of line ¢; as being rotated about this point to coincide with the 
line @, or line & as being rotated to coincide with line ¢;. The smaller angle of 
rotation, either counterclockwise or clockwise, is defined as the angle of intersection 
between the two lines. 

Assume the lines @; and é) have slopes m; = tan6, and mz = tan62 which are well 
defined. We know the exterior angle of a triangle must equal the sum of the two 


opposite interior angles so one can write a = 62 — 4, and consequently, 


tan 02 — tand mz—m 
tana = tan(62 — 61) = = eal - (2.16) 
1+ tan 0; tan 02 14+ m,m2 


Here a denotes the counterclockwise angle from line ¢, to line @,. If the lines are 
perpendicular, then they are said to intersect orthogonally. In this case the for- 
mula given by equation (2.16) becomes meaningless because when the lines intersect 
orthogonally then the slopes satisfy mymz2. = —-1. 
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(b) If two curves C; and Cy intersect at a point 
P, the angle of intersection of the two curves is 
defined as the angle of intersection of the tan- 
gent lines to the curves C, and C» at the in- 
tersection point P. Two curves are said to in- 


Figure 2-7. 


tersect orthogonally when their intersection is 


such that the tangent lines at the point of in- Intersection of two curves. 


tersection form right angles. 
(c) Find the angle of intersection between the circles 
ag? + Ia + y? — 4y =0 and x? —4¢ + y* —6y+8=0 
Solution First find the points where the two cir- 


cles intersect. Eliminating the terms zx? and y? 
by subtracting the equations of the circle shows 
that the two circles must intersect at points 
which lie on the line y = 4-32. Substitute 
this value for y into either of the equations for 


the circle and eliminate y to obtain a quadratic 
equation in x and show the points of intersec- 
tion are (0,4) and (1,1). As a check, show that 
these values satisfy both the given equations. 


Figure 2-8. 


Intersection of two circles. 
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To find the slopes of the tangent lines at these two points of intersection, use 
implicit differentiation to differentiate the given equations for the circles. These 


differentiations produce the following equations. 


x? + 2a + y? — 4y =0 a? —4r+y? —6y +8 =0 
Ci pod 7 d or 5 d 
a + 22 + y* — 4y) =a ae — 4x + y* — 6y + 8) =, 0) 
dy dy dy dy 
re a a a 2a — 4+ 2  — 6 =0 
dy  —(2r+2) dy —(2x — 4) 
dx (2y—4) dx (2y—6) 


The slopes of the tangent lines at the point (0,4) are given by 


: —(2 2 —1 
For the first circle my, m2) dane) = —_ 
dx (0,4) (2y — 4) (0,4) 2 
; —(24 —4 
and for the second circle mz ce) = eeu) =2 
dx |(o,4) (2y—6) [oy 


This gives the equations of the tangent lines to the point (0,4) as y—4 = (—1/2)a and 
y—4= 22x. Note that the product of the slopes gives mjmz = —1 indicating the curves 
intersect orthogonally. 

Similarly, the slopes of the tangent lines at the point (1,1) are given by 


ey _ dy _ —(2x + 2) 
aie (1,1) 2y — 4) (1,1) 
dy —(2a — 4) —1 
and m2 =— eee eae pees 
2 dx (1,1) (2y — 6) 1,1) 2 
This gives the equations of the tangent lines to the point (1,1) as y—1=2(x—1) and 


y—1=(-1/2)(@—-1). The product of the slopes gives m;mz = —1 indicating the curves 
intersect orthogonally. The situation is illustrated in the figure 2-8. 


Importance of Tangent Line and Derivative Function f’(z) 
Given a curve C defined by the set of points { (x,y) | y= f(x), a< «<b } where 

y = f(x) is a differentiable function for a < x < b. The following is a short list of 

things that can be said about the curve C, the function f(x) defining the curve and 

the derivative function f(x) associated with f(z). 

1. If Pisa point on the curve C, having coordinates (zo, f(xo)), the slope of the curve 

at the point P is given by f’(xo), where f’(x) is the derivative function associated 


with the function rule y = f(x) defining the ordinate of the curve. 
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2. The tangent line to the curve C at the point P is given by the point-slope formula 
y — f(to) = f'(ao)(a@ — 20) the point (zo, f(xo)) is a fixed point on the curve. 


3. The curve C is called a smooth curve over the interval a < x < b if it has a 
continuously turning tangent line as the point P moves from (a, f(a) to (b, f(b)). 
4. If the continuously turning tangent line suddenly changes at a point (71, f(x1)), 
then the derivative function f’(z) is said to have a jump discontinuity at the point 
z=2,. See figure 2-9(a). 


Figure 2-9. Analysis of the derivative function f’ (x). 


5. If as x increases, the tangent line to the curve continuously changes from a positive 
slope to a zero slope followed by a negative slope, the curve C’ is said to have a 
local maximum or relative maximum at the point where the slope is zero. If this 
local maximum occurs at the point (21, f(z1)),then f(z) > f(x) for all points x 
near x;. Similarly, if as x increases the tangent line continuously changes from a 
negative slope to a zero slope followed by a positive slope, the curve C' is said to 
have a local minimum or relative minimum at the point where the slope is zero. If 
the local minimum occurs at the point (x2, f(x2)), then f(x2) < f(x) for all points 
a near x. See figure 2-9(b) 

6. If f’(x) > 0 for all values of x as x moves from a to b, the continuously turning 
tangent line always has a positive slope which indicates that the function y = f(z) 
is an increasing function of x over the interval (a,b). Functions with this property 
are called monotone increasing functions. See figure 2-9(c). 

7. If f’(x) < 0 for all values of x as x moves from a to b, the continuously turning 
tangent line always has a negative slope which indicates that the function y = f(z) 
is a decreasing function of x over the interval (a,b). Functions with this property 


are called monotone decreasing functions. See figure 2-9(d) 
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Rolle’s Theorem‘ 


If y = f(a) is a function satisfying (i) it is continuous 
for all x € [a,b] (ii) it is differentiable for all x € (a,b) and 
(iii) f(a) = f(b), then there exists a number c € (a,b) such 
that f(c) =0. 


This result is known as Rolle’s theorem. If y = f(z) isa 
constant, the theorem is true so assume y = f(z) is different 
from a constant. If the slope f’(x) is always positive or 
always negative for a < x < b, then f(x) would be either 
continuously increasing or continuously decreasing between 
the endpoints z =a and x = b and so it would be impossible 


for y = f(x) to have the same value at both endpoints. 
This implies that in order for f(a) = f(b) the derivative function f’(z) must change 
sign as x moves from a to b. If the derivative function changes sign it must pass 
through zero and so one can say there exists at least one number x = c where f’(c) = 0. 


The Mean-Value Theorem 

If y = f(x) 1s a continuous function for x € [a,b] and is differentiable so that 
f'(x) exists for x € (a,b), then there exists at least one number x =c € (a,b) such that 
the slope m, of the tangent line at (c, f(c)) is the same as the slope m, of the secant 
line passing through the points (a, f(a)) and (b, f(b)) or 


f(b) = F(a) _ 


a<c<b 
b—-—a 


m = f'(c) = 


This result 1s known as the mean-value theorem and its implications are illustrated 
in the figure 2-10. 
Proof 
A sketch showing the secant line and tangent line having the same slope is given 
in the figure 2-10. In this figure note the secant line passing through the points 
(a, f(a)) and (b, f(b)) and verify that the equation of this secant line is given by the 
point-slope formula 


4 Michel Rolle (1652-1719) A French mathematician. His name is pronounced “Roll”. 
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Also construct the vertical line x = €, where a < € < b. This line intersects the curve 
y = f(x) at the point P with coordinates (€, f(€)) and it intersects the secant line at 
point Q with coordinates (€, f(a) + | {4-20 (€ —a)). Denote the distance from Q to 
P as h(€) and verify that 


nie) = 6) - sa) - |=] a) (2.17) 


Figure 2-10. Construction of secant line to curve y = f(x) 


Note that h(€) varies with € and satisfies h(a) = h(b) = 0. The function h(€) satisfies 
all the conditions of Rolle’s theorem so one can say there exists at least one point 
az =c where h/(c) =0. Differentiate the equation (2.17) with respect to € and show 


/ — dh | / _ flo) = fl@) 
h(é)= de ea ar (2.18) 
If there is a value € =c such that h’(c) = 0, then equation (2.18) reduces to 
m, = {'(c)= P(b) ~ Fla) _ Ms (2.19) 
b-—a 


which shows that there must exist a point x =c such that the slope of the tangent 
line at the point (c, f(c)) is the same as the slope of the secant line through the points 
(a, f(a)) and (b, f(b)) as illustrated in the figure 2-10. 

The mean-value theorem can be expressed in a slightly different form if in equa- 
tion (2.19) one makes the substitution b-a=h, so that b=a+h. This produces the 
form 

f(ath) = f(a) +hf'(c) wherea<c<ath (2.20) 
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Let 6 denote a real number between 0 and 1 and express the number c in the form 
c=a+ 6h, then another form for the mean-value theorem is 


f(a+h) = f(a) +hf'(a+ Bh), He g<1 (2.21) 


He lth gy 
+h) 
L (, THt) 


Figure 2-11. Another form for the mean value theorem. 


A physical interpretation of the mean-value theorem, which will prove to be 
useful in later sections, is obtained from an examination of the figure 2-11. 
In this figure let QR = eh where « — 0 as h > 0, then one can write 


QS =QR+ RS 
or = Ay= f(at+h) — f(a) =eh + fi(ajh (2.22) 
or by the mean-value theorem is ") 7G) f'(a) +€= f'(a+ Gh) 


where «> 0 as h—0. This result was used earlier in equation (2.14). 
In summary, if £ G(x) = G'(x) = g(x), then one form for the mean-value theorem 


is 
AG = G(a+h)-— G(a)=g(a)h+eh or AG=G(at+h)—-G(a)=G'(a)h+eh (2.23) 


where e-0ash—0O. 
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Cauchy’s Generalized Mean-Value Theorem 

Let f(x) and g(x) denote two functions which are continuous on the interval [a, }). 
Assume the derivatives f(x) and g/(x) exist and do not vanish simultaneously for all 
x € [a,b] and that g(b) 4 g(a). Construct the function 


y(x) = f(w)l9(b) — g(@)] — g(@)[F() — fla) (2.24) 


and note that y(a) = y(b) = f(a)g(b) — f(b)g(a) and so all the conditions exist such that 
Rolle’s theorem can be applied to this function. The derivative of the function given 


by equation (2.24) is 


and Rolle’s theorem states that there must exist a value x = c satisfying a < c < b 
such that 


y'(c) = f’'(o)l9(b) — 9(a)] — go (QF) — F(a)] = 0 (2.25) 
By hypothesis the quantity g(b) — g(a) 40 and g'(c) 40, for if g'(c) = 0, then equation 


(2.25) would require that f’(c) = 0, which contradicts our assumption that the deriva- 
tives f’(x) and g'(x) cannot be zero simultaneously. Rearranging terms in equation 
(2.25) gives Cauchy’s generalized mean-value theorem that f(x) and g(x) must satisfy 


GLC (2.26) 


Note the special case g(x) = « reduces equation (2.26) to the form of equation (2.19). 
Derivative of the Logarithm Function 


Assume b > 0 is constant and y = y(x) = log, x. Use the definition of a derivative 


and write 

dy -y _ y(a+ Az) — y(z) 
qe Re 

dy log, (x + Ax) — log, (x) 


and use the properties of logarithms to write 


dx Ax—0 Ax 
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if A 
BU ne Gigs lim —— log, (+ *) 
0 Az x 


dx Az—0 A 

ig = 82) = dim, = (qq) Hee (1 i =) 

ee ees Ne 

de oe (5) = Jim, 2 log, (1 + =) (2.27) 


In equation (2.27) make the substitution h = at and make note of the fact that 
h—0as Ar = 0 to obtain 
a y' (x)= Z lim log, (1 + nyil® (2.28) 
da x h—0 
Recall from chapter 1 that lim (1+h)/" = e and use this result to simplify the equation 


(2.28) to the form 
dy _ 
dx 
Observe that in the special case b = e one can use the result log,e = ne = 1 to 


d 1 
y' (x) = aa log, « = — (log, e) (2.29) 
x x 


simplify the equation (2.29) to the following result. 
dy d 1 
If y=lInxz, x>0, then — = —Inz=-, x 4#0 (2.30) 
dz dx x 
If y = log,u, where u = u(x) > 0, the chain rule for differentiation can be employed 


to obtain the results 


d du 1 du 
ae log, u = FF log, u- ae Oh log, u = (log, e) - pe ae (2.31) 
and in the special case y = Inu, u = u(x) > 0, then 
d du d 1 du 
— Inu = —Inu-— or —Inu= —— (2.32) 
dz U dz dz u dx 
The more general situation is that for 
dy d 1 
y=In|z|, then — = —In|z|=>—-, «40 (2.33) 
dz dz x 
and if 
y d 1d 
y=In|ul, then aa = ag lel = ade u(x) 40 (2.34) 


In differential notation one can write 


du 
din |u| = — (2.35) 
u 


Example 2-13. Find the derivatives of the following functions 


(a) y=In|cosa|, (b)  y =logio |al, (c) y= log, |u(x)| 

Solution 
(a) a pee — cos re —tanz 

oe = a cosa oe ~ cosx 

Yy 

(b) ae = As logig |z| = (logio e)o r#0 

dy d 1 du 

Re fen a = (4 es 
(c) GE = Flows |ule)| = lose) =F, u(x) #0 


Derivative of the Exponential Function 

Let y = y(x) = b”, with b > 0 denote a general exponential function. Knowing 
how to differentiate the logarithm function can be used to find a derivative formula 
for the exponential function. Recall that 


y=b* ifand only if x =log,y (2.36) 


Make use of the chain rule for differentiation and differentiate both sides of the 


equation x = log, y with respect to x to obtain 


Rien oer 
dx dx 4 
Oo dy ee 
dx dy 080 Y dx (2.37) 
dy 
re24 - 
OSp € ae 


This result can be expressed in the alternative form 


d 1 
or —(b*”)= b®” (2.38) 
dz log, e 


dy i 


dx log, e 


Using the identity? log, e = a the equation (2.38) can be expressed in the alternative 
form 
d 
“ (b®) = (Inb) - B® (2.39) 
dx 


In the special case b = e there results log,e = Ine = 1, so that the equations (2.38) 
and (2.39) simplify to the result 


d 
—e” = e” (2.40) 
dx 
5 , _ log, @ . : _ a 
Use the change of base relation log, a= in the special case a = € and x = b. 


log, x 
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Note the exponential function y = e* is the only function equal to its own derivative. 
Often times the exponential function y = e* is expressed using the notation y = exp(z). 
This is usually done whenever the exponent x is replaced by some expression difficult 
to typeset as an exponent. Also note that the functions y = e* and y = Inz are inverse 
functions having the property that 


e™®—g forx>0 and In(e”) = a for all values of x 


If u = u(x), then a generalization of the above results is obtained using the chain 


rule for differentiation. These generalizations are 


d d d d d 

SB (be - Yor. Abe) nb) abe 

dx du dz dx dx (2.41) 

d d du d du , 
and — (e”) = — (e”)-— or —(e”) =e*-— 

dx du dz dx dx 


Because the exponential function y = e” is easy to differentiate, many differentiation 
problems are converted to this form. For example, writing y = b® = e®!™°, then 


d d d d 
<F = © (o*) = = (e®m) =e? "> [pnd] 
dx dz dx dx 


which simplifies to the result given by equation (2.39). 


In differential notation, one can write 


de“ =e" du 


da” =a” Inadu (2.42) 
a( =) =a"du, O<a<lora>l 
lna 


Example 2-14. The differentiation formula oa = nx"—' was derived for n an 


integer. Show that for x > 0 and r any real number one finds that oa =rg"} 


Solution Use the exponential function and write y = 2" as y = e"™*, then 
el ine —_ erine 4 r r—-l1 


Mat pie) SoS 7% 
dx dz dx a eng 
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Example 2-15. If y=|sina|, find # 
Solution Use the exponential function and write y = |sina| = e™!*!, then 


dy _ 4 anjsine| —,in|sinel 4 yy) 93 
eA anaes n}|sin x — n SHEE | ==.) a 
ee € Tn n|sinz| 
1, ak | sin | cosx if sinz>0 
=| sin z| —— — sin x = ——— cosz = . : 
sin x dx —cosx if sing <0 
a 
Example 2-16. If y=2* with x>0, find #4 
Solution Write y = 2°* as y = ees") m, then 
d d d 
7 = ae z)Inax —e(cos x) me = [(cos x) Ing] 
1 
=o loose —+lInz-(- sine) 
x 
cosn [COST 2 
5 |= (In x)(sinx)| 
a 
Example 2-17. The general power rule for differentiation is expressed 
d du 
— a rot 2.43 
<ul)" = ru(nyt (2.43) 
where r can be any real number. This is sometimes written as 
d d 
—u/(x)" apt In u(x) 
dz dz 
d 
=e" 4) Ir In u(«)] 
— (2.44) 
=u(x)" +» r——— 
u(x) dx 
du 
= tl a 
=ru(z) rs 


which is valid whenever u(x) 4 0 with In| u(x) | and u(x)" well defined. 
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Example 2-18. The exponential function can be used to differentiate the 
general power function y = y(x) = u(x)’, where u = u(x) > 0 and u(x)’ is well 


defined. One can write y = u(x)’ =e”) ™"@) and by differentiation obtain 


dy _ d v(x) Inu(a) 


=e 


dx dz 
—er(a) nu(x) , a (u(x) Inu(z)| 
dx 
1 du dv 
a (2) . —~—+—:1 
u(z) we dx - dx ee 


Derivative and Continuity 

If a function y = f(x) is such that both the function f(x) and its derivative f’(z) 
are continuous functions for all values of z over some interval [a,b], then the function 
y = f(x) is called a smooth function and its graph is called a smooth curve. A smooth 


function is characterized by an unbroken curve with a continuously turning tangent . 


Example 2-19. 


(a) The function y = f(x) = x? —4 has the deriva- 


tive 44 = f’(x) = 2x which is everywhere contin- xe 


uous and so the graph is called a smooth curve. 


y=f (w)=v?—4 


(b) The function 


1 
y= fle) =2+ exp (Fim 22-3) = 2+ (|2x — 3|)1/8 


has the derivative 


y=f(w#)=2+4 (|2e—3])*/* 


dy _ j4mpe-3,, . 
da 3(2x — 3) 
which has a discontinuity in its derivative at the point xz = 3/2 and so the curve is 


not a smooth curve. - 


Maxima and Minima 

Examine the curve y = f(z) illustrated in the figure 2-12 which is defined and 
continuous for all values of x satisfying a < «<b. Start at the point «=a and move 
along the z-axis to the point b examining the heights of the curve y = f(x) as you 


move left to right. 


Figure 2-12. Curve y = f(x) with horizontal line indicating critical points. 


A local maximum or relative maximum value for f(x) is said to occur at those 
points where in moving from left to right the height of the curve increases, then stops 
and begins to decrease. A local minimum or relative minimum value of f(x) is said 
to occur at those points where in moving from left to right the height of the curve 
decreases, then stops and begins to increase. In figure 2-12 the points 71, 73, 75, rg are 
where the function f(z) has local maximum values. The points x2, 24,26 are where 
f(z) has local minimum values. The end points where z = a and zx = b are always 
tested separately for the existence of a local maximum or minimum value. 

Definition: (Absolute maximum) A function is said to have an absolute max- 
imum M or global maximum M at a point (xo, f(xo)) if f(vo) > f(x) for all x € D, 
where D is the domain of definition of the function and M = f(a»). 

Definition: (Absolute minimum) A function is said to have an absolute min- 
imum m or global minimum m at a point (xo, f(xo)) tf f(ao) < f(x) for all x € D, 
where D is the domain of definition of the function and m = f(29). 

For x € D one can write m < f(x) < M where m and M are referred to as extreme 
values of the function y = f(x). In the figure 2-12 the point where x = z; gives 
M = f(as) and the point where x = x2 gives m = f(x2).Note that for functions defined 
on a closed interval, the end points x = a and x = b must be tested separately for a 


maximum or minimum value. 
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Definition: (Relative maximum) A function is said to have a relative maximum 
or local maximum at a point (xo, f(xo) if f(ro) > f(x) for all x in some open interval 
containing the point xo. 

Definition: (Relative minimum) A function is said to have a relative minimum 
or local minimum at a point (xo, f(xo)) tf f(ao) < f(x) for all values of x in some 


open interval containing the point xo. 


Concavity of Curve 

If the graph of a function y = f(x) is such that f(z) lies above all of its tangents 
on some interval, then the curve y = f(x) is called concave upward on the interval. In 
this case one will have throughout the arc of the curve f”(x) > 0 which indicates that 
as « moves from left to right, then f’(z) is increasing. If the graph of the function 
y = f(x) is such that f(x) always lies below all of its tangents on some interval, then 
the curve y = f(x) is said to be concave downward on the interval. In this case one 
will have throughout the arc of the curve f(x) < 0, which indicates that as x moves 
from left to right, then f’(z) is decreasing. Related to the second derivative are 
points known as points of inflection. 

Definition: (Point of inflection) 
Assume y = f(x) 1s a continuous function which 
has a first derivative f'(x) and a second derivative 
f(x) defined in the domain of definition of the 


function. A point (xo, f(xo)) 1s called an inflection 


point if the concavity of the curve changes at that point. The second derivative 
f" (vo) may or may not equal zero at an inflection point. One can state that a point 
(xo, f(xo)) is an inflection point associated with the curve y = f(x) if there exists a 
small neighborhood of the point 2 such that 

(i) for x < ao, one finds f(x) >0 and for x > 29, one finds f"(x) < 0 


or (it) for x <a, one finds f"(x) <0 and for x > x9, one find f" (x) > 0 
No local minimum value or maximum value occurs at an inflection point. 


A horizontal inflection point is characterized by a tangent line parallel with the 
x-axis with f’(a) = 0 and f”(a) = 0 as illustrated by point A. A vertical inflection 


point is characterized by a tangent line parallel with the y-axis with f’(b) = +oo 
as illustrated by the point B. The point C illustrates a point of inflection where 
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f'(c) #0 and f”(c) =0 and the concavity changes from concave up to concave down 


as x increases across the inflection point. 


If the curve is continuous with continuous 


ee . : Concave 
derivatives, those points where the concavity ES upward 
changes, from upward to downward or from Concave f(x) >0 


downward to upward, are inflection points with downward 


a zero second derivative. inflection point 


Sections of the curve which are concave upward will hold water, while those sections 


that are concave downward will not hold water. 
Comments on Local Maxima and Minima 


Examine the figure 2-12 and make note of the following. 

The words extrema (plural) or extremum (singular) are often used when referring 
to the maximum and minimum values associated with a given function y = f(z). 
At a local maximum or local minimum value the tangent line to the curve is 
parallel to one of the coordinate axes. 

A local maximum or local minimum value is associated with those points « where 
f'(z) =0. The roots of the equation f’(#) = 0 are called critical points. Critical 
points must then be tested to see if they correspond to a local maximum, local 
minimum or neither, such as the point x7 in figure 2-12. 

Continuous curves which have abrupt changes in their derivative at a single 
point are said to have cusps at these points. For example, the points where 


x =a, and x = x2 in the figure 2-12 are called cusps. At these cusps one finds 


that either f’(x) = +00 or f’(x) has a jump discontinuity. These points must be 
tested separately to determine if they correspond to local maximum or minimum 
values for y = f(z). 

The end points of the interval of definition x = a and x = b must be tested 


separately to determine if a local maximum or minimum value exists. 


The conditions f’(z) = 0 or f’(x) = +00 at a point zo are not sufficient conditions for 
an extremum value for the function y = f(x) as these conditions may produce an 
inflection point or an asymptotic line and so additional tests for local maximum 
and minimum values are needed. 

If the function y = f(x) is continuous, then between two equal values for the 
function, where f’(x) is not zero everywhere, at least one maximum or one min- 


imum value must exist. One can also say that between two maximum values 
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there is at least one minimum value or between two minimum values there is at 
least one maximum value. 

(8) In the neighborhood of a local maximum value, as x increases the function in- 
creases, then stops changing and starts to decrease. Similarly, in the neighbor- 
hood of a local minimum value, as x increases the function decreases, then stops 
changing and starts to increase. In terms of a particle moving along the curve, 
one can say that the particle change becomes stationary at a local maximum or 
minimum value of the function. The terminology of finding stationary values of 


a function is often used when referring to maximum and minimum problems. 


First Derivative Test 

The first derivative test for extreme values of a function tests the slope of the 
curve at near points on either side of a critical point. That is, to test a given func- 
tion y = f(x) for maximum and minimum values, one first calculates the derivative 
function f’(z) and then solves the equation f’(x) =0 to find the critical points. If xo 
is a root of the equation f’(#) = 0, then f’(z 9) = 0 and then one must examine how 
f'(z) changes as x moves from left to right across the point zo. 

Slope Changes in Neighborhood of Critical Point 
If the slope f’(x) changes from 

(i) + to 0to —, then a local maximum occurs at the critical point. 

(ii) — to 0 to +, then a local minimum occurs at the critical point. 

(iii) + to 0 to +, then a point of inflection is said to exist at the critical point. 

(iv) — to 0 to —-, then a point of inflection is said to exist at the critical point. 

Given a curve y = f(x) for x € [a,b], the values of f(x) at the end points where 
x =a and x =b must be tested separately to determine if they represents relative or 
absolute extreme values for the function. Also points where the slope of the curve 
changes abruptly, such as the point where «x = x, in figure 2-12, must also be tested 
separately for local extreme values of the function. 
Second Derivative Test 

The second derivative test for extreme values of a function y = f(x) assumes that 
the second derivative f(x) is continuous in the neighborhood of a critical point. 
One can then say in the neighborhood of a local minimum value the curve will be 


concave upward and in the neighborhood of a local maximum value the concavity 
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of the curve will be downward. This gives the following second derivative test for 


local maximum and minimum values. 
(i) If f’(ao) =0 and f” (29) > 0, then f has relative minimum value at zo. 


(ii) If f’(ap) =0 and f” (x9) < 0, then f has a relative maximum value at zo. 


If f’ (ao) = 0, then the second derivative test fails and one must use the first derivative 
test. The second derivative test is often used because it is convenient. The second 
derivative test is not as general as the first derivative test. If the second derivative 


test fails, then resort back to the more general first derivative test. 


Example 2-20. 
Find the maximum and minimum values of the function y = f(x) = x3 — 3x 
Solution 
The derivative of the given function is ee ec f'(x). Setting 


dx dz dx 
f'(z) = 0 one finds 


3(27 —1) =3(@-1)(2+1)=0 withroots x=1 and zx=-1 


being the critical points. 
First derivative test 


Selecting the points x = —3/2, = —1 and x = —-1/2 one finds that 


f'(—3/2) = 3x? — 3 = 


15 
r=—3/2 4 


, f'(-1)=0,  f’(-1/2) = 32? - 3 28 
z=—1/2 4 


and so the slope of the curve changes from + to 0 to — indicating a local maximum 


value for the function. 


Selecting the points x = 1/2, x =1 and x =3/2 one finds 


faj2)=307-3| = -7, f)=0, @/2)=a07-3| = 2 
x=1/2 3/2 


and so the slope of the curve changes from — to 0 to + indicating a local minimum 
value for the function. 


Second derivative test : 
The second derivative of the given function is ct = f"(x) = 6x. The first and 
aL 


second derivatives evaluated at the critical points gives 
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(i) at « =—1 one finds f’(-1) =0 and f”(—1) = 6(-1) = —6 < 0 indicating the curve is 
concave downward. Therefore, the critical point x = —1 corresponds to a local 
maximum. 

(ii) at 2 =1 one finds f’(1) =0 and f’(1) = 6(1) 
upward. Therefore, the critical point x = 1 corresponds to a local minimum 


6 > 0 indicating the curve is concave 


value. 

Sketching the curve 

The local minimum value at x = 1 is f(1) = (1)? — 3(1) = —2 and the local 
maximum value at x = —1 is f(—1) = (—1)? — 3(-1) = 2. Consequently, the curve 
passes through the points (1,—2) being concave upward and it passes through the 
point (—1,2) being concave downward. 

Select random points in the neighborhood of 
these points for additional information about the 
curve. Select the points where « = —2, x = 0 
and x = 2 and show the points (—2, —2), (0,0) and 
(2,2) lie on the curve. Plotting these points and 
connecting them with a smooth curve gives the 


following sketch. 


Example 2-21.  Snell’s Law 

Refraction is the process where a light or sound wave changes direction when 
passing from one isotropic® medium to another. Examine the figure 2-13 illustrating 
a ray of light moving from point P in air to a point Q in water. The point P is 
a height h above the air-water interface and the point Q is at a depth d below the 
air-water interface. The normal to the air-water interface is used to define angles of 
incidence and refraction. 

In figure 2-13 the symbol i denotes the angle of incidence and r denotes the 
angle of refraction of the ray of light moving from point P in air to a point Q in 
water and ¢@ is the 2-distance between the points P and Q. Fermat’s law’ states that 
light will travel from point P in air to point Q in water along a path POQ which 


. Having the same physical properties in all directions. 
T Pierre de Fermat (1601-1665) A French lawyer famous for his developing many results in number theory and 


calculus. 
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minimizes the time travel. If c, denotes the speed of light in air and c) denotes the 
speed of light in water one can find from tables the approximate values 


c1 © 2.99 (10)'° cm/sec C2 © 2.26 (10)! cm/sec 


Find the relation between the angles i and r such that Fermat’s law is satisfied. 


4. =< 


a Amn 
intertace 


OM=kl-—-a 


Figure 2-13. Light ray moving from point P in air to point Q in water. 


Solution 
Use the formula Distance = (Velocity)(Time) to obtain the following values. 
The time of travel for light in air to move from point P to O is 


PO: _ Vu? +h? 
C1 Cy 


Loar a 


The time of travel for light in water to move from point O to Q is 


OQ _ (=a +& 


C2 C2 


dL witer — 


The total time to travel from point P to Q is therefore 


Vx? +h? z J(€—2)2 + a 


T= Ta) = fie + Twater = 
C1 (o) 
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Calculating the derivative one finds 


dT 1 x 1 (€—2) 
dx a Va? +h? c2./(@-2)? +0? 


If the time T has an extreme value, then “ = 0 and z is required to satisfy the 


equation 
1 a 1 (€— x) 


a Verth C2 /C—-2P +e 


and from this equation one can theoretically solve for the value of « which makes 


T = T(x) have a critical value. This result can be expressed in a slightly different 
form. Examine the geometry in the figure 2-13 and verify that 


sin? = — = and sinr = eS*) 
Jette ar rar 


so the condition for an extreme value can be written in the form 


sint sinr 
= (2.45) 
C1 C2 


This result is known as Snell’s law.8 Show that the second derivative simplifies to 


or. il h? 1 d? 


dx2— cy (h2 + x?)3/2 ct co ((€— 2)? + d?)3/2 > 0 


By the second derivative test the critical point corresponds to a minimum value for 
ed Be 
z 


g?—2+1 
j ; ae 1 
“Ts this function defined for all values of x?” If the denominator is not zero, then one 


can answer yes to this question. If 27+2+1=0, then 2 = =v“ = 1(-14+i V3) which 


Example 2-22. Consider the function y = f(x) = and ask the question 


is a complex number and so for real values of « the denominator is never zero. One 
can then say the domain of definition for the function is D = R. To determine the 
range for the function, rewrite the function in the form x?(1—y)—2(1+y)+(1—y) =0 


8 This law was discovered by Willebrord Snell (1591-1526) a Dutch astronomer. Let c denote the speed of light 
in vacuum and C,, the speed of light in medium ™. The ratio Ny = 6) is called the absolute index of refraction 


and the more general form of Snell’s law is N1 sIni = Ng sin’. 
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In order that x be a real quantity it is necessary for 
(1+y)? >4(1 — y)? 
1+2yty? >4(1 —2y4+y7) 
—3y* + 10y —3 >0 
=(s9—= Dy =a) 20 


This requires that } < y <3 which determines the range for the function. 


ge gy eT 
v2t+at+i1 


Figure 2-14. Sketch of y = 


As x increases without bound one can write 
. v—-axt+l1 _ 1-1/e+1/2? 
lim —— a ne lim = op Le aa 
soon? +a+1 2>00141/2+1/2x? 
so that y= 1 is an asymptotic line. 
Differentiating the given function one finds 


dy = l(a) = (a? +¢41)(2e-1)—-(@? -—2+1)(Qe4+1) = 2a? -1) 
de * “/~ (a? +a”+41)? ~ (a2 +a+4+1)? 
The slope of the curve f’(z) is zero when z = 1 or x = —-1. These are the critical 


points to be tested. One finds that at x =1 the height of the curve is y = f(1) = 1/3 
and when x = —1, the height of the curve is y = f(—1) =3. A sketch of the function 
is given in the figure 2-14. By the first derivative test for 2 < —1, f’/(z) > 0 and for 
x > —1,f'(x) < 0 so that x = —1 corresponds to an absolute maximum value. It is 
similarly demonstrated that the point x = 1 corresponds to an absolute minimum 
value. 
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Example 2-23. A 

Find the largest rectangle that can be in- 

scribed in a given triangle, where the base B 

of the rectangle lies on the base of the trian- 


gle. Let b denote the base of the triangle and 
let h denote the height of the triangle. 


tk 


y 
ve 
a 


Let x denote the base of the rectangle and y the height of the rectangle, then the 


Solution 


area of the rectangle to be maximized is given by A= zy. This expresses the area as 
a function of two variables. If y can be related to z, then the area can be expressed 
in terms of a single variable and the area can be differentiated. In this way one can 
apply the previous max-min methods for analyzing this problem. To begin, observe 
that the triangles ABC and ADE are similar triangles so one can write 

h-y _@ gts a's h 

a or z= b—— or y=h 52 
This gives a relationship between the values of x and y. Note that as y varies from 
y = 0 to the value y = h, the area A = zy will vary from 0 to a maximum value and 
then back to 0. The area of the rectangle can now be expressed as either a function 


of x or as a function of y. For example, if A = ay, then one can write either 


A=r ae = O<ax<b 
b b 
hea 
or A=o( 2) y= Fly uy), O<sysh 


These representation for the area can be differentiated to determine maximum and 


minimum values for the area A. Differentiating with respect to x one finds 


dA h 
= h—2- 
re 


and a critical value occurs when “4 = 0 or h—2%2 = 0, which requires x = 6/2 with 


y =h/2. Alternatively, if one differentiates with respect to y one finds 
dA b 
dy = ra — 2y) 


and a critical value occurs when aA = 0, or when y = h/2 which then gives x = b/2. 


In both cases one find the maximum area as A = hb/4. Note that there is only 


one critical point as y varies from 0 to h, since the area is zero at the end points 
where y= 0 and y=h, the Rolle’s theorem implies there must be a maximum value 
somewhere between. That is, if the area is a continuous function of y and A increases 
as y increases from 0, then the only way for A to return to zero is for it to reach a 


maximum value, stop and then return to zero. 


Logarithmic Differentiation 
Whenever one is confronted with functions which are represented by complicated 


products and quotients such as 


x?7V/3 + x2 


¥=F@) = Cy pis 


or functions of the form y = f(x) = u(x)”, where u = u(x) and v = v(x) are complicated 
functions, then it is recommended that you take logarithms before starting the 
differentiation process. For example, to differentiate the function y = f(x) = u(x)’™, 


first take logarithms to obtain 
Iny = In [u(a)" | which simplifies to Iny = v(x) u(x) 


The right-hand side of the resulting equation is a product function which can then 
be differentiated. Differentiating both sides of the resulting equation, one finds 


< Iny =< [u(x) nu(a)} = (0) = Inu(x) + nu(a) (2) 
1 dy | 1 du(z) du(x) 
ae =U) ay dan + Inu(z)- dan 


(2.46) 


where y can be replaced by u(x)’. 
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Differentiation of Inverse Functions 
Assume that y = f(x) is a single-valued function of x in an interval (a,b) and the 
derivative function “ = f’(x) exists and is different from zero in this interval. If the 


inverse function x = f~'(y) exists, then it has the derivative 


dx 1 
dy dy 
dx 


Proof 
By hypothesis the function y = f(z) is differentiable and the derivative is nonzero 
in an interval (a,b) and so one can use implicit differentiation and differentiate both 


sides of y = f(x) with respect to y to obtain mu = 5 f(a) which by the chain rule 
becomes 

dd dx =p dx 

Sy Zl@-E o 1=s@)-F 


Consequently, if f’(2) 4 0, then one can write 


dx 1 1 
dy f(a) dy 
dx 


An alternative way to view this result is as follows. If y = f(x), then one can 


interchange x and y and write 
x=f(y) and solving for y obtain y = f—'(x) 


Observe that by employing the chain rule there results 


dx, i ee ee 
wt and a ae (x)= —f (x) ay 
This last equation reduces to 
d1,. dz a 1 es S 
ae Oy OF BF Fe) at OF 


which gives the result 


1 


FF) oo 


d —1 — £-l1/ — 
=f @) =7-"@) = 


provided that the denominator is different from zero. 


Example 2-24. If y= f(«) = — : show that a = fie) = >. Solving for x 
one finds x = f~*(y) = — with derivative = SF) = wae Note that 

de d,4,, =! | | 

yay! YG” &> 7 Gp 


dx x 


Approached from a different point of view one finds that by interchanging x and 
y in the given function gives x = f(y) = vr and solving for y gives the inverse 


function y = f~'(«) = — This function has the derivative 


d 4 ee, _d =f. 


Using the equation (2.47) one can write 


d —1 — g¢-ls = _ _ —1 a 


Example 2-25. If y= f(x) =e*, then interchanging z and y gives x = f(y) = e¥ 
and solving for y one obtains y = f~!(x) = Inv. Here the functions e* and Inz are 


inverse functions of one another. Differentiate y = f~'(x) = Ina to obtain 
UA 7 ey a oe eC 
=f @e=f (1) = 4 int=— 


Here f’(z) =e* and f’(f—'(x)) =e™*® =a and 


Differentiation of Parametric Equations 

If « = x(t) and y = y(t) are a given set of parametric equations which define y as 
a function of x by eliminating the parameter ¢ and the functions z(t) and y(t) are 
continuous and differentiable, then by the chain rule one can write 


dy 


d dy d d dt "t 
0 eee or Bs fib oe (¢) provided «’(t) 4 0. 
dt dxdt dz dx x’ (t) 
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Differentiation of the Trigonometric Functions 
To derive the derivatives associated with the trigonometric functions one can 
utilize the trigonometric identities 
sin(A + B) — sin(A— B) =2cos Asin B 
cos(A + B) — cos(A — B) = — 2sin Asin B 
sin Acos B — cos Asin B = sin(A — B) 


as well as the limit relation lim = = 1 previously derived in the example 1-6. 


Example 2-26. Find the derivative of y = sinz and then generalize this result 
to differentiate y = sinu(x) where u = u(z) is an arbitrary function of z. 
Solution 


Using the definition of a derivative, if y = sinz, then 


dy asi y(a +h) — y(a) ee sin(a +h) — sing 
dx h—-0 h h—-0 h 
2 sin(Z h sen 
ve lim Sila) Sonleer a) lim sp) lim cos(z + ~) = cosx 
dx  h—0 h h—0 = ra 


Therefore, the derivative of the sine function is the cosine function and one can write 


—sinaz = cosx (2.48) 
dx 
Using the chain rule for differentiation this result can be generalized. If y = sinu, 
then oy oe or z sinu = a sin u ms or 
dx dudz dx du dx 

U 
— sinu = cos u — (2.49) 

dx dx 


Example 2-27. Some examples involving differentiation of the sine function 


are the following. 


cP sin(a?) =cos(a”) - 27 < sin(e*”) = cos(e?”) - 3e%* 
as = cos HG z? + 1) =cos(V 2? + 1)- . 
ie sin(ax + 3) =cos(ax+ f)-a re Gal 


Example 2-28. Find the derivative of y = cosa and then generalize this result 
to differentiate y = cos u(x) where u = u(x) is an arbitrary function of z. 
Solution 


Using the definition of a derivative, if y = cosx, then 


dy _ li y(@ +h) = y(@) _ lim cos(x + h) — cos(zx) 

dx  h-0 h h—=0 h 

a = lim So Sas =— lim 208 lim sin(x + =) 
dx  h-—0 h ar BD Pam 

gy =-— sin 

dg Sine 


One finds that the derivative of the cosine function is the negative of the sine function 
giving 
—cosx = —singx (2.50) 
dx 


This result can be generalized using the chain rule for differentiation to obtain the 


d d du 
result cos u = COS U or 
dx du 


da 
u 
— cos u = —sinu — (2.51) 
dz dz 
a 
Example 2-29. Some examples involving the derivative of the cosine function 
are the following. 
x cos(x”) = — sin(x”) - 2x —— cos(e**) = — sin(e®*) - ea 
dx — dx 
d ; d = : 3a? 
ae cos(axz + 3) =— sin(ax + B)-a a cos(v/x3 + 1) = — sin(/x3 + 1)- ra 
a 


Example 2-30. Find the derivative of y = tanz and then generalize this result 
to differentiate y = tanu(x) where u = u(z) is an arbitrary function of z. 
Solution 

Until you get to a point where you memorize all the rules for differentiating a 
function and learn how to combine all these results you are restricted to using the 


definition of a derivative. 
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If y = tana, then 


dy i y(a + h) — y(az) me tan(x + h) — tanz 

dx  h—0 h h—0 h 

dy .. l{sin(a+h) sing . sin(x +h) cosa — cos(a +h) sina 
— = lim = lim 

dx h-0h |cos(a+h) cosa h—0 hcos x cos(x + h) 

dy = lim uk im : 

dr h—0 h—0 cos x cos(x + h) 

dy 1 5 


=—.~— =sec* x 
dx  cos*x 


If you know the derivatives of sinz and cosx you can derive the derivative of the 


tanz by using the quotient rule for differentiation and write 


d /sinx cosx: oe sinx — sinx: a cos © 
—tanz = = 
dx dz \ cosx cos? x 
d cos? x + sin? x 1 > 
—tanz = — = sec” & 
dx cos? x cos? x 
One finds 
— tanx = sec? x (2.52) 
dx 
: si d d du 
The chain rule can be utilized to show — tanu = — tanu — or 
dx du dx 
d d 
© tanu = sec? u — (2.53) 
dx dx 
| 
Example 2-31. Some examples involving the derivative of the tangent func- 
tion are the following. 
— tan(x?) =sec?(x?) « 2x se tan(e®”) =sec?(e”) «ea 
dx dx 
d ‘5 d > 1+ 22 
ae = ; — tan(\/ x2 + x) =sec*(/ x? + x) - —————— 
Tn tan(ax + 3) =sec*(ax+ B)-a as ( ) ( ) ares 
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Example 2-32. Find the derivative of y = cot« and then generalize this result 
to differentiate y = cot u(x) where u = u(z) is an arbitrary function of z. 


Solution 
7 * : COS & : 
Use the trigonometric identity y = cot = —— and write 
Sin v 


d x+h)—y(a cot(x + h) — cot x 
GY jinn YER) ~ yz) _ 1, cot ) 
dx  h-—0 h h—0 h 

cos(t+h) _ cosa . . 

sin(oth) sine . cos(x + h) sinax — cos x sin(x + h) 

= lim = li : - 
h—0 h h—0 Asin x sin(x + h) 
—1 


eee : ; 
h-0 hh  h-Osinasin(x + h) 


{cole SS se 
sin” x 
so that , 
— cot x = —csc? x (2.54) 
dz 
Using the chain rule for differentiation one finds 
d d 
— cot u(x) = — esc? u(x) = (2.55) 
dz dz 


Example 2-33. Find the derivative of y = seca and then generalize this result 
to differentiate y = sec u(x) where u = u(x) is an arbitrary function of z. 


Solution 
F wn, . 1 : 
Use the trigonometric identity y = secx = ae and write 


1 
dy _ a sec(z +h) —secx _ lim Se A) cose 
dx  h—0 h h—0 h 
cos x — cos(x + h) _ sin(Z) sin(x + 4) 
= lim = lim ——- lim 
h—0 heosacos(x+h) hoo 42 — h-0 cosxcos(x + h) 
sin & 1 sing 
=—- = =secxtanx 
cos?z cos Z cos x 
so that 
d 
— secx = secxrtanx (2.56) 


dx 
Using the chain rule for differentiation one finds 


ka sec u(x) = sec u(x) tan u(x) “ (2.57) 


dx 


134 


Example 2-34. Find the derivative of y = sex and then generalize this result 
to differentiate y = csc u(x) where u = u(x) is an arbitrary function of z. 
Solution 


Use the trigonometric identity y = csc x = — and write 


dy 7 cole fh) see ia ErCaE or 
dx = h—0 h a h—0 h 
. sing — sin(x + h) _ sin(#) | —cos(x + 4) 
= lim — - = lim > lim —-—=— 
ho hsinzsin(2 +h) hoo &  hoosinasin(x + h) 
COS & 1 cosz 
= 7a elas : : = —cscxrcotz 
sin® x sinx sinx 
so that 
—cscx = —cscxcotx (2.58) 
dz 
Using the chain rule, show that 
d du 
— cscu(x) = — csc u(x) cot u(x) — (2.59) 
dz dz 


Example 2-35. Some curves are easily expressed in terms of a parameter. For 
example, examine the figure 2-15 which illustrates a circle with radius a which rolls 
without slipping along the z-axis. On this circle there is attached a fixed arm of 
length 0P = r, which rotates with the circle. At the end of the arm is a point P 
which sweeps out a curve as the circle rolls without slipping. This arm initially lies 
on the y-axis and the coordinates of the point P in this initial position is (0,—(r—a)). 
As the circle rolls along the z-axis without slipping, the point P has coordinates 
(x,y). From the geometry of the problem the coordinates of point P in terms of the 


parameter @ are given by 
x= a0 — 49 = a0—Trsind y=a+yo =a-—rcosd (2.60) 


The term af in the parametric equations (2.60) represents arc length as the circle 
rolls and the terms rsin@ and rcos@ represent projections of the arm onto the z and 


y axes respectively. 


r cos(*7—8@)=yo 


rsin(7w—0@)=ao9 


OP=r 


Figure 2-16. Cycloid curves for r = 3a, r=a and r= 


a 


2 


The curve that the point P sweeps out as the circle rolls without slipping has different 
names depending upon whether r > a, r =a or r < a, where a is the radius of the 


circle. These curves are called 


a prolate cycloid ifr >a 
a cycloid ifr=a 
a curtate cycloid ifr <a 


These curves are illustrated in the figure 2-16. 
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To construct a tangent line to some point (xo, yo) on one of the cycloids, one must 
be able to find the slope of the curve at this point. Using chain rule differentiation 


dy _ dydz 
one finds ao ae a 
dy 
na. where = a—rcose and 4 sind 
do 


The point (xo, yo) on the cycloid corresponds to some value 4 of the parameter. The 
slope of the tangent line at this point is given by 


_ dy rsing 


dr a—rcosé |p_¢, 


and the equation of the tangent line at this point is y — yo = m:(x — 20). 


Simple Harmonic Motion 
If the motion of a particle or center of mass of a body can be described by either 
of the equations 


y = y(t) = Acos(wt — go) or y = y(t) = Asin(wt — ¢o) (2.61) 


where A, w and ¢ are constants, then the particle or body is said to undergo a 
simple harmonic motion. This motion is periodic with least period T = 27/|w|. The 
amplitude of the motion is |A| and the quantity ¢o is called a phase constant or phase 
angle. 

Note 1: By changing the phase constant, one of the equations (2.61) can be trans- 
formed into the other. For example, 


Asin(wt — $9) = Acos[(wt — ¢9) — 1/2] = Acos(wt— 6), 60 = do + 2/2 
and similarly 

Acos(wt — $9) = Asin [(wt — do) — 7/2] = Asin(wt— 0%), 9 = do +77/2 
Note 2: Particles having the equation of motion 


y = y(t) = asinwt + Bcoswt 
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where a, 6 and w are constants, can be written in the form of either equation in 
(2.61) by multiplying both the numerator and denominator by \/a? + 6? to obtain 


sin wt + 


= = 2 2 —_— 
y=y(t)=Va?+8 Jane 


The substitutions A = \/a? + 6?, sindy = 
(2.62) to the form 


cos a (2.62) 


B 
Va? + 3? 
8 reduces equation 


——., cos = 
V/0?+8?’ bo a? +p? 


y = y(t) = A(sin go sinwt + cos dp cos wt) = Acos(wt — go) 


Example 2-36. 

Consider a particle P moving around a circle 
of radius a with constant angular velocity w. The 
points P, and P; are the projections of P onto the 
x and y axes. The distance of these points from 
the origin are described by the xz and y-positions 


of the particle and are given by zx = x(t) = acoswt 

and y = y(t) =asinwt. Here both P; and P, exhibit a simple harmonic motion about 
the origin as the particle P moves counterclockwise about the circle. This simple 
harmonic motion se time period 27/w and aes a. 

The derivatives = = a'(t) = —awsinwt and 77 = y'(t) = awcoswt represent the 
velocities of the points P,; and P,. These velocities can be used to determine the 
velocity of the particle P on the circle. Velocity is the change in distance with 
respect to time. If s = aé@ is the distance traveled by the particle along the circle, 


then v S ro aw is the velocity of the particle. This same result can be 


obtained from the following analysis. The quantity dr = —awsinwtdt represents a 
small change of P in 2-direction and the quantity dy = aw coswt dt represents a small 
change of P in the y-direction. One can define an element of arc length squared 
given by ds? = dx? +dy?. This result can be represented in the form 


t= VRPT = B= |(#) + (48a 2.63) 


and when the derivatives x’(t) and y'(t) are substituted into equation (2.63) there 


results v = “ =aw. The second derivatives of « = a(t) and y = y(t) are found to be 


d2 a - : 
~ = % = —aw? coswt and Y — § = —qw? sinwt (2.64) 


dt? dt? 
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which can be written in the form 
%= —w? a and j= wy (2.65) 


This shows that one of the characteristics of simple harmonic motion is that the 
magnitude of the acceleration of either the point P, or P; is always proportional 
to the displacement from the origin and the direction of the acceleration is always 


opposite to that of the displacement. 


L‘’H6pital’s Rule 
One form of L “Hopital’s® rule, used to evaluate the indeterminate form @, is the 
following. If f(x) and g(x) are both differentiable functions and satisfy the properties 
lim f(x) =0, lim g(x) = 0, lim g/(x) £0, 


L—XoO xL—XoO xL—XoO 


then one can write 
ey IO a a OO) 
im —— = lim 
esto g(@) #0 g!(a) 


(2.66) 


provided the limit on the right-hand side exists. 
The proof of the above statement is obtained by using the definition of the 
derivative and properties of the limiting process. One can write 


because f (xo) = g(xo) = 0 by hypothesis. 
The L “Hopital’s rule can also be used to evaluate the indeterminate form &. If 

lim f(x) =oo and lim g(x) =00, then one can write 

_ S(t) |, f(a) 

m —— lim —— 


li 


eg). eal) Ce 


To show this is true make the substitution « = 1/t so that as x — oo, then t - 0 and 


write 


ef) i FO) 


= lim ; t>0 2.68 
ea: etd) 8) 


° Guillaume Francois Antoine Marquis L “Hépital (1661-1704) French mathematician who wrote the first calculus 


book. L*Ho6pital’s name is sometimes translated as L’Hospital with the s silent. 
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and then apply L’Hopital’s rule to the right-hand side of equation (2.68) to obtain 


jn £) =m LOM) _ 5, £O/) _ yn £@) 
rato g(a) td g(I/)(=1/B) 0 I(A/t) 2% g(a) 


Still another form of L“Hopital’s rule is that if x is a finite real number and 


lim f(z) =0co and lim g(x) =0o 


L—XLO xL—Xo 


then one can write 


ot SO)! de 
eo g(@) #0 g!(a) 
This result can be established using the result from equation (2.67). Make the 


(2.69) 


substitution 2 = x9 + 1/t so that as x — xg, then t — oo and write 


£2) pe Flot) FO 
2m, g(a) tm glo 1fe) ~ tm GE) coe 


Applying L’Ho6pital’s rule from equation (2.67) one finds 
F@) _ im FO _ ay FO _ y f'(to + 1/t)(-1/#?) im 1 (2) 


Ei g(a) a a G(t) _ hele G'(t) = es g' (Xo ah 1/t)(-1/t?) 7 ro g(x) 


Note that sometimes L’Hopital’s rule must be applied multiple times. That is, 


if lim ve). 


Wa) is an indeterminate form, then apply L’Hopital’s rule again and write 


FE) oo Ha). a 


im im —— 
L—2LoO g(x) L—>2o g g(x) L— Lo g’ (x) 


1—cosz 


Example 2-37. Find lim = 
Solution Use L“Hopital’s rule multiple times and write 


. l-cosx ,, —(-sinz) 0, ose 1 
lim — lim se lim a 
«—0 x x—0 22 z-0 2 2 


a 

Make note of the fact that the functions that are used in equations (2.66), (2.67), 
and (2.69) can themselves be derivatives. 

One final note about L’Hopital’s rule. There may occur limits!® where a re- 

peated application of L’Hopital’s rule puts you into an infinite loop and in such 


cases alternative methods for determining the limits must be employed. 


; /p2e1 
10 For example, L’Hépital’s rule applied to limy;_,56 wa produces an infinite loop. 
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Example 2-38. 
sIn v 


(a) Evaluate the limit lim —— 
2 xv 


Solution Using the L“Hopital’s rule one finds lim SEG ee lim ener | 
xzL— xX x«=— 
ee l 

(b) Evaluate the limit lim — 

roo L£ 

pee Xe l 1 
Solution By L“Hopital’s rule lim =" = lim Me = 
ro 2£ L200 
pies In(si 

(c) Evaluate the limit lim nee) 

«0 In(tan x) 

Beith en ss ] F ‘COS ZX 
Solution By L“Hopital’s rule lim PS lim S22 __ — Jim cos? x = 1 
«0 In(tanz) «0 1 2 z—0 
tana “Sec ZX 
a 
pe ee ats i” 
Example 2-39. Use L’Hopital’s rule to show lim (1 +- 7 =€ 
Py 1 vagal a 
Solution Write (1 + *) =er(+7) then by L’Hopital’s rule 
nr 
In(l ++ 
one can show that lim pu) = 
: a 


Differentiation of Inverse Trigonometric Functions 

Examine the inverse trigonometric functions illustrated in the figures 1-18 and 
1-19 presented in chapter 1. Observe that these functions are multi-valued functions 
and because of this their derivatives depend upon which branch of the function 
you are dealing with. In the example 1-5 a branch was assigned to each inverse 
trigonometric function. You are not restricted to use these branches all the time. In 
using mathematics to solve applied problems it is customary to select the branch of 
the inverse trigonometric function which is applicable to the kind of problem you are 
solving. In this section derivations for the derivatives of the inverse trigonometric 
functions will be given for all possible branches that you might want to deal with. 

By definition y = sin“ u is equivalent to siny = u and the branch where —% < y < % 
has been selected. Hence, to find the derivative of y = sin~'u one can differentiate 


instead the equivalent relationship siny = u. Differentiating with respect to x one 


finds 
— sin al or it or a : ue 
d. : ae CONE as dp dx cosy dx 
Consequently, 
dy d Ly 1 du 


Observe that u =siny is related to cosy, since sin” y + cos? y = 1 so that one can write 


cosy = +4/1—sin?y =+V1— uv? (2.71) 


The sign selected for the square root function depends upon where y is located. If 


y =sin~‘ wu is restricted to the first and fourth quadrant, where — < y < %, then cosy 
is positive and so the plus sign is selected for the square root. However, if y = sin7! u 
is restricted to the second or third quadrant, where 3 < sin7' u < 3%, then the function 
cosy is negative and so the minus sign is selected for the square root function. This 


gives the following differentiation formula for the function y = sin! u = arcsinu 


1 du lel <4 Reg ly, ee 
SS u —-i<sin u<f 
a} ’ ’ 2 2 

— arcsinu = — sin7'u= Peat (2.72) 
dx dx —1 du 1 a - —1 37 
aaa! AY Gee 


To differentiate the function y = arccosu = cos~! u write the equivalent statement 
cosy = u and then differentiate both sides of this equivalent equation with respect to 


x to obtain 
Cipede ea dy du Ki dy  —1 du 
dx os i oe dx dx  siny dx 


Here u=cosy and siny are related by 


siny = £\/1—cos?u=+V1— v? 


where the sign assigned to the square root function depends upon where y lies. If 
y = cos~'u lies in the first or second quadrant, then siny is positive and so the plus 
sign is selected. If y = cos~!u is the third or fourth quadrant, then siny is negative 


and so the minus sign is selected. One can then show that 


See icy, OxeeaS 
—___ — u cos *u<7 
d d = 3 9 9 
— arccosu = — cos tu = ee (2.73) 
oe ae : la jul <1, m<cos-tu< 27 
JI — wu dx’ j 


In a similar fashion, if y = arctanu = tan~!u, then write tany = u and differentiate 


both sides of this equation with respect to x and show 


d an Se dy _ du a dy 1 du 
dx Oe ees a dx sec? y dx 
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Use the identity 1+ tan? y = sec? y =1+u? and show 


—tan tu 


= —_ — 2.74 
dz 1+ u? dz ( ) 


This result holds independent of which quadrant the angle y = tan~! u lies in. 
In a similar fashion one can derive the derivative formulas for the inverse func- 


tions cot! u, sec-tu and csc! u. One finds 


(2.75) 


a result which holds independent of which quadrant the angle y = cot~!w lies in. 


The derivatives for the inverse secant and cosecant functions are found to be 


Bas OG ue <sectu<% 
ar sec U = or w< sec Uu > 
Jaye — fs 2 
—sectu=i “V4 nee 2 (2.76) 
dx il du -1 30 -1 2 
Dr de Boe u<m or = < seco u< 27 
1 duo wv Z oe Bm eC Seer. 
csc u<7w or > csc" Uu wT 
d Jue — 1 dx’ 2 
—esctu=i “V4 Le. (2.77) 
dx —1 du 0 -41 Tv -41 3r 
Ua de < csc sacar or m™< csc ™uUu< > 


Hyperbolic Functions and their Derivatives 


The hyperbolic functions were introduced around the year 1760 by the mathe- 
maticians Vincenzo Riccati!! and Johan Heinrich Lambert.'? These functions were 
previously defined in terms of the exponential functions e” and e~*. Hyperbolic 
functions occur in many areas of physics, engineering and related sciences. Recall 
that these functions are defined 


: et —e e2t A : : : 
sinhz = = 5 hyperbolic sine function 
et 
x —2 2x 
e e e 
coshz = - er a hyperbolic cosine function (2.78) 
et 
sinha e?—e-® ec” _] . : 
tanhz = _ — hyperbolic tangent function 


cosh z et te-& e2@ 1 1 


11 Vincenzo Riccati (1707-1775) An Italian mathematician. 
12 Johan Heinrich Lambert (1728-1777) A French mathematician. 


Analogous to the definition of the trigonometric functions the cothz, sechz and cschx 


are defined. 
cosha e®+e 7 e7®@ 41 
cotha =— = i = hyperbolic cotangent function 
sinhx e™—e-t  e2@ — 1] 
1 2 2e” 
secha = = = hyperbolic secant function (2.79) 
cosha e®+e-®  e2% +41] 
1 2 Zee 
cscha =— — = hyperbolic cosecant function 
sinha e®—e-® e2%—] 


| 


\ et Se SEY. YY ee 
7 x=cos(t bs y=sin(t}), O<t< 


1I—S (-« se cn ee See ey 2), ae) Yee) ee 
H={(x,y) | x=cosh(t), y=sinh(t), -2 Cae: D3 
| os 


Figure 2-17. Circular functions and hyperbolic functions. 


The set of points C = { (x,y) | x =cos(t), y=sin(t), 0 <t < 2m } defines a circle of 
unit radius centered at the origin as illustrated in the figure 2-17. The parameter t 
has the physical significance of representing an angle of rotation. This representation 
for the circle gives rise to the terminology of calling trigonometric functions circular 
functions. In a similar fashion, the set of points 


H={(¢,y) | #= cosh(), y= sinh(t), te # } 


defines the right-half of the equilateral hyperbola defined by x2?—y? = 1 as illustrated 
in the figure 2-17. If the point (2, y) = (cosh(t), sinh (t)) on the hyperbola is connected 
to the origin by a straight line, then an area between the line, the z-axis and the 
hyperbola is formed having an area a. The physical significance of the parameter ¢ in 
this representation is that t = 2a. This representation gives rise to the terminology of 
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calling the functions in equations (2.78) and (2.79) the hyperbolic functions. Graphs 
of the hyperbolic functions, defined by the equations (2.79), are illustrated in the 
figures 2-18 and 2-19. 


Figure 2-18. Hyperbolic functions sinh(t), cosh(t), tanh(t). 


An examination of the hyperbolic functions illustrated in the figures 2-18 and 
2-19 show that 


sinh(—a) = — sinh(z) csch (—a) = — csch(ax) 
cosh (—a) = cosh (a) sech (—a) = sech (az) (2.80) 
tanh (—a) = — tanh(z) coth (—a) = — coth(zx) 


which shows that the functions cosh(x) and sech(x) are even function of « symmet- 
ric about the y-axis and the functions sinh(), tanh(«), csch(x) and coth(«x) are odd 
functions of « being symmetric about the origin. 


Approximations 
For large values of |z|, with x > 0 For large values of |x|, with x <0 
coshz & sinhz = se cosha ¥ — sinha = se 
tanhz = cotha = 1 tanhz = cotha = —-1 


secha & cschxz = 2e-* = 0 secha & — cschz = 2e” = 0 
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Figure 2-19. Hyperbolic functions csch(t), sech(t), coth(t) 


Hyperbolic Identities 

One can readily show that the hyperbolic functions satisfy many properties 
similar to the trigonometric identities. For example, one can use algebra to verify 
that 


cosha + sinha = e” and cosha — sinha =e ”® (2.81) 
and 
cosh? — sinh?” = 1, 1— sech?2 = tanh?z, 1+ csch?a = coth?x (2.82) 


Algebra can also be used to prove the addition formula 


sinh(a + y) =sinhaz coshy + coshz sinhy 


cosh (a + y) =coshaz coshy + sinha sinhy (2.83) 
tanhaz + tanhy 


tanh (x = 
oy) 1+ tanhz tanhy 


Example 2-39. Show that sinh(2+y) = sinha coshy + coshz sinhy. 
Solution 
Use the law of exponents and show that 


etty —e-®-¥ eT eV — e-e—¥ 


nh _ _ 
sinh (x + y) 5 5 
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Now use the results from the equations (2.81) to show 


1 
sinh (# + y) = 5 [(cosha + sinha)( coshy + sinhy) — (cosha — sinhx)( coshy — sinhy)| 


which when expanded simplifies to the desired result. 


Replacing y by —y in the equations (2.83) produces the difference expansions 


sinh (a — y) = sinha coshy — coshz sinhy 


cosh (2 — y) = cosha coshy — sinhz sinhy 
tanhz — tanhy 


tanh (a2 — — 
enw) 1 — tanhz tanhy 
Substituting y =z in the equations (2.83) produces the results 
sinh(2x) =2 sinha coshz 
cosh (2x) = cosh? + sinh?y = 2 cosh?a — 1 = 1+ 2sinh?« 
2tanhz 


tanh (22) erage Tr 


It is left for the exercises to verify the additional relations 


sinhz + sinhy =2 sinh (==*) cosh (= 5 *) 


coshz + coshy =2 cosh (==*) cosh (= 5 *) 


sinh (a + y) 


tanhz + tanhy =——— 
= u cosha cosh y 


sinhz — sinhy =2 cosh (==*) sinh (- = *) 


2 
coshz — coshy =2 sinh (==*) sinh (- = *) 
oy pees 
tanhz — tanhy 2 ESB): 
cosha cosh y 
; x 1 
sinh (=) =/5( coshz — 1) 
2 2 
fl = = ha+1 
cosh 5 = at coshz + 1) 
x cosha — 1 sinha 
tanh = = 
2 sinhz coshz + 1 


(2.84) 


(2.85) 


(2.86) 


(2.87) 


(2.88) 


Euler’s Formula 
Sometime around the year 1790 the mathematician Leonhard Euler!’ discovered 
the following relation 


e’® = cosx +ising (2.89) 


where i is an imaginary unit with the property 7? = —1. This formula is known as 
Euler’s formula and is one of the most important formulas in all of mathematics. 
The Euler formula can be employed to make a connection between the trigonometric 
functions and the hyperbolic functions. 

In order to prove the Euler formula given by equation (2.89) the following result 
is needed. 

If a function f(x) has a derivative f'(x) which is everywhere zero within an 
interval, then the function f(x) must be a constant for all values of x within the 
interval. 

The above result can be proven using the mean-value theorem considered earlier. 
If f’(c) = 0 for all values c in an interval and x; 4 x2 are arbitrary points within the 
interval, then the mean-value theorem requires that 


f (v2) — f(a1) 


TQ — Ly 


f(= = 
This result implies that f(z1) = f(z) for all values x; 4 x2 in the interval and hence 
f(x) must be a constant throughout the interval. 


To prove the Euler formula examine the function 
F(x) = (cosa — isinz)e™, ?=-1 (2.90) 
where i is an imaginary unit, which is treated as a constant. Differentiate this 


product and show 


“F(2) = F'(x) =(cosx — isinx)e’"i + (— sinz —icosx)e™ (2.91) 


F'(x) = [icosx + sin x — sinz —icosz]e’* =0 


Since F’(x) = 0 for all values of x, then one can conclude that F(x) must equal a 


constant for all values of x. Substituting the value z = 0 into equation (2.90) gives 


F(0) = (cos0 — isin0)e”? = 1 


13 Leonhard Euler (1707-1783) A famous Swiss mathematician. 
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so that the constant value is 1 and consequently 
1 = (cosx — isinz)e"* (2.92) 
Multiply both sides of equation (2.92) by (cosa +isinz) and show 
cos z + isina =(cos x + isinx)(cos x — isinx)e™ 
cos z + isina —(cos* x + sin? x)e’* 
cosz +isinx =e'* 


which is the Euler formula given by equation (2.89). 
Note that if 


e’* —cosx+isina« (2.93) 
then e*® =cosax — ising (2.94) 
since cos(—x) = cosx and sin(—x) = —singz. Adding and subtracting the above equa- 
tions produces the results 
et =. ett ett ett 
sina = ——___ and cos x = i sa (2.95) 
22 2 


Examine the equations (2.95) and then examine the definitions of the hyperbolic 


sine and hyperbolic cosine functions to obtain the immediate result that 
ising = sinh(iz) and cos x = cosh (iz) (2.96) 


which states that complex values of the hyperbolic sine and cosine functions give 
relations involving the trigonometric functions sine and cosine. Replacing x by iz in 


the equations (2.96) produces the results 
sinha = —isin(iz) and coshz = cos(ia) (2.97) 


The results from equations (2.96) and (2.97) together with the definition of the 
hyperbolic functions gives the additional relations 


tanhx = —itan(izx) and tanh(ix) =itang (2.98) 


Properties of these complex functions are examined in more detail in a course 


dealing with complex variables and their applications. 
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Example 2-40. Using the above definitions one can show that an alternative 


form of de Moivre’s theorem is 


(cosha + sinha)” = coshna + sinhnz 


Derivatives of the Hyperbolic Functions 
For u = u(x) an arbitrary function of x, the derivatives of the exponential func- 
tions 
d du d _ _. du 
—e" = e%. _— and eS Be (2.99) 
dx dx dx dx 
can be used to calculate the derivatives of the hyperbolic functions, since they are 


all defined in terms of exponential functions. 


Example 2-41. Find the derivatives of the functions sinhu and coshu where 
u = u(a) is a function of zx. 


Solution 
Use the definitions of the hyperbolic sine and cosine functions and write 


< sinhu =< (‘ =i j=! Le eau ee 


dx 2 2 dx dx 
dd h _d ee \ 1e ae du _ a. du 
dx nee dx 2 i: 2 dx es dx 


: 
Following the above example, the derivatives of all the hyperbolic functions can 


be calculated. One can verify that the following results are obtained. 


d . du d du 

— sinhu = coshu - — —  cschu = — cschucothu - — 

dx dx dx dx 

d d d 

— coshu =sinhu- an — sechu = — sechu tanhu - sa (2.100) 
dx x dx dx 

‘ du d 3 du 

— tanhu = sech“u - — — cothu = — csch“u- — 
dx dx dx dx 


Inverse Hyperbolic Functions and their Derivatives 
One can define the inverse hyperbolic functions’ in a manner analogous to how 


the inverse trigonometric functions were defined. For example, 


14 sometimes the inverse hyperbolic functions are represented using the notations, arcsinh, arccosh, arctanh, 


arccoth, arcsech, arccsch 
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y= sinh~'x if and only if sinhy =z 
y= cosh~'x if and only if coshy =x 
y= tanh~'x if and only if tanhy=<2 
: (2.101) 
y= coth”*a ifandonly if cothy=2z 


y= sech~'x if and only if sechy = 2 


y= csch~tx if andonly if cschy=2 


Figure 2-20. Inverse Hyperbolic functions sinh~'(t), cosh~'(t), tanh~'(t). 


Graphs of the inverse hyperbolic functions can be obtained from the graphs of 
the hyperbolic functions by interchanging zx and y on the graphs and axes and then 
re-orienting the graph. The sketches given in the figures 2-20 and 2-21 illustrate the 
inverse hyperbolic functions. 

Examine the figures 2-20 and 2-21 and note the functions cosh~!t and sech~!t are 
multi-valued functions. The other inverse functions are single-valued. The branches 
where cosh~!t and sech~!t are positive are selected as the principal branches. If you 
want the negative values of these functions, then use the functions — cosh~'t and 


= gece 
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Figure 2-21. Inverse Hyperbolic functions csch~'(t), sech~'(t), coth~'(t) 


The hyperbolic functions are defined in terms of exponential functions. The 
inverse hyperbolic functions can be expressed in terms of logarithm functions, which 
is the inverse function associated with the exponential functions. 


Example 2-42. Express y= sinh~'z in terms of logarithms. 
Solution 
If y = sinh~!'x, then sinhy = x or 
eY — e-¥ 
2 
This last equation can be converted to a quadratic equation in the unknown e¥. This 


sinhy = =z or ey —e Y=2z 


is accomplished by a multiplication of the equation eY — e~¥ = 2x by e¥ to obtain 
(e¥)? — 2r(e¥) -1=0 
Solving this quadratic equation for the unknown e” one finds 
eY=rtVr24+1 (2.102) 


Observe that e” is always positive for real values of y and Vz?+1> 2. Hence, in 
order that e” remain positive, one must select the positive square root in equation 
(2.102). Then solving the equation (2.102) for y one obtains the result 


y = sinh +z = In(z + V2? + 1), =r GG 
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Example 2-43. Express y= tanh~'2 in terms of logarithms. 


Solution 


If y = tanh~'x, then tanhy = 2, which implies —1 < « <1. Use the definition of 


the hyperbolic tangent to write 


ey — e Y 


tanhy = —7 or e’—-e Y=2re%+ ane 4 


ey +e ¥ 


Multiply the last equation through by e¥ and then solve for e?¥ to obtain 


(1—a)e*¥ = (14+ 2) giving a4 — 


Solving for y gives 


Example 2-44. Find the derivative of y = cosh~!u where u = u(x) is a function 


of x. 


Solution One can write coshy =u and then differentiate both side with respect to x 


and obtain 
sinh ae 
s dx dx 
dy . dy 1 du 1 du 1 du 
h lve for = t = = =+ 
and then solve for ae to obtain oF ng ay perce aoa 
where one uses the + sign in the principal value region where y > 0. 
| | 


The previous examples demonstrate how one can establish the representations 


sinh~tx =In («+ V2? +1) 5 —~O<2< co 
cosh~'x =In(a# + Va2—1), x>1 


i 1 1+ 2 
tanh” “a2 =—In » —-l<a<l 
2 1-2 
1 ze+1 
coth tz =—In BE > «w«>1lor«<-tl 
2 xz—1 
=i 1 1 
sech” “x =In {| — + —f ly ss Vex 
x x 
4 1 1 
esch” “x2 =In|—+,/~+1], «0 
x x? 


(2.103) 
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Relations between Inverse Hyperbolic Functions 
In the previous equations (2.103) replace z by + and show 


1 

sinh~! (<) =csch ‘x 
os 

cosh~! (+) =sech~'xr (2.104) 
os 
1 

tanh—* (<) =coth~txr 
x 

Example 2-45. 


(a) Examine the logarithm of the product («+ Vz? + 1)(—x+ Vz? +1) = 1 and observe 
that In(x + Vx? +1) =—In(-z+ Vz? +1). This result can be used to show 


sinh~1(—2) = In(—2#4+ V2? +1) =—sinh'z 


(c) If y= sech~'z, with y>0 and 0<2 <1, then z= sechy. By definition 


, so that one can write 


ES cosh y 


1 1 
— = coshy or y = cosh! (=) = sech ‘x 
x x 


are equivalent statements. 
| 
Using the techniques illustrated in the previous example one can verify the 
following identities 


sinh~*(—x) =— sinh~+z 
tanh~‘(—2) = — tanh ~'z 

(2.105) 
coth~*(—ax) =— coth~'x 


cesch~*(—a2) = — csch~' 
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Derivatives of the Inverse Hyperbolic Functions 
To obtain the derivatives of the inverse hyperbolic functions one can differentiate 


the functions given by the equations (2.103). For example, if 


y= sinh “tx =In(« + Va? +1) 


dy  d aa oe 
then ear inh z=—In(o+ vo +1) 
1 d 2 1/2 
= 1 
ctVvx2+1 dx (2+ ( a) ) 
a ee 
atVa24+1\° Va? +1 
_ r+Va22+1 
(2 + Vx? +1) Va2 +1 
d 1 
— sinh te = 
Ae Sli. x a 
One can use the chain rule for differentiation to generalize this result and obtain 
— sinh~!u = ! a 


where u = u(x) is a function of x. In a similar fashion all the inverse hyperbolic 


functions can be differentiated and one can verify that 


— sinh~!u tan OM —o <u<c 

dx Ju? +1 dx’ 

— cosh~tu Sin a u>1 (2.106) 
dx Vue —1 dx’ 

— tanh~tu Se -l<u<l 

dx 1 — u2 dx’ 


Example 2-46. Find the derivative of y = sech~'z with y > 0. 


Solution 
1+vV1-— 2? 
If y= veh te =a ( a =) 
x 
1+V1— 2? 
then Cr ean au sd , O<a<l 
dx dx dx x 
= 1 . Fa 1 1-2? 
eae P 
x 
—1 
= O0<a<l 
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The chain rule for differentiation can be used to generalize this result to 


d —1 d 
— sech~!u . 


dx ~ uv 1 — u? dx’ 
If the lower half of the hyperbolic secant curve is used, then the sign of the above 


0O<u<l 


result must be changed. 


a 
Differentiation of the logarithmic functions which define the inverse hyperbolic 


functions, one obtains the results 


-1 d 

— coth~tu = man 

dx u2 —1dzx 
—1 du 
— sech-tu = “Y 1+ u? de’ 
dx 1 du 
u/1+ u2 dx’ 
= du 
il uJ/14+u? dx’ 


— csch “u = 
dx 1 du 


ur/1 + u? dx’ 


uz>i 


sech-tu >0, 0O<u<1 
sech~tu <0, O<u<1 (2.107) 
u>O 


u<O 


Some additional relations involving the inverse hyperbolic functions are the fol- 


lowing. 
inh ta = tanh ~! 1 1 
Bees eV Jatari sinh” *x = — i sin“ (iz) 
sinh~!g =+ cosh~!\/2?2 +1 cosh~tz =+icos ta 
x 

tanh ~'x = sinh~ + al<1 tanh~ta2 = — i tan! (ix 
Example 2-47. As an exercise study Mercator pro- mis SHA 
jections and conformal mappings and show projections of ZG C ~~ aT i = 

: : : 7 : : : 2 a 

point P using line from 0 to A gives y latitude which dis- : " 8 . 


torts map shape and distances and projections of point P 


using the line C to B also distorts shapes and distances. 
Show the correct conformal projection is y between y, and 
yo such that 44 = secé and 


y = In[sec@ + tan 6] = tanh~'[sin 6] 
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Function f(z) Derivative o 


y = csc 


x 
. 1 
y=sin  2« 


— sechz tanhz 


—cschz cothz 
au = 1 
a 


dy _ 
da 


Table of Differentials 


d(cu) =cdu 
d(u+v) =du+dv 
d(u+v+w) =du+ dv+ dw 
d(uv) =udv+vudu 


d(uvw) =uvdw+uduw+duvw 
(=) v du — udu 
d — 
v v2 


d(u”) =nu”—'du 


d sinu = cosudu 

d cosu = — sinudu 

d tanu = sec? udu 

d cotu = — csc? udu 
d secu = secutanu du 


d cscu = — cscucotudu 


d sinhu = coshudu 
d coshu = sinhu du 


d tanhu = sech?u du 


d cothu = — csch?udu 
d sechu = — sechu tanhu du 
d cschu = — cschucothudu 


d(xy) =xdy + ydx 
x 

d(—) = 
y 


a? + y? 
are =xrdzx + ydy 


ydx — xdy 
y2 


d(u’) =vu’-! du + u” (Inu) dv 
d(u") =u" (1+ Inu) du 

d(e") =e" du 

d(b“) =b" (Inb) du 


1 
d(Inu) = — du 
u 


1 
d(log, wu) = = (log, e) du 


d sin7+ u =(1 — u”)~1/? du 
d cos~!u = — (1 — u?)~1/? du 
dtan-*u=(1+u?)7" du 
d cot-'u = — (1+ u?)7" du 
1 
d sec~! u = —(u? — 1)1/7 du 
u 
1 
d csc7tu = — —(u? — 1)71/? du 
u 
All angles in first quadrant. 
d sinh~*u = (u? + 1)~1/? du 
d cosh~*u = (u? — 1)~1/? du 


d tanh~*tu = (1 — u?)~" du 


d coth~tu = — (u? — 1)~* du 
1 
d sech~tu = — —(1 — u?)~1/? du 
u 
1 
d csch~tu = — —(u? +1)7!/? du 
u 
y ady — ydx 
d(—) = 5 
x x 
dy —yd 
d{tan-1(2)) ==“¥— 9 
a a? + y? 
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Partial Derivatives 
If u = u(x1, 22, 23,...,%) is a function of several independent variables, the dif- 
ferentiation with respect to one of the variables is done by treating all the other 


; ; O 
variables as constants. The notations : f sick aes are used to denote 
Ox, Ox2 O23 OLn 


these differentiations. The partial derivative symbol a indicates all variables dif- 
ferent from x; are being held constant. For example, if u= u(x, y) is a function of 
two real variables x and y, then the partial derivatives of u with respect to x and y 


are defined 
Ou . u(x + Az, y) > u(x, y) Ou é u(x, ¥y + Ay) —s u(x, y) 
—-= lim 3 =— = lim ) 
Oz Az—0O Az Oy Ay—O0 Ay 


provided these limits exist. The partial derivative operator 2 is used to indicate 
a differentiation with respect to x holding all other variables constant during the 
differentiation processes. So treat the partial derivative operator just like an ordinary 
derivative, except all other variables are held constant during the differentiation with 
respect to x. Similarly, the partial differential operator < is just like an ordinary 
derivative with respect to y while holding all other variables constant during the 


differentiation with respect to y. 


Example 2-48. If u=u(#,y) =2°y?—siny+cosz, then find a and - 
Solution 


Treating y as a constant one finds 


Ou ae 
leer (a’y” — siny + cos x) 
_ O(a®y?) ~~ O(siny) us O(cos x) 
Ox Ox Ox 
ge =y? ae) O+ A, If y constant, then siny is constant. 
Ox 6) Ox 


=y’ (3x) — sine 


In a similar fashion, if 2 is held constant, then 


Ou = 0 3.2 : 
ie 04 (x’y” — siny + cos 2) 
du  A(a?y?) — A(siny) “2 O(cos x) 
Oy Oy Oy Oy 
2 . 
=x? AE) sey) +0 If « is constant, cosx is constant. 


Oy Oy 


— =23(2y) — cosy 
y 


Higher partial derivatives are defined as a derivative of a lower ordered derivative. 
For example, The second partial derivatives of u = u(x, y) are defined 


Pu A (5) Pu A ($=) 
0x2 Ox \ Ox)’ Oy? Ay \ Oy 
: ; o? 0 (0 o? 0/9 
The second derivatives oe ( =) ; ao ( =) are called 
Ox Oy Ox \ Oy Oy Ox Oy \ Ox 


mixed partial derivatives. If both the function u = u(z, y) and its first ordered partial 
derivatives are continuous functions, then the mixed partial derivatives are equal to 


one another, in which case it doesn’t matter as to the order of the differentiation 
au Ou 

Ox Oy Oyda 

Total Differential 


If u = u(z,y) is a continuous function of two variables, then as x and y change, 


and consequently 


the change in u is written 
Au = u(x + Aa, y + Ay) — u(x, y) 
Add and subtract the term u(z,y+ Ay) to the change in u and write 
Au = [u(x + Av, y+ Ay] — u(x, y + Ay)] + u(x, y + Ay) — u(z, y)] 


which can also be expressed in the form 


Ax Ay 
Now use the mean-value theorem on the terms in brackets to show 
u(x + Az, y+ Ay) —u(z,y+Ay)] _ du 
= + €y 
ae ue (2.109) 
Ay Oy : 


where €, approaches zero as Ar — 0 and e2 approaches zero as Ay — 0. One can then 
express the change in u as 


AG= OU et OM aces Az + €2 Ay (2.110) 
Ox Oy 


Define the differentials dr = Ar and dy = Ay and write the change in u as 


hi OU i OE aioe dx + €9 dy (2rd) 
Ox Oy 
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Define the total differential of u as 
Ou 


du = — dz +5 — ty (2.112) 
Ox 


and note the total differential du differs from Au by an infinitesimal of higher order 
than dx or dy because ¢, and e2 approach zero as Az — 0 and Ay — 0. The total 
differential du, given by equation (2.112) is sometimes called the principal part in 
the change in u. 
Notation 

Partial derivatives are sometimes expressed using a subscript notation. Some 


examples of this notation are the following. 


Fu 
07u x3 =Uncaex 
du An2 =Una Bu 
aa G24: da20y —=Unay 
du _) anon Pu 
dy ” 07u Oxdy Seay 
ay? Uyy Bu 


dys =Uyyy 


In general, if f = f(x,y) is a function of « and y and m =i +, is an integer, then 
Ons. 
Ox Oys 
Differential Operator 


If u = u(z,y) is a function of two ae then the differential of u is defined 


Ou 
du = — dz +5 — ty (2.113) 
Ox 


is the representation of a mixed partial derivative of f. 


and if the variables x = x(t) and y = y(t) are functions of t, then u becomes a function 


of ¢ with derivative 
du Oudx = Oudy 


dt Oxdt Oy dt 
This is obtained by dividing both sides of equation (2.113) by dt. One can think of 
equation (2.114) as defining the differential operator 


(2.114) 


d{]__9||dx A] dy 
dt Ox dt Ody dt 


(2.115) 


where the quantity to be substituted inside the brackets can be any function of x 


and y where both x and y are functions of another variable t. 


By definition a second derivative is the derivative of a first derivative and so one 


(asa * ay) ae (ara) * ae (apa) 


since the derivative of a sum is the sum of derivatives. The quantities inside the 


can write 


du ddu _ d 


diz dtdt dt 


Ou dx 
Ox dt 


Ou dy 
Oy dt 


_d 
dt 


d 
dt 


Ou dy 
Oy dt 


(2.116) 


Ou dx 
Ox dt 


parentheses represents a product of functions which can be differentiated using the 


product rule for differentiation. Applying the product rule one obtains 


d7u _Ouddzx  dxd |0u Ouddy dyd |du 

di? Ox didt ’ dt dt B Mayan de de Ae | oat 
d7u Ou d?x dxd {du Oud?y dyd [du 

dt Oc di? dt dt B + Oy a2 * at dt A 


The equation (2.115) tells us how to differentiate the terms inside the brackets. Here 


both a and = are some functions of x and y and so using the equation (2.115) one 


finds 
d7u _ Ou d?x eo dx | 0 (Ou\ dx. O [O0du\ dy 
dt? Oxdt? dt |Ox \0x/] dt Oy \Ox/ dt 
Ou d?y Fy dy|O (Ou\ dx O fOu\ dy 
Oy dt? = dt |Ox \ Oy] dt = Oy \ Oy/ dt 
(2.118) 
d7u _ Ou d?x * dx | 07u dx Ou dy 
dt2. Ox dt? dt | 0x2 dt — Ox Oy dt 
Ou d?y i dy [ 0?u dx  0?udy 
Oy dt? dt |OyOx dt ~— Oy? dt 


Functions of more than two variables are treated in a similar fashion. 
Maxima and Minima for Functions of Two Variables 

Given that f = f(z,y) and its partial derivatives f, and f, are all continuous 
and well defined in some domain D of the z,y-plane. For R > 0, the set of points 
N = { (a,y) | (x -— 20)? + (y— yo)? < R? } is called a neighborhood of the fixed point 
(xo, yo), Where it is assumed that the point (xo, yo) and the neighborhood WN are in the 
domain D. The function f = f(x,y) can be thought of as defining a surface S$ over 
the domain D with the set of points S = { (2,y, f) | a,y<¢D, and f = f(x,y) } defining 
the surface. The function f is said to have 

a relative or local minimum value at (xo, yo) of f(x,y) > f(xo, yo) for (x,y) € N. 

a relative or local maximum value at (xo, yo) if f(a, y) < f(xo, yo) for (x,y) € N. 

Determining relative maximum and minimum values of a function of two variables 


can be examined by reducing the problem to a one dimensional problem. Note that 
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the planes x = 29 =a constant and y = yo = a constant cut the surface f = f(x,y) in 
one-dimensional curves. One can examine these one-dimensional curves for local 


maximum and minimum values. For example, consider the curves defined by 


Cr ={ (x, yo, f) | f = f(x, yo) } Cy = { (#0, f) | f = fo, y)} 


These curves have tangent lines with the slope of the tangent line to the curve C, 


given by 2 = f,(x, yo) and the slope of the tangent line to the curve C, given 
Ox y 
Y¥=Vo 


= f,(zo,y). At a local maximum or minimum value these slopes must be 


6) 
xwL=2XO 


zero. Consequently, one can say that a necessary condition for the point (zo, yo) to 


corresponds to a local maximum or minimum value for f is that the conditions 


of = fx(Xo, yo) = 0 and al 


a — = fy(zo, yo) =O simultaneously. 
OX | (eo,4o) OY |(xo,yo) 


These are necessary conditions for an extreme value but they are not sufficient 
conditions. The problem of determining a sufficient condition for an extreme value 


will be considered in a later chapter and it will be shown that 


If the function f = f(x,y) and its derivatives fir, fy, fer, fry, fyy exist and are 
continuous at the point (xo, yo), then for f = f(x,y) to have an extreme value at 
the point (xo, yo) the conditions 


of 
Ox 


6) 
= fx (Xo, Yo) =0 and > 


(o0,Yo) 


= jptowe) = 0 
(xo0,Yo) 


together with the condition fre(xo,Yo)fyy(xo, yo) — [fey(xo, yo)|? > 0 that must be 
satisfied. One can then say 
f(zo, yo) 18 a relative maximum value if frx(x0, Yo) <0 


f(z0, yo) 78 a relative minimum value tf frx(xo, yo) > 0 


Implicit Differentiation 
If F(z,y,...,z) is a continuous function of n—variables with continuous partial 
derivatives, then the total differential of F is given by 


OF OF OF 
dF = —dx+——dy+-+-+ —dz (2.119) 
Ox Oy Oz 


In two dimensions, if F(x,y) = 0 is an implicit function defining y as a function 


of x, then by taking the total differential one obtains 
OF OF 


dF = — dz Dy = 0 
Du = y 


and solving for ow the derivative is calculated as 


dy OF OF Fy 


dz = Be Oy F,, 


provided that $F = F, #0. 
In three dimensions, if F(x,y,z) = 0, is an implicit function of three variables 


which defines z as a function of x and y, then one can write the total differential as 
OF 
dF = — dz + — dy+ —dz= (2.120) 
y Zz 
Solving for dz in the equation (2.120) one finds 
OF OF OF OF —F, —F, 
dz = | —__ /—_ ——_ /—_— a =| ab ¥\d 2.121 
ea) a oe) ee a 


Note that if the implicit function F(z, y, z) = 0 defines z as a function of independent 


variables x and y, then one can write z = z(x,y) and the total differential of z would 


be given by ne 
d — dx + — aa 2.122 
C= Ox +5 Oy 4 ( ) 


Comparing the equations (2.122) and (2.121), there results the relations 


Oz OF OF —F, Oz OF OF —Fy 
Ox Ox Oz F, Oy Oy Oz F, 


provided that 2 4 0. 

Given an implicit equation F(z, y, z) = 0, one could assume one of the following. 
(a) x and y are independent variables. 
(b) 2 and z are independent variables. 
(c) y and z are independent variables. 

The derivatives in these various cases all give results similar to equations (2.123) 
and (2.122) derived above. 
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Exercises 


> 2-1. 

(a) Sketch the curve y = 2? 

(b) Find the equation of the tangent line to this curve which passes through the 
point (2,4). 

(c) Find the equation of the tangent line to this curve which passes through the 
point (—2, 4) 

(d) Find the equation of the tangent line to this curve which passes through the 
point (0, 0) 


p> 2-2. Find the derivatives of the following functions. 


1 ee 
(a) y= 3a" +22°—o+4 OE ae ors ay (9) y= Va? +1 
1 — 3 2 2 
(6) y e DOPE (e)y 372 —2r +1 pa 
(c) y=az*+be+ce ee @u=( ) 
US Gas ei 


p> 2-3. Find the derivatives of the given functions. 


(a) y=— () y= = (g) ya 3 + 4t+ 52 
a S 2x? + x 
(6) y= Wa (ec) y= VP Ol aera i eciee 


()ysa? — (f)y= itt () y=VE+ ()) y= Vara 


(a) Y= = + < (d) = (2? + 4)3 (g) y= est (j) y= tan7!( tanh3z) 
xr+l1 4 1 
(b) y — () y= (h) y=In(Bx)—() ys! 


p> 2-5. Find the derivatives of the following functions. 


(a) A=mr? (d) y = sin(36) (g) y =sin?(30) (j) y =sin(a + bx”) 
(oy) Vi= ears (e) y = cos(36) (h) y = cos*(30) (k) y= cos ‘(ax — bx”) 


(c) S =4nr? (f) y = tan(36) (i) y = tan?(30) (Ql) y=at +a" 
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p> 2-6. Find the derivatives of the following functions. 


aed (d) y=e™ (9) y= vi +sint (y= 
() y= - tan”? - (e) y = sin(e*) (h) y= VP — 3t (k) y =sec(In(V a + ba + cx?)) 
(c) y=e* (f) y=cos(tanz) (i) y= e¥* ga 


p> 2-7. Find the derivative # = y'(x) if y= y(z) is defined by the equation 


(a) x? +y? = 24 (d) 2 +y° = 6x (g) #?-y?=1 (j) ay =(e@+y)° 
2 2 

() a8 -y? =1 ()ety=y yy 54+ 4=1 (i) y=2mn( 4) 
a 

(c) ay t+a°y° =1 (f) x? +y° = bay (i) x? = Apy (l) y=" 


p> 2-8. Find the derivative #4 associated with the given functions. 


(a) y = sin” '(32) (d) y=sin 1 (2’) (g) y= (142) sin“! (3) y = (cos3z)* . 
(b) y = cos *(32) (e) y= cos ‘(2”) (h) y= (1+2) cos te (k) y= (1 . ) 
(c) y = tan”! (32) (f) y = tan! (27) (4) y= (142) tan’ 2 (I) cy=a?y +ae43 


> 2-9. Differentiate the given functions. 


(a) y = In(32) ()y=(8+2)",e>0 (g)y=mnar+s) Y= Fa 
(b) y =In(ax) (ec) (B+2)™ (h) y= eort? (k) yaat— 
y= ln (4) (f) B+ ny" Uae (1) y = xy/sin®(4z) 

p> 2-10. Find the derivative of the given functions. 

(a) y =sin~'(ax?) (d) y= sinh (3z) (g) y= sinh~'(32) (j) y= athere 
(b) y = cos‘ (ax?) (e) y= cosh (32) (h) y= cosh '(32) (k) y = In( cosh 3z) 
(c) y= tan! (ax?) (f) y= tanh (3z) (i) y= tanh~'(32) (1) y=sin 7! 2? 


> 2-11. Show the derivative of a function f(x) at a fixed point 29 can be written 
lim f(a) = Fao) _ f'(zo) Hint: Make a substitution. 


L—2Xo L— IX 


p> 2-12. Use the quotient rule to differentiate the functions 
cos © 1 
(a) y=cotz = ——_, (b) y=secxr = —_, (c) y=cscr=— 
Sin v COS © s1n v 
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p> 2-13. Find the first and second derivatives of the following functions. 


(a) ee (c) y=te™ te) eS) 
() y=-vi-w@® =) y= avi Ssing (yf) I=aye 


> 2-14. Find the first derivative a and second derivative ay associated with the 


given parametric curve. 


(a) x=acost, y=bsint (d)x=at, y=bdt? 
(b) «=4cost, y=4sint (e) e=acosht, y=bsinht 
(eB. car ot (f) « =sin(3t+4), y= cos(5t + 2) 


> 2-15. Differentiate the given functions. 


(a) y = xsin(42”) (d) y = cos(4”) (g) y = In(3a + 4) sin(«?) 
(b) y= a7e%* (e) y= 27 ln(3z), x >0 (h) y = In(a? + 2) cos(x) 
(6): y= ae” (f) y = 2? tan(3z) (i) y = tana seca 


p> 2-16. Differentiate the given functions. 


(a) y= sna (d) y= a Oe 
(b) y= = (e) y= (1422372 (h) y= sin(x?) In(x°) 
(c)y= ae (f) y= (+22)? (i) y =sin(x”) cos(2x”) 


p> 2-17. Find the first and second derivatives of the given functions. 


(a) y=o4— (@) ya? +e 434 = (9) y=asing 
(b) y = sin*(32) (e) y = cos*(3a) (h) y = 2" cosa 
(0) ¥= 5 (ig “On (i) y = x c0s(2”) 


p> 2-18. Find the tangent line to the given curve at the specified point. 
1 ‘ 3 
(a) y=a+—, at (1,2) (b) y=sina, at (7/4,1/v2) (c) y=a", at (2,8) 


> 2-19. Show that Rolle’s theorem can be applied to the given functions. Find all 


values x =c such that Rolle’s theorem is satisfied. 


(a) f(z) =2+sin(2x2), 2€ [0,1] 6) F(a) sats, x € [1/2,2] 
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p> 2-20. Sketch the given curves and where appropriate describe the domain of the 
function, symmetry properties, x and y—intercepts, asymptotes, relative maximum 


and minimum points, points of inflection and how the concavity changes. 


(a) yart= (c) y=a*- 62? (e) y=sinx+cosz 
() y= @ y= @-1P@-4) (Ff) y= at $128 +1 


f(e+h) — f(2) 


h 
(a) Show that f”(x) = lim f(a + 2h) — fe +h) + f(z) 


(b) Substitute f(z) = x® into the result from part (a) and show both sides of the 
equation give the same result. 

(c) Substitute f(x) = cosx into the result from part (a) and show both sides of the 
equation give the same result. Hint: Use L’Hopital’s rule with respect to the 


> 2-21. If f(x) = lim 


h—-0 


variable h. 


> 2-22. Find the local maximum and minimum values associated with the given 


Curves. 
(a) = me (d) y=—5 — 482 + 2° (9) y=sin(2rz), all x 
z—x“+1 
(o) y= oe (e) y=sinz, all x (h) y =cos(2rx), all x 
: 3 
Ov=a5 (f) y=cosz, all x (@) Y= 2 Tosa’ x € [—16, 16] 


p> 2-23. Find the absolute maximum and absolute minimum value of the given 


functions over the domain D. 


@y=feQer + De | we [1/2,2) 4 
(0) y= fle) =, D={z | ré€[1,2]} 

(c) y=f(x) =sina+cosz, D={2x | «é€ [0,27] } 
(4) y= fle) = D={« | re [-2,2]} 


> 2-24. Show that the given functions satisfy the conditions of the mean-value 


theorem. Find all values « =c such that the mean-value theorem is satisfied. 
(a) f(z) =-4+(x—- 2), LE (2, 6] (b) f(z) =4-2’, LE [0, 2] 


p> 2-25. A wire of length ¢=4+7 is to be cut into two parts. One part is bent into 
the shape of a square and the other part is bent into the shape of a circle. Determine 
how to cut the wire so that the area of the square plus the area of the circle has a 


minimum value? 
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p> 2-26. A wire of length ¢= 9+ 4¥V3 is to be cut into two parts. One part is bent 
into the shape of a square and the other part is bent into the shape of an equilateral 
triangle. Show how the wire is to be cut if the area of the square plus the area of 


the triangle is to have a minimum value? 


p> 2-27. A wire of length ¢=9+ V3 is to be cut into two parts. One part is bent into 
the shape of an equilateral triangle and the other part is bent into the shape of a 
circle. Show how the wire is to be cut if the area of the triangle plus the area of the 


circle is to have a minimum value? 


p 2-28. Find the critical values and determine if the critical values correspond to a 


maximum value, minimum value or neither. 


(a) y = (a —1)(@- 2)? (c) y= f(a), where f(x) = x(x —1)?(x — 3) 
(b) y= ce d) y= f(x), where f'(x) = 2?(x — 1)?(x — 3) 


p> 2-29. Evaluate the given limits. 


: a” —1 [ete 22] Gy 
] wee x . a 
ee ged 
. Le Ing sin 7x 
b) 1 Le 4 i 
(>) im ( +3) te) aa Co ee 
ax? + bx ec —e-* . y. &— sing 
tie = ea ] 2) lim 
(¢) aim ba? + ax (f) 550 sin x ) z—0 x 


> 2-30. Determine where the graph of the given functions are (a) increasing and 
(b) decreasing. Sketch the graph. 


(a) y=8-10r+2? (b) y = 3a? — 5x42 (c) y= (#2 — 1)? 


> 2-31. Verify the Leibnitz differentiation rule for the nth derivative of a product 


of two functions, for the cases n= 1, n= 2, n=3 and n=4. 


n 


D" |u(x)v(x)] = D” [ur] = (") (DEG) (Dy) 
i=0 


D" [wo] -() (D?u) v + (") (D"-!u) Du + (3) (DP *i) Daa @ uD"v 


where (" ) = ——“— are the binomial coefficients. The general case can be 
m m\(n —m)! 


proven using mathematical induction. 


p 2-32. Use Euler’s formula and show 
(a) ¢f(+2n7) — ¢'® where n is an integer. 
(b) The polar form of the complex number zx + iy = re’? 


(c) Show de Moivre’s theorem can be expressed (re’’)” = r” e'”? 


Ou Ou Ou Oru OPu 


p> 2-33. Find the partial derivatives Du’ By’ Dae’ Dudy’ DP 


(a) u=2*y+ ay? (c) u= V2? +y? (e) u= xye™ 


(b) w= (a? +y7)° (d) u= Va? — y? (f) w= axe¥ + ye” 


a) Show cosh ~!a = In(x + Vx? — 1), ge 1 


1 1 
Show sech7!zx = In ( + ; 
x x 


i) 0O<a<l 


(d Show — cosh~!ax = : ve ee Sal 
xv x2—1 
2 n n 
p 2-35. Define the operators D = - = d 51000) D™ = 7 with D" f(r) = ois) 
representing the nth derivative of f(x). Find a formula for the indicated derivatives. 
(a) D"(e%) (d) D™(x"), m<n_ (g) D"(sin® x) (j) D” (cos(ax + b)) 
(b) D"(a*) (2) D"(ainz) (h) D'( : =) (k) DM(In(x +a) 
iz 1 
(6) Dire), 20) (7) Dcos z) (i) D'(sin(ax +b)) (2) a Crane, 


2 
p> 2-36. Find the first and second derivatives ow and ct if x2y+ye=1 


0g 06 Fb Oy Ho 


p> 2-37. Find the partial derivatives Ba’ By’ a2’ Ondy’ Dy? 


(a) 6=2° 4+ yx? — 3ary ear ae | 
(b) d=2?+y?+2y (e) d= axr+ by+ cry t+ dx7y 
(c) $= sin(xy) (f) o= gt pat 

y x 


2 2 
p> 2-38. Sketch the ellipse > + 5 = 1 and then find the tangent lines to this ellipse 
at the following points (a) (0,—3) (6) (V3,—3/2) (ce) (2,0) (d) (V3,3/2)  (e) (0,3) 
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p 2-39. The area of a circle is given by A= r?. If the radius r = r(t) changes with 
time, then how does the area change with time? 


p 2-40. If s describes the displacement of a particle from some fixed point, as mea- 
sured along a straight line, and s = s(t) is a function of time ¢, then the velocity v 
of the particle is given by the change in the displacement with respect to time or 
v = v(t) = ca The acceleration a of the particle is defined as the rate of change 


dt 
2 
of the velocity with respect to time and so one can write a = a(t) 2 as 
4 2 
s= s(t) = ~ — 2 + ss — 6t, find the velocity and acceleration as a function of time. 


Find where s increases and decreases. 


> 2-41. 
Let z = z(x,y) denote a function representing a surface 
in three-dimensional space. Let P denote a point on this 
surface with coordinates (29, yo, z(o, yo))- 


A = 
(a) if 2 = jim 220+ At, Yo) = 420,40) ang 
Of \(ao,y) S20 AD 
dz — lm Zor Yo + Ay) = 2(x0, Yo) 
—_ 1m 
OY \(xo,yo) Avo Ay 


are the partial derivatives oe and = evaluated at the point P, then what is the 
geometric interpretation of these partial derivatives? 
(b) Let the planes x = 2) = a constant, and y = y) = a constant, intersect the surface 
z= z(x,y) in curves C, and C, as illustrated. Find the equations of the tangent 
lines AA and BB to the curves C, and Cy, at their point of intersection P. 
p> 2-42. Derive the absolute value rule < | u |= Tare. 


of x and test this rule using the function u = u(x) = x. Hint: Jul = Vu? 


where u = u(x) is a function 


> 2-43. Determine the sign of the slope to the left and right of the given critical 
point. 
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> 2-44. 
(a) Semi-log graph paper has two perpendicular axes with a logarithmic scale on 
one axis and an ordinary scale on the other axis. Show curves of the form 
y =aB", a>0, B>0 are straight lines when plotted on semi-log graph paper. 
(b) Log-Log graph paper has two perpendicular axes with a logarithmic scale on 
both axes. Show curves of the form y = ax’, a > 0 are straight lines when 


plotted on log-log graph paper. 


A4-cycle semi-log paper 


> 2-45. 
Let s denote the distance between a fixed point 
(xo, yo) and an arbitrary point (z,y) lying on the line 
az + by+c=0 
(a) Show that the quantity s? is a minimum when 
the line through the points (09, yo) and (a, y) is per- 
pendicular to the line az + by +c=0. 


(b) Show the minimum distance d from the point 


Hy : : + byo + ¢| 
xo, yo) to the line az + by +c = 0 is given b qa (tot bye + el 
ae Y ae a 


> 2-46. 
If r = f(6) is the polar equation of a curve, then this 
curve can be represented in cartesian coordinates as a set 


of parametric equations 
x =rcos@ = f(0) cos y =rsin@ = f(6)sind 


Show the slope of the curve can be represented 


dy _ f'(0)sin@ + f(@) cosé 
dx __ f'(0) cos0 — f(0) sind 
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p 2-47. The volume of a sphere is given by V = 4rr?. If the radius r = r(t) changes 
with time, then how does the volume change with time? 


p> 2-48. <A pool is constructed 15 meters long, 8 meters wide and 4 meters deep. 
When completed, water is pumped into the pool at the rate of 2 cubic meters per 
minute. 
(i) At what rate is the water level rising? 
(ii) How long does it take to fill the pool? 


p> 2-49. 
A box having a lid is to be constructed from a 
square piece of cardboard having sides of length £. Poo. 
The box is to be constructed by cutting squares with a = 
sides x from two corners and then cutting rectangles 
with sides of length « and y from the opposite corners sy v 


as illustrated in the figure. The sides are folded up 
and the lid folded over with the sides to be taped. 
Find the dimensions of the box having the largest volume. 


> 2-50. 
Determine the right circular cone of maximum volume 


rN that can be inscribed inside a given sphere having a radius R. 


kK ApS C ; bese, ad ; 
The situation is illustrated in the figure where 
AC =r = base radius of cone. 0B = R= radius of sphere. 
AB =h = altitude of cone. 0C = R = radius of sphere. 
B 


p> 2-51. Sketch the function y = 5 +sinz and determine where the maximum and 


minimum values are. 


pm 2-52. <A cylindrical can is to be made such that it 


has a fixed volume V. Show that the can using the r | 
least amount of material has its height equal to its 7B 
diameter. H 
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p> 2-53. Consider a rectangle inscribed inside a circle of radius R. Find the dimen- 


sions of the rectangle with maximum perimeter. 


> 2-54. Find the first and second derivatives if 


(a) y= cos(ar* + 2) == e€ =tan(3x 
an (c) y Tea (e) y (32) 
(6) ysa+ pe (d) y=sin(«? +2) (f) y=e** + cosh (2a) 
: ere dy d’y. 
p 2-55. Find the first and second derivatives =, —< i 
dsc” dc 
(a) aw =sin(2t), y=cos(2t) (c) y=t? sin(2t)e* (ec) y=sinu, u=a?+e@ 
(6) -@=P,. “ya? (d) you, u=2?4+a (f) y=sinh (3a?) + cosh (32) 


p> 2-56. Sketch the curve y= a4; 


(a) Find regions where the slope is positive. 
(b 
(¢ 


) Find regions where the slope is negative. 

) 
(d) Find regions where the curve is concave up. 

) 


Find where the slope is zero. 


(e) Find regions where the curve is concave down. 


p> 2-57. Find the first and second derivatives of the given functions. 
(a) y=sin~'(32) (c) y=tan7!(\/z) (e) y=sec *(32”) 
(bt) y=cos (1-22) (d) y=cot a? +e) (fF). y= ese" (Z) 
pm 2-58. Find the derivatives of the given functions. 
(a) y=In(x+ /1+2?2) (c) y=aa* + Grlnjaz + 6 (e) y=sin(32) cos(2z) 
(b) y=sin?(e”) (d) y=cosre™® (f) y= “tans 
p 2-59. Use derivative information to sketch the curve over the domain specified. 


(a) y =-14+ 327-2? for -1<a2<4 
(b) y=14+(2-1)3(@—5) for -1< y<6 


> 2-60. Determine the following limits 


sin mx 


(ay lime =——— (b) lim (1 + ax)"/* (c) 


im — 
x0 SINNZX 
> 2-61. Given the function F(z, y, z) = ax?+by?+cryz—d = 0, where a, b,c, dare nonzero 
p) 


constants. Assume z and y are independent variables and find the following partial 


derivatives. (a) oe (b) = 
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p> 2-62. Given the function F(z, y, z) = ax?+by?+cxryz—d = 0, where a, b, c,d are nonzero 
constants. Assume z and z are independent variables and find the following partial 

ayy OU 

Ox Oz 

> 2-63. Given the function F(z, y, z) = ax?+by?+cxryz—d = 0, where a, b, c,d are nonzero 


constants. Assume y and z are independent variables and find the following partial 
Ox Ox 


derivatives. (a) 


derivatives. (a) By (b) aE Hx ; 
> 2-64. ’ 
The Heaviside!’ step function H(€) is defined 
50, &€<0 
HO={) oo 


Xp 


The figure illustrates the step function H(z — x9) 

(i) Sketch the functions y,(2) = H(x — 2) and yo(xz) = H(x — (29 + ©) 

(ii) Sketch the function y(x) = yi(x) — yo(z) 

(ii) Define the Dirac Delta function 6(a# — 2) = lim wile) ~ vols) and give a physical 
interpretation as to the meaning of this function. 


> 2-65. 


ZQ0P=0=wt w is constant 


. Q 


\ 0 J 
my. ‘Sn ~ Ss 


The crank arm OP, of length r (cm), revolves with constant angular velocity w 
(radians/sec). The connecting rod PQ, of length ¢ (cm), moves the point Q back 
and forth driving a piston. Show that point Q has the velocity (cm/sec), given by 


dS : r2w sinwt cos wt ’ . 
=V =-uorsinwt Hint: Use law of cosines 


dt (2 — 72 sin? wt 


p> 2-66. Find the global maximum of the function y(x) = /z, 0 < x < 10 illustrated. 


15 Oliver Heaviside (1850-1925) An English engineer and mathematician. 
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Chapter 3 
Integral Calculus 


The integral calculus is closely related to the differential calculus presented in 
the previous chapter. One of the fundamental uses for the integral calculus is the 
construction of methods for finding areas, arc lengths, surface areas and volumes 
associated with plane curves and solid figures. Many of the applications of the dif- 
ferential and integral calculus are also to be found in selected areas of engineering, 
physics, business, chemistry and the health sciences. These application areas re- 
quire additional background material and so investigation into these applied areas 
are presented in a later chapter after certain fundamental concepts are developed. 
Various concepts related to the integral calculus requires some preliminary back- 
ground material concerning summations. 

Summations 

The mathematical symbol ys (Greek letter sigma) is used to denote a summation 
of terms. If f = f(x) is a function whose domain contains all the integers and m is 
an integer, then the notation 


270) = f(1) + (2) + £(3) +--+ f(m) (3.1) 


is used to denote the summation of the terms f(j) as j varies from 1 to m. Here j = 1 
is called the starting index for the sum and the m above the sigma sign is used to 
denote the ending index for the sum. The quantity j is called the dummy summation 
index because the letter j does not occur in the answer and j can be replaced by 
some other index if one desires to do so. 
The following are some examples illustrating how the summation notation is 
employed. 
(a) If m,n are integers satisfying 1 < m <n, then a summation from 1 to n of the 
f(j) terms can be broken up and written as a sum of m terms followed by a 
summation of (n—m) terms by writing 


n n 


f= f+ | yo) (3.2) 


1 g=l1 j=m+1 


J 
(b) The summation index can be shifted to represent summations in different forms. 


For example, the representation S = SOG —1)* can be modified by making the 


j=1 
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substitution k = 7 —1 and noting that when j = 1, then k = 0 and when j = n, 


n—-1 


then k =n—1, so that the sum S can also be expressed S$ = Ss" k?. 


k=0 
n-—m 


As another example, the sum Ss" f(j) can be expressed in the form x f(m+k). 
j=m+41 k=1 
This is called shifting the summation index. This result is obtained by making the 


substitution 7 =m+k and then finding the summation range for the index k. For 
example, when j =m+1, then k =1 and when j =n, then k =n—™m giving the above 
result. 

(c) If c1,c. are constants and f(x) and g(z) are functions, then one can write 


S> (crf (k) + cog(k)) = e1 Sf (k) + c2 S> g(k) (3.3) 
k=1 k=1 k=1 

where the constant terms can be placed in front of the summation signs. 
(d) If f(a) =c¢=constant, for all values of x, then 


n 


| fj) =f(m) + f(m + 1) + f(m+ 2) +--+ + F(n) 


j=m 
=ce+e+tete::+C€ (3.4) 
ee 
(n—m-+1) values of c 


=c(n —m+1) 


The special sum S- 1=1+1+1+---+1= n occurs quite often. 
——— 


j=1 n ones 


(ce) The notation Sf) is used to denote the limiting process lim S~ f(s) if this 
j=l j=l 
limit exists. These summations are sometimes referred to as infinite sums. 


(f) Summations can be combined. For example, 


> FG) + Fm = 1) + Frm) = °F) (3.5) 
Special Sums 
If f(z) =a+2d, then the sum S = 5° f(j) = $/(a+jd) or 
j=0 j=0 


n—1 


S=)S > fj) =a+4+ (a+ d) + (a+ 2d) + (a + 3d) +--+ + (a + (n — 1)d) (3.6) 


j=0 


is known as an arithmetic series with a called the first term, d called the common 
difference between successive terms, ¢ = a+ (n-—1)d is the last term and n is the 


number of terms. Reverse the order of the terms in equation (3.6) and write 
§ = (ak G=1)d) We 2 a 2)d) eh (a Se) he (3.7) 
and then add the equations (3.6) and (3.7) on a term by term basis to show 
IS nlp ask tres Dee) (3.8) 
Solving equation (3.8) for S one finds the sum of an arithmetic series is given by 


= : n a+é 
s= (a+ jd) = F(ateyan 


j=0 


(3.9) 


which says the sum of an arithmetic series is given by the number of terms multiplied 


by the average of the first and last terms of the sum. 


n—-1 n—-1 
If f(z) =ar*, with a and r nonzero constants, the sum $= S° f(j)= Soar? or 
j=0 o=0) 
n—1 n—1 
S=)> fj) = So ar’ =at+ar+ar? +ar? +---+ ar" (3.10) 
j=0 j=0 


is known as a geometric series, where a is the first term of the sum, r is the common 
ratio of successive terms and n is the number of terms in the summation. Multiply 


equation (3.10) by r to obtain 
rS= artar*+ar?+---tar™!+ar” (3.11) 


and then subtract equation (3.11) from equation (3.10) to show 


(1-—r)S =a-—ar” or S= ——— (3.12) 


If |r| < 1, then r” — 0 as n — oo and in this special case one can write 


n—1 n 
Sco = lim Sari = lim “= _* Ir} <1 (3.13) 
n—oo 20 n—co 1-—-fr 1—r’ 
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Archimedes of Syracuse, (287-212 BCE), used infinite summation processes to find 
the areas under plane curves and to find the volume of solids. In addition to the 


arithmetic and geometric series, Archimedes knew the following special sums 


QT 
j=l n terms 
n 1 
DG H1t 2434-40 = sn(n +1) 
i (3.14) 
1 
i =P 42) 493) een = n+ an’ +n) 


j=1 


1 
ye —1° 429 4394...4n3 = zim + 2n* +n?) 
j=l 
Modern day mathematicians now know how to generalize these results to obtain 
sums of the form 2. 
Sp = dog? =P FWP HBP H.-P (3.15) 
j=l 


where p is any positive integer. They have found that the sum S,, of the series given 
by equation (3.15) must be a polynomial of degree p +1 of the form 


Sy = agn?*! + ayn? +agnP- 1 4+---4+ Apn (3.16) 


where n is the number of terms in the series and ao, a1, a2,...,a) are constants to be 
determined. A more general representation for the sum (3.15) can be found on page 
349. 


Example 3-1. Sum the series $0 j* = 14 +24 +34+4*+---+n!4 
j=l 
Solution Let S,, denote the sum of the series and make use of the fact that S,, 


must be a polynomial of degree 5 having the form 


Spy = aon” + ayn* + agn® + agn? + aan CooL) 


where ao, a1, a2, a3,a4 are constants to be determined and n is the number of terms to 


be summed. The sums $4, So, .93,.S1, S5 give the five conditions 
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R=) palt+ea14+i6=17 
gal 


3 
S3=) 074 =14 424434 =14+16+81=98 
j=l 


4 
Se=) oj = 14424434444 = 1416 + 81 + 256 = 354 
j=l 


5 
Ss =) jt 14424434444 454 =1 + 16 + 81 + 256 + 625 = 979 
j=l 
to determine the constants ao,a1,a2,a3,a4. That is, if S, has the form given by 
equation (3.17), then 


SS, =an9 +a, + ag + a3 +44 =1 


Sq = ag(2)° + ay (2)* + ao(2)? + a3 (2)? + a4(2) =17 
S3 = a9(3)° + a1(3)* + ao(3)? + a3(3)? + a4(3) = (3.18) 
S4 = ag(4)° + a1(4)* + ao(4)? + a3 (4)? + a4(4) =354 
Ss = ao(5)° + ay(5)* + ao(5)? + a3 (5)? + a4(5) =979 


The equations (3.18) represent 5-equations in 5-unknowns which can be solved using 


algebra. After a lot of work one finds the solutions 


This gives the result S,, = sy SP bora Sih che 55 (6n® + 15n* + 10n? — n) 
j=l 
Integration 
The mathematical process which represents the inverse of differentiation is known 
as integration. In the differential calculus the differential operator - which per- 
formed differentiation, was employed as a shorthand notation for the limiting process 
required for differentiation. Define the integral symbol / ( ) dz as an operator that 


performs the inverse of differentiation which is called integration. 
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differential operator 
f(x) ——> —# £"(x) 
G(x) g(x) 
f(x) +C <— <— Fo) 
Giz)+o0 g(x) 


integral operator 


Figure 3-1. Differential and integral operators. 


Examine the operator boxes illustrated in the figure 3-1 where one box represents 
a differential operator and the other box represents an integral operator. If f(x) is 
an input to the differential operator box, then the output is denoted  §(2) =F" (a), 
Suppose it is required to undo what has just been done. To reverse the differentiation 
process, insert the derivative function into the integral operator box. The output 


from the integral operator box is called an indefinite integral and is written 
[ro dx = f(x) + C (3.19) 


and the equation (3.19) is sometimes read as “The indefinite integral of f’(x) dr is 
equal to f(x)+C”. Here f’(z) is called the integrand, f(z) is called a particular integral 
and f(x) +C is called the general integral of the indefinite integral of f’(x) dx and C 
is called the constant of integration. Recall that two functions f(x) and f(x) +C, C 
constant, both have the same derivative f’(x), this is because the derivative of a sum 
is the sum of the derivatives and the derivative of a constant is zero. It is customary 
when performing an indefinite integral to always add a constant of integration in 
order to get the more general result. 

Examine the notation for the inputs and outputs associated with the operator 
boxes illustrated in the figure 3-1. One can state that if £ G(x) = g(x) then by 
definition one can express the indefinite integral in any of the forms 


j uae) dx =G(x)+C or [oo dx =G(x)+C, or [ace =G(x)+C (3.20) 


dG (a) 


because G(x) +C is the more general function which has the derivative g(x) = 7 


The symbol / is called an integral sign and is sometimes replaced by the words, 
“The function whose differential is”. The symbol x used in the indefinite integral 
given by equation (3.20) is called a dummy variable of integration. It can be replaced 
by some other symbol. For example, 


if FG@)=96) then — f ygag=a() +e (3.21) 


where C is called a constant of integration. 


Example 3-2. 


The following integrals occur quite often and should be memorized. 


If “o=1, then prac=2+e or fanere 
If £9? = 2, then rrac=2? +0 or [a@)=2+0 


If <2 = 327, then ps de=2°+C or [ac =e es oa Gi 
Ci 
If oa =na"—', then pro dx=2"+C or fac =2£"+C 
£ 


d yimtrt Bs 2 yimtrt yrrt yr 
If ( ) u™, then ic du = SG AOE fo(45) -S5 +e 


If © sint = cost, then [costat =sint +€ or J asint) =sint +c 


iia < cost =-sint, then [sneat =-—cost+C or — [ Hoos = —cost+C 
Properties of the Integral Operator 


If [#@ dx = F(x) +C, then < F(@) = f(x) 


That is, to check that the integration performed is accurate, observe that one must 
have the derivative of the particular integral F(x) always equal to the integrand 
function f(a). 

If [1@ dx = F(x) +C, then 


J af(o) ae =a | F(a) dz = a[F(a)+C]=aF(«a#)+K 


for all constants a. Here K = aC is just some new constant of integration. This 
property is read, “The integral of a constant times a function equals the constant 
times the integral of the function.” 
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If / f(z)dx = F(x)+C and | 92) dx = G(x) + C, then 


[t@) + (el de = | $(e) de + | g(a) de = F(a) + G@) +C 


This property states that the integral of a sum is the sum of the integrals. The 
constants C in each of the above integrals are not the same constants. The symbol 
C represents an arbitrary constant and all C’s are not the same. That is, the sum of 
arbitrary constants is still an arbitrary constant. For example, examine the state- 
ment that the integral of a sum is the sum of the integrals. If for i =1,2,...,m you 
know | f(x) dz = F;(x) + C;, where each C; is an arbitrary constant, then one could 


add a constant of integration to each integral and write 


[It@) My Ae ee ee =| fi) dx + | fale) dp spesect / f(a) dt 
=[F,(«) + Ci] + [Fa(w) + Ca] +++ + [Fn (@) + Cra 
=F,(x) + Fo(a) +---+ Fn(a) +C 


All the arbitrary constants of integration can be combined to form just one arbitrary 
constant of integration. 
Notation 

There are different notations for representing an integral. For example, if 
4 He) = f(x), then dF(x) = f(x) dx and { dF (x) = [{ f(x) dx = F(x) + C or 


dx 

[1@ dx = [ EFC) dx = [ are) = F(z) +C (3.22) 
Examine equation (3.22) and observe [ere = F(x) +C. One can think of the 
differential operator d and the integral operator / as being inverse operators of each 
other where the product of operators / d produces unity. These operators are 


commutative so that d / also produces unity. For example, 


d [[r@ ae = d[F(a) + C] = dF(a)+dC = f(a) da 


Some additional examples of such integrals are the following. 


dv du 
If d(uv) = udv + vdu, then ‘: (ue +0) dx = [ awe) =uv+C 
x 
du dv 


du—ud Cee 
ra(=) =" a “then / dx ___da ae =f a(=)="+0 
UV UV VU VU UV 


. dw dw 
In general, if dw = — dz, then 7 — dz = [aw =wt+C 
dx dx 


Integration of derivatives 


If oy dy or a (f’(x)) = f’ (x), then multiplying both sides of this equa- 
dx \ dz dx?’ dx , 


tion by dz and integrating both sides of the equation gives 
d d ae d / 1} 
[a(#)- (es oY 4 fer@-=[ roa 


Since f dw =w+C, one finds 


d7y d 
Fa te = [a(#) =e Or [re az = fare (x) +C (3:22) 


In a similar fashion one can demonstrate that in general 


d™tly d”y i 
— dx =——+C or Lae \(x) dx = f™(x) +C (3.24) 
dxnrt1 
160 S159 355. 
Polynomials 


n+l 
ie C obtained from example 3-2 to evaluate the 


Use the result / 2" dx = - 


integral of a polynomial function 
Pn(&) = agx” + aya” * 4 +++ + Gn—22? + Gn_12 + An 


where ao,@1,...,@n—1,@, are constants. Also use the result that the integral of a 
sum is the sum of the integrals and the integral of a constant times a function is 
that constant times the integral of a function. One can then integrate the given 
polynomial function to obtain 


| pole) dx =) (apa” + aya"—* + +++ + Gn_2@? + an_12 + an) dx 


ee eee 


grt oat 3 2 


4 ay $06 + ana + On > + ane + C 
1 n 3 


=dao 
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Example 3-3. Recall that if functions are scaled, then the chain rule for 
differentiation is used to find the derivative of the scaled function. If you know 
<F(2) = f(x), then you know “ F(u) = f(u), no matter what wu is, so long as it 
is different from zero and well behaved. Say for example that you are required to 
differentiate the function y = F(ar), where a is a constant different from zero, then 
you would use the chain rule for differentiation. Make the substitution u = ax and 
write y = F(u), then 


dy dydu_ d du 


dx dudx Fut St)’ Gg = Fula = flax) a 


In a similar fashion integrals must be adjusted when a scaling occurs. If you 
know [7 dx = F(x) +C, then you know | f(u)du = F(u) + C, no matter what u 
is, so long as it is different from zero and well behaved. Consequently, to evaluate 
the integral / f(axv)dz you would make the substitution u = ax with du = adz and 
then multiply and divide the given integral by the required scale factor and write 


the integral in the form 


a 


| fax) i= = f a2) oie ~ f Flu) ie “F(u) 4G = Fadi 


As another example, if you know | x? dz = Z +C, then you know | u*du= a +C 
since x isa dummy variable of integration and can be replaced by some other symbol. 
To find the integral given by I = | (37+7)? dx you would make a substitution u = 32+7 
with du =3dzr and then perform the necessary scaling to write 


* dal Ba de Bes. _1@8¢+7)% ow 3 
r= 5 [(+7) sde= 5 fu Cag Cae +O = GGe4 7+ 


Example 3-4. If / cosudu = sinu+C, then to find [ costar) dx one can scale 
the integral by letting u = ax with du =adz to obtain 


1 1 1 
« | cosudu = —sinu+C = —sin(ar) +C 
a a a 


General Considerations 


2 
If you plot the functions ry dy y, | y(a) da, y(x) dx| dx you will find that 
dx?’ dx 


differentiation is a roughening process and integration is a smoothing process. 


If you are given a function, say y = y(x) = ve", then you can use the rules for 
differentiation of a product of two functions to obtain 


—= = y!(x) = x°(5e°") + (3a7)e?” = (52° + 327) e* 


One topic in integral calculus develops ways that enable one to reverse the steps 
used in differentiation and work backwards to obtain the original function which was 
differentiated plus a constant of integration representing the more general function 
Yg = Yg(x) = ze? + C. In the study of integral calculus one develops integration 


methods whereby the integral 
[o + 82") e®* de = 2?e®* +C 


can be obtained. This result can also be expressed in the form 


and illustrates the basic relation between differentiation and integration, that if you 


know a derivative ae) = f(x), then you can immediately write down the integral 
/ we) fae i ere i; fede = BGR (3.25) 


Many integrals can be simplified by making a change of variable within the 
integral. For example, if it is required to evaluate an integral J = | f(x) dz, then 
sometimes one can find a change of variables x = g(u) with dx = g’(u)du which 
changes the integration to I = | f(g(u))g'(u) du which may or may not be an easier 
integral to evaluate. In the sections that follow we will investigate various methods 
which will aid in evaluating difficult integrals. 

Another thing to look for in performing integrations, is that an integration 
might produce two results which appear to be different. For example, student A 
might perform an integration and get the result 


[| f@ar= Fase 
and student B might perform the same integration and get the result 


[to dx = G(x) + C 
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If both students results are correct, then (i) the constants of integration C need 
not be the same constants and (ii) there must exist some relationship between the 
functions F(x) and G(x) because they have the same derivative of f(z). 

In the differential calculus, if one finds two functions F(x) and G(x) having deriva- 
tives F’(x) and G’(x) which are equal and satisfy F’(x) = G’(x), over an interval (a,b), 
then one can say that the functions F(x) and G(«) differ by a constant and one can 
write i Palas = / G!(a) dx or F(x) = G(a) +e. 


Example 3-5. Consider the functions F(x) = cos?2 and G(r) = —sin? x, these 
functions have the derivatives F’(x) = ees —2cosxrsinxg and G'(zr) = —2sinrcosz 


dx 
which are equal. Consequently one can state that 


F(x) =G(x)+c or cos? x = — sin? +c (3.26) 


for all values of x. Substituting z = 0 into equation (3.26) one finds 1 = « and 
consequently comes up with the trigonometric identity cos? x + sin? x = 1. 
This result can also be illustrated using integration. Consider the evaluation of 
the integral 
[ 2sinzcoside 


Student A makes the substitution u = sinx with du = cosx dz and obtains the solution 
[ 2sinw cosa = 2 [udu = Le +O, =sin?2+C, 
Student B makes the substitution v = cosx with dv = —singz and obtains the solution 
J 2sinw cos de = -2 f odo = = + Cy = —cos*x+Cy 
The two integrals appear to be different, but because of the trigonometric identity 


cos? + sin?2 = 1, the results are really the same as one result is expressed in an 


alternative form of the other and the results differ by some constant. 


Table of Integrals 
If you know a differentiation formula, then you immediately obtain an integration 
formula. That is, if 
d 
aut = f(u), then [rm du = F(u) + C (3.27) 
U 
Going back and examining all the derivatives that have been calculated one can 
reverse the process and create a table of derivatives and integrals such as the Tables 
I and II on the following pages. 


Table I Derivatives and Integrals 1 8 7 


— oe puP— 1 -—1 
at 


sech2udu = tanhu+C 


y = cothu _. — esch?u | esch? udu = —cothu+C 
u 
oe 
y = sechu — sechu tanhu | sechu tanhudu = — sechu+C 
i 
y = cschu — cschu cothu | eschu cothu du = — cschu+C 


y = sinh™ 


i ee 


y = cosh tu 


y = In(wu+ Vu? — 1) 


Example 3-6. In the above tables of derivative and integrals the symbol u 

is a dummy variable of integration. If u = u(x) is a function of z, then to use an 

integration formula from the above table there may be occasions where it is necessary 
to scale the integral to be evaluated in order that it agree exactly with the form given 
in the above tables. 

(a) To evaluate the integral I, = | (5a? +7)? xdx one can make the substitution 
u = 5x22 +7 and make sure that the correct differential du = 10x dz is used in the 
integral formula. This may or may not require that scaling by a constant be 
performed. Observe that the given integral needs a constant factor of 10 to have 
the correct du to go along with the u specified. Consequently, one can multiply 


and divide by 10 in order to change the form of the given integral. This gives 


(b) 


I Sch (50? +7)° (10eda) = = f udu= 2% += 2 (507+ 79°40 
mee TO ~ 10 ~ 10 6 ~ 60 
In a similar fashion the integral 1, = | ce?” xdzx is evaluated. If one makes the 


substitution u = 327, then du = 6xrdz is the required form necessary to use the 
above table. This again requires that some type of scaling be performed. One 
can write 
‘i 5 [ (Grae) = 5 fet du= 2g +C= 1 30? +C 
6 6 6 6 


To evaluate the integral I, = | sin(«*)2?dx make the substitution u = «* with 


du = 4x3 dx and then scale the given integral by writing 


1 1 —1 —1 
‘i Z [sncdaas! de) = _[ sinudu = 7 cosu +C= Zz c0s(2*) +C 


To evaluate the integral Ig = / sin Gx dx let u = Bx with du = Bdx and scale the 
integral by writing 


— 5 | sind sae = 5 | sinwau = —5,c08 Bi + C 
Each of the above integrals has been scaled and placed into the form 
a f fla(z))g'(e) dz 


where a is some scaling constant. These type of integrals occur quite frequently 
and when you recognize them it is customary to make the substitution u = g(z) 
with du = g'(x)dzx and simplify the integral to the form 


a f Fu) du 


Always perform scaling if necessary to get the correct form for du. 


Trigonometric Substitutions 


The integration tables given above can be expanded by developing other types 


of integrals. The appendix C gives an extended table of integrals representing just 


a sampling of the thousands of integrals that have been constructed since calculus 


was created. 


Always examine the integrand of an integral and try to learn some of the alge- 


braic and trigonometric forms that can be converted to integrals of a simpler type. 
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All of the trigonometric identities that you have learned are available and can be 
thought of as possible aids for evaluating integrals where the integrand involves 
trigonometric functions. 

One type of integrand to look for is the powers of the trigonometric functions. 
Recall the de Moivre! theorem that states 


(cosx +isinz)” = cosna +i sinnz (3.28) 


where i is an imaginary unit satisfying i? = -1. Let cosx+ising = y and then 
multiply both sides of this equation by cosx —isinx to obtain 


(cosa — 7 sinx)(cosxz +i sinx) = y(cosx —i sinz) 
and then expand the left-hand side to show that if 


cosx+isingzx=y then cosxz —izsing = — (3.29) 


An addition and subtraction of the equations (3.29) produces the relations 


1 1 
2cosx =y+— and 2ising = y— — (3.30) 
y y 


Apply de Moivre’s theorem to the quantities y and 1/y from equation (3.29) to show 


1 
cosnz+isinna = y” and cos nz —isinna = — (3.31) 
y” 
Adding and subtracting the equations (3.31) gives the relations 
1 Se 1 
2cosna = y” + — and 27 sinna = y” — — (3.32) 
y” n 


where n is an integer. The above relations can now be employed to calculate trigono- 


metric identities for powers of sinx and coszx. Recall the powers of the imaginary unit 


i are represented i? = —1, i? = -i, i# = —i? = 1,7° =i, etc, so that the mth power 


of either 2i sinz or 2cosx can be calculated by employing the binomial expansion to 
expand the terms [{ y — z or (u + -) and then using the relations from equations 
ov] ov] 


(3.32) to simplify the results. 


l Abraham de Moivre (1667-1754) a French mathematician. 


Using the results from the equations (3.30) one can verify the following algebraic 
operations 


2 
1 1 

vi sin? e =(y— 7) =(#+3) - = 2cos2x — 2 
y oT] (3.33) 


2 


: 1 
or sin” x =5 (1 — cos 22) 


In a similar fashion show that 


3 
1 1 
25 sin? = (y=) Sager 
y y Y 
8(—7) sin’ cx =([y 3 S( 3 = 27 sin 3x — 3(27 sinz) 5 
y y 


3 1 
or sin? x =F sin xz — 1 sin 3x 
To calculate the fourth power of sinxz write 
4 
1 4 1 
ait sint e = (y+) =y'-4y°+6- 5+ 5 
7] ] iv] 
1 1 
16 sin* « = (v' + =) —4 (v? a =) +6 = 2cos 4x — 4(2 cos 2x) + 6 (3.35) 
i] ov] 


4 


. 3. C«id#“ 1 
or sin aa — —~cos2r¢ + g cos 4a 


2 
In summary, the use of de Moivre’s theorem together with some algebra produced 


the trigonometric identities 


1 

sin? x =a! — cos 22) 

3 . 1, 

sin” x =— sinz — —sin3xz (3.36) 
4 4 

4 3 1 

sin” x« =— — — cos 2a + — cos4az 
8 2 8 


In a similar fashion one can use the results from equation (3.30) and establish 
the following identities 
1\? 1 
2? cos? x = (y + =) = ~—s cos?’ x@ = a + cos 22) 
y 


iy 3 1 
23 cos? w& = (u + =) => cos? « = 5 cos x + 7 cos 3x (3.37) 


4 
2* cos* « = = 4e= a a 2 
=lyt = cos” x = — + — cos 2x + — cos 4x 
y 8 2 8 


Verifying the above results is left as an exercise. The calculation of representations 
for higher powers of sinz and cosz are obtained using an expansion similar to the 


above examples. 
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Example 3-7. Evaluate the integrals [sods and [ cos" x dx 
Solution Using the trigonometric identities for sin? z and cos? x from equations (3.36) 


and (3.37) one can write 


1 1 
[sv cas =5 | (1 cos20) dx [ cos? x de =5 | (+ 00822) dx 
= 1 1 : 1 1 
sin wdz =; dx — 7 cos 2x 2dx cos wdxz =; dx +7 cos 2x 2dx 
2 aa or : Kile, 
sin edz = 5x —7sin2e+C cos edz = a+ 7sin2e+C 


where C represents an arbitrary constant of integration. 


Example 3-8. Evaluate the integrals [sods and [ cos! x dx 
Solution Using the trigonometric identities for sin? z and cos? x from equations (3.36) 


and (3.37) one can write 


[scar =| (Fsinz rind) dx [costae = [ (Foose + Z 00830) de 
4 4 4 4 
[sods => f sinned - 3 | sin 30 3ae [ c0s° wae => [coset 5 | cose 3a 
4 12 4 12 
ae 3 1 3 3. Me 
[so wdxz=— 7 cosa + 7, cos3x + C [cs edz =7 sing + 75 sindc + C 


Example 3-9. Using the substitutions for sintz and cos*« from the equation 
(3.36) and (3.37) one can verify the integrals 


3 1 1 
[sods = z sin 2a + gq snd +O 


3 1 1 
[cost ede rest qian ae + gq inde + C 


z 
Trigonometric substitution is just one of many methods which can be applied 
to aid in the evaluation of an integral where the integrand contains trigonometric 


functions. 


Example 3-10. Alternative methods for the integration of odd powers of sin x 


and cos z involve using the trigonometric identity sin? x+cos? x = 1 as illustrated below. 


(a) 


Integral of odd power of sinz 
[sworn Loe = [ow e)" sinedr= Jo — cos? x)” sina dx 


Make the substitution € = cosz with dé = — sinxz dx and express the above integral 


in the form 
[sve xdxz=— fo — €°)" dé, f=ose 


The quantity (1— 7)” can be expanded by the binomial expansion. This creates 


m+1 ‘ 
= where m is some constant 


a sum of integrals, each of the form fé™dé = <j 


integer. 
Integral of odd power of cosx 


[eosin Lie = [cos* a)" coseds = [a — sin? x)" cos x dx 


Make the substitution € = sinz with dé = cosxdz and express the above integral 


in the form 


[cost nd = [ cos? 2) COs = [a — £7)" dé, f=sing 


Expand the quantity (1 — €7)" using the binomial theorem and then like the 
previous example integrate each term of the expansion. Note that each term is 


emt 


again an integral of the form f é™ dé = —. 


Products of Sines and Cosines 


as 


To evaluate integrals which are products of the sine and cosine functions such 


) sinmz sinnaz dz, / sin mz cos nz dz, il cosmz cosnz dx 


one can use the addition and subtraction formulas from trigonometry 


sin(A + B) =sin Acos B + cos Asin B 
sin(A — B) =sin Acos B — cos Asin B 
(3.38) 
cos(A + B) =cos Acos B — sin Asin B 
( i 


cos(A — B cos Acos B+ sin Asin B 
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to obtain the product relations 


sinmex sin nx a [cos(m — n)x — cos(m + n) a] 


1 
sin mx cos nx =5 [sin(m — n)x + sin(m + n)a] (3.39) 


cos mx cos na =F [cos(m — n)x + cos(m + n)a] 


which, with proper scaling, reduce the above integrals to forms involving simple 


integration of sine and cosine functions. 


Example 3-11. Evaluate the integral J = | sin5z sin3x dx 
Solution Using the above trigonometric substitution one can write 


1 1 1 
T= f 5 {cos 20 — cos 8x da = [ cos2e2dx—~ = | cos 8x 8de 


to obtain, after proper scaling of the integrals, 


1 1 
r= [ sinda sin 32 dx = q sine — jg Unset 


Special Trigonometric Integrals 

Examining the previous tables of derivatives and integrals one finds that integrals 
of the trigonometric functions tanz, cot x, secx and cscx are missing. Let us examine 
the integration of each of these functions. 
Integrals of the form [tanw du 

To evaluate this integral express it in the form f “ as this is a form which can 
be found in the previous tables. Note that 

frenudu= [= qu = fo = —In|cosul +C 


COs U Cos WU 


An alternative approach is to write 


t 
[ionudu= [2 ay = fo = In| secu] +C 


Sec U sec U 


Therefore one can write 


[ tanuau = —In|cosu| + C = In|secu| +C 
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The reason that there are two equivalent representations for the integral of the tan- 
gent function is because of a trigonometric identity and properties of the logarithm 
function. Note that cosu secu =1 and taking logarithms gives 
In(cos u secu) =In1 
In| cos u| + In| sec u| =0 
or In| sec u| = — In| cos u| 
Integrals of the form | cotudu 


The integral of the cotangent function is treated much the same way as the 
integral of the tangent function. One can write 


frotudu= [S¥au= [S28 <in|sinu +e 


One can then show that 


—cscu cot u 
[cot udu = In| sinu|+o=— f —S*S* gy — —injescul + C 


CSC U 
From this result can you determine a relationship between In| sinu| and — In| csc u| ? 


Integrals of the form [secu du 


The integral of the secant function can be expressed in the form f “ by writing 


secu + tanwu sec utanu + sec? u 
secudu = | secu du = du 
secu + tan wu secu + tanu 


so that 


d(secu + tan u) 
[secudu = | = In|secu+tanu|+C 
secu + tanu 


Integrals of the form | cscudu 


In a similar fashion one can verify that 


d(csc u + cot w) 
Jescudu = — | = —In|cscu+cotu| +C 
csc u + cot u 


Method of Partial Fractions 
The method of partial fractions is used to integrate rational functions f(x) = ez) 


Q(z) 
where P(x) and Q(x) are polynomial functions and the degree of P(x) is less than the 
degree of Q(z). If a rational function aa is such that the degree of R(x) is greater 


than the degree of Q(x), then one must use long division and write the rational 
function in the form 


BAP) an a” aya) +++ ane +4 pe) 
Q(z)" mo" Oe) 


where now P(a) is a remainder term with the degree of P(x) less than the degree of 


Q(x) and our object is to integrate each term of the above representation. 
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(a — 1)(a — 2) 


of numerator greater than the degree of the denominator. One can use long division 


Example 3-12. The function y = is arational function with degree 


and write 


: 
Recall from the study of algebra that when one sums fractions it is customary to 
get a common denominator and then sum the numerators. In developing integration 


techniques for rational functions the algebra mentioned above is reversed. It has 
P(2) 
Q(x)? 
P(x) is less than the degree of Q(x), it is easier to first factor the numerator and 


been found that to integrate a rational function f(x) = where the degree of 
denominator terms and then split the fraction into the sum of fractions with simpler 
denominators. The function f(z) is then said to have been converted into its simplest 
fractional component form and these resulting fractions are called the partial fractions 


associated with the given rational function. The following cases are considered. 


Case 1 The denominator Q(x) has only first degree factors, none of which are 


repeated. For example, Q(x) has the form 


Q(x) = (@ — wo)(# — #1) (@ — &2)+++ (a — an) 


where 29 A @1 F L2 F°++ FAX. One can then write 
P(a A A A An 
f(x) — ( ) — 9 4 2 + o S.c0 + 

Q(x) L—-X%po L—2, r— 2X2 L— Ln 

where Ao, A1, A2,.-.,;An are constants to be determined. 
: lla — 43 
Example 3-13. Evaluate the integral J = x 
x? —62+5 


Solution 
Here the integrand f(x) = Pi aa 
x? —62+5 . ‘ 
numerator less than the degree of the denominator. Observe that the denominator 


is a rational function with the degree of the 


has linear factors and so one can write 


11x — 43 llx — 43 A A 
a = ee (3.40) 


I?) 6848 G15) z-1l 2#£-5 


where Aj, A» are constants to be determined. Multiply both sides of equation (3.40) 
by the factor (x —1) and show 


lla — 43 Se he Ao(x — 1) 


3.41 
x-95 x-5 ( ) 


Evaluate equation (3.41) using the value x = 1 to show A, = 8. Next multiply equation 
(3.40) on both sides by the other factor («— 5) and show 


llx—43  A,(x—5) 
i. ne | 


+ Ag (3.42) 

Evaluate the equation (3.42) using the value x = 5 to show A» = 3. One can then 
lla — 43 8 3 dx dx 

t= fee = f+ dx=8 f “43 f 


Both integrals on the right-hand side of this equation are of the form i; = and 
consequently one finds 


write 


I=8ln|z2—-1|/4+3ln|z—-5|4+C 


where C is a constant of integration. Observe that C is an arbitrary constant and so 
one can replace C by In K, to make the algebra easier, where K > 0 is also an arbitrary 
constant. This is done so that all the terms in the solution will be logarithm terms 
and therefore can be combined. This results in the solution being expressed in the 
form 

I =In|K(x — 1)*(a— 5)°| 


Case 2 The denominator Q(x) has only first degree factors, but some of these 
factors may be repeated factors. For example, the denominator Q(x) might have 


a form such as 


Q(x) = (a — ao)*(a — a1)°+++(@ — an)™ 


where k,£,...,m are integers. Here the denominator has repeated factors of 
orders k,£,---,m. In this case one can write the rational function in the form 
P(x) Ay A Ax 
f(x) = = 7 = + eee + 7 
Q(x) «r©—a% (x#—2Zo) (x — zo) 
By By Be 
Fai Ga? eee 
+ 
Oi it BOB ciety te Om 
B—@q | (@— en)? (= tn)” 


where Ai,...,Axn, Bi,..., Be,...,Ci,.-.,Cm are constants to be determined. 
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8x4 — 13223 + 673x? — 11832 + 560 
Example 3-14. Evaluate the integral J = ‘| 2a 8a 9) dx 


Solution 
Using the method of partial fractions the integrand can be expressed in the 


simpler form 


8x4 — 13223 + 6732? — 1183¢ +560 Ay Ag A3 By Cr 


(x yaa ey 8) (x 9) i ao 8 Game (x — 2)3 Tao ag (3.43) 


where A;, Ao, A3, B,C; are constants to be determined. The constants B, and C; are 


found as in the previous example. One can verify that 


Ci, _ 8x4 — 13227 + 67327 — 11832 + 560 2% 
(x — 2)8(x — 8) 2=9 
| B _ 824 - eee = ne + 560 Le 
One can then write 
8a — 1322 + 6732? — 11832 + 560 2 3. At 5 Ay nN Ag 
(c@—2)3(@—8)(@—9) g20 eB eo GH oe” Go 
which simplifies to 
> = 5 <i =e + rE Orn 
Multiply both sides of equation (3.44) by (2 —2)° to obtain 
3x? — 84 + 3 = Ay (ax — 2)? + Ao(x — 2) + As (3.45) 
Differentiate equation (3.45) and show 
a8 SAG ayy (3.46) 
Differentiate equation (3.46) and show 
6=2A, (3.47) 


giving 4; = 3. Evaluate equations (3.45) and (3.46) at « = 2 to show A; = —1 and 
Ay = 4. The given integral can now be represented in the form 


dx dx dx dx dx 
= Sra 2 
: sf +4/ oop a eae IS 


where each term can be integrated to obtain 


4 1 
I=31 2 l — 21 — 
31n|a — 2| e=0  9G2277° 7? 8] + 2In|z—9|/+C 
or 
1 1 4 
I =In|(x — 2)?(a — 8)?(a — 9)?| + +C 


2(a@-—2)? x-2 
a 
Case 3 The denominator Q(x) has one or more quadratic factors of the form 
ax? + bx + c none of which are repeated. In this case, for each quadratic factor 
there corresponds a partial fraction of the form 
Aopx + Bo 
az? + ba+c 
where Ag and Bo are constants to be determined. 


11x? + 182 + 43 
(a — 1)(x? + 2a + 5) 


Example 3-15. Evaluate the integral / =a 
Solution 


Use partial fractions and express the integrand in the form 


lla? + 18x + 43 A Ba+C 


(a — 1)(x? + 2x + 5) pad eep oreo 


where A,B,C are constants to be determined. As in the previous example, the 
constant A is given by 
Ma? + 18a + 43 


=9 
(x? + 20+ 5) £=1 


One can then write 


lla? + 182% + 43 9 Br+C 


(g—1)(a2?+224+5) 2-1 224+2r+5 


Simplify the left-hand side of this last equation and show 


274 +2 - Bet+cCc 
ee+Qe4+5 2242745 


giving B=2 and C=2. Here partial fractions were use to convert the given integral 


8 24 +2 
b= Se" —_————_ d 
fa r+ fa 5 


to the form 
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which can be easily integrated to obtain J = 9ln|x — 1] + Ina? + 22 + 5| + nk. This 
result can be further simplified and one finds J = In|K(# —1)°(«? + 2a +5)| where K 
is an arbitrary constant. 
a 
Case 4 The denominator Q(x) has one or more quadratic factors, some of which 
are repeated quadratic factors. In this case, for each repeated quadratic factor 
(ax? + bx + c)* there corresponds a sum of partial fractions of the form 
Aix+ B, Aor + Bo A,« + By 
az?+ ba+c Gatton” "(ast beor 


where A,, By,..., Ax, By are constants to be determined. 
Before giving an example of this last property let us investigate the use of partial 
fractions to evaluate special integrals which arise during the application of case 4 


above. These special integrals will then be summarized in a table for later reference. 


dx 


5s where « < £. 
—2 


Integrals of the form 5 


Use partial fractions and write 


dx 1 1 1 
Ja =f (azstas) ae 


=5jlnlb+a —In|@-—2|] +C 


d 
so that / zu = he pas 
B=—a 20°" | Be 


See for example the previous result of equation (2.103) with x replaced by 2/(. 


dx 


—.— , where z > £. 
pon Ge 


+0 =—Z tanh (7) 40 a <p 
B B ; 


Integrals of the form 


Use partial fractions and show 


dx 1 1 1 
\=> =a f(S nar ad 


5 (In|a — 2] —In|x+ BI] +C 


This can be simplified to one of the forms 
dx ae z— _ it -af 2 _ it 24 (2) 
[ae = YE) In +C = coth ( )+e= are +C, x«>B 


x +B B B « 
Here the previous results from equation (2.103) have been used to produce the 


alternative form above. 


dx cos u= B= 

Integrals of the form / = Be a/ x? +3? ( Ja2+B2 
x x 

secu= Verte" 


Make the substitution « = @tanu with dz = Bsec? udu to obtain 
dz Bsec? udu il il 
fave J BP (tan? u+ 1) 3 f tu ore 
where u = tan! (5). Therefore one can write 


l= = © tan-? (=) +C 
a+ fp? £6 p 


or by constructing a right triangle representing the substitution, one can write the 


equivalent forms 


/ dx 1 a B 1 a A 


= — cos ~ ——————— + C = — sec 


a+ 6? £6 4/ a - ? p p 


+C 


Integrals of the form / oe 
(x2 + 7)? 
Make the trigonometric substitution x = @tan@ with dr = Gsec? 6d0 and show 


B sec? 6 dO 1 / sec? 0 1 i J 
= = 3° 6 dé 
lw x2 + aE B4(tan?@+1)2 63 J sectO a ox me 
1 
= 398 ae + cos 20) dO = 398 Jo 5 sin29] = 5 3B 


Using back substitution representing @ in terms of x one finds 


J catigp =a (5) + afta] + 

(@?+e7)2 2889 |" \e)* +e 

where C is a general cust of integration added to make the result more general. 
Bb 

axz*+bat+e 

Integrals having the form J = 


[0 + sin 6 cos 6] 


Integrals of the form 


a where Q(x) = ax? + br +c is a quadratic 
factor, can be evaluated if one first performs a completing the square operation on 
the quadratic term. One finds that either 


. b\? 4ac— 0b? 2 
ax* + bx +c =a +5 + where 4ac— b? > 0 
a 


4a? 


or ax?+br+c=a 


b\? b-4 
z+ “| where b? — 4ac > 0 
2a 4a? 
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dac — b? 
a 


Case 1 If 4ac— 6? > 0, make the substitution 6? = so that 


/ dx _ | dx 
ax2 +ba+c al (z+ £)? + P| 
and then make the additional substitution X = «+ 3 with dX = dz. One then 


obtains 
| dex -1/ aX 1 1 a(X\i¢ 
azz+ba+ec aj X?2+62 a B B 


Back substitution and simplifying gives the result 


d 2 2 b 
' = = tan? (=) +C, 4ac — b? > 0 


axz*+ba+e V/4ac — b2 V/4ac — b2 
‘ : —e : 
Case 2 If b? — 4ac > 0, make the substitution 6? = ee “and write 


dx dx 
| aaerere” I Jenga 


and then make the additional substitution X = «+ with dX = dz. This produces 
the simplified form 


| dx 1) dX _ 1 1, |X-8l, 
az2+ba+e aj X?—68? a 6° |x+, 
Back substitution and simplifying then gives the final result 


2ax + b— VWb2 — 4ac 
2ax +b+4+ VWb2 — 4ac 


+C, b? — 4dac > 0 


dx 1 
= In 
= Vb? — 4ac 


Sums and Differences of Squares 
Use the Pythagorean theorem and the defi- 
nitions of the trigonometric functions as follows. 
y In the right triangle illustrated one finds 


x ge? + y? = 4? (3.48) 
Divide each term of equation (3.48) by r? and write 


el fe yo —1 — cos? 6+ sin?9@=1 (3.49) 


Divide each term of equation (3.48) by 2? and write 


y? r2 
1+—= = 14+ tan?6 =sec?6 (3.50) 
pr g2 
Divide each term of equation (3.48) by y? and write 
2 2 
—4+1=—~ = cot?6+1=csc?0 (3.51) 
y? y? 


The above identities are known as the Pythagorean identities and can be used 
when one recognizes sums and differences of squared quantities in the integrand of 


an integral. Sometimes the dptepreng is simplified by using one of these identities 
Integrals of the form ae 
/ GB? = n2 


Make the substitution 2 = @sin@ with dx = 3cosédé to obtain 


Io Ras =i Es 


This gives the general result 


cos 0 


a= [ d0=04+0=s0F4C 
Vi-sm™6 a 


- 1 U 
/ ——————. = sin —~4+C (3.52) 
/ 32 = aie B 
Integrals of the form [== 
‘ Vx? + Fi 


Let x = Gtanu with dx = Bsec? udu and then form a right triangle with one angle 
u and appropriate sides of and 3. One can then show 


_ Gsec? udu _ udu 


sec udu 
l= 24 BVtan7u+1 
=In|secu + tanu| + Cy 


[x2 4. B2 
=In|5 + __ |+C, =Inja+ J/2?7+67/4+C 


where C = C; — Inf is just some new constant. In general one can write 


du 
| Facer Ver +e 


Integrals of the form / 


x2 — 3? 


Let x = Gsecu with dz = Bsecutanudu and form a right triangle with one angle u 
and appropriate sides z and 3. One can then show 
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| _ [ Bsecutanudu 
Ja2—B2 J BVsec2?u—1 


Jp2 _ (72 
=m|5 +l + 0 = In |x + /x? — 62(/+C 


where C = C, —1In@ is some new constant of integration. In general, one can write 


= | secudu = In|secu+ tanu| + C1 


In|u + /u? — 6?|+C 


| Tea 


du 
ut +1822 + 81 


, : : : d 
Solution Recognize the denominator is the square of (u?+9) and write I = / poe 


5 previously investigated, so that one can 


+B 


a _,({2 Bx 
= 35 [tam (3) +atal +e 


Example 3-16. Evaluate the integral J -| 


This is an integral of the form lw 


write 


where 3 = 3. 
| 


Example 3-17. The Pythagorean identities can be employed when one rec- 
ognizes the integrand has sums or differences of squared quantities. Sometimes it 
is necessary to complete the square on quadratic terms in order to obtain a sum or 


difference of squared terms. For example, to evaluate the integral 


ao i dx 
36x22 + 48x + 41 


one can write 


Ll / dx 1 / dx =. 4h ( dx 
oO) P+ Here 3) Peds e-@) 36 HEPTR 
One can now make the substitution u = x + 2/3 with du = dz to obtain 


1 du 


=36 / ae where 8=5/6 


One then finds 


Eis. ood) 11. _,(#+2/3 1. _, (6r+4 
T= — tan! C= tan! C = —tan! C 
660° pT 3EBie ( )+ = ( )+ 
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Ag® — 15a¢* + 130° — 4a? + 132 + 89 re 
(@ — 3)(a? + 1)? 
Solution The denominator of the integrand has a repeated linear factor and a re- 


Example 3-18. Evaluate the integral J = / 


peated quadratic factor and so by the properties of partial fractions one can write 


4x° — 15x04 + 130% — 40? +1380 +89 A (ee Ce+D Ex+F 


(x — 3)2(a2 + 1)2 2-3 @=3" a0 Ae Gate (3.53) 


where A, B,C,D,E,F are constants to be determined. Multiply both sides of equa- 
tion(3.53) by (#— 3)? and show 


4x° — 15x* + 1307 — 4x? + 130 + 89 _ 
(ae + 1)? a 


Cx+D Ex+F 
hae eM ae nD 


A(x—3)+B+(« P| (3.54) 


Evaluate equation (3.54) using the value x =3 to find 


_ 40° — 15a* + 1323 — 4a? + 132 + 89 


B 
(x? + 1)? 


=2 
£=3 


The equation (3.53) can therefore be written as 


4x° — 15a* + 1303 — 4x? + 13a + 89 20 A | Cxt+D , Ext+F (3.55) 
(a — 3)?(x? + 1)? (x—3)2 2-3 «241 ° (4241)? , 


The left-hand side of equation (3.55) simplifies to the form 


4 3 2 D) A D E F 
4a* — 52° — 3a* — 142-29 | Cr Si cae at (3.56) 
ee ae asl ees eee Cee 


Multiply both sides of equation (3.56) by the factor (a —3) and show 


Ag* — 543 — 3x? — 142 — 29 
(a + iy? 


Cx+D Ea+F 
were = asad) 


=A+(x-3) | (3.57) 


Evaluating equation (3.57) using the value z = 3 gives the result 


Ag* — 543 — 32? — 142 — 29 
(a + Te 


=1 
£=6 


Consequently, the equation (3.56) can be written in the form 


4xt — 543 — 32? — 149 — 29 1 Cr+D  Ex+F 
(a — 3)(a? + 1)? x-3 2741 (2?+41)? 


(3.58) 


The left-hand side of equation (3.58) simplifies to give the result 


30° +407+8¢+10 Cr+D Ex+F 
(x? + 1)? ~  g2@+1 (22 +1)? 


(3.59) 
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Multiply equation (3.59) on both sides by the factor (x? + 1)? and then expand the 
right-hand side of the equation to obtain 


32° + 4a” + 8a + 10 =(Cx + D) (a2? +1) 4 (Ex + F) (iG) 
3.60 
or 32° + 4a? + 8a +10 =Ca? + D2? + (E+ C)x+(F+D) 


Comparing the left and right-hand sides of equation (3.60) one finds 
C=3, D=4, E+C=8, F+D=10 


From the last two equations one finds E=5 and F=6. All this algebra reduces the 
integrand of the given integral to a summation of simpler terms where each term 
can be easily integrated using a table of integrals if necessary.? One finds 


1 2 32+ 4 5x + 6 
l= d 3.61 
sat Se Ss) : 3-61) 


The first integral in equation (3.61) is 


/ OD Siliea8| (3.62) 
xr—3 


and the second integral in equation (3.61) is 


da —2 
| Ga ea ren 


The third integral in equation (3.61) needs to be scaled to get part of it in the form 
ot which can then be integrated. One can write 
U 


(a + 4/3) >| (2a + 8/3) al 2x dx / dx 
= 2 Af 
3 | Pat 5) week oar eed 


Evaluating these integrals gives the result 


3a + 4 3 2 4 
[/wue- 5 n(x +1)+4tan“ a (3.64) 


The last integral in equation (3.61) can be scaled and written 


5x +6 _ (a + 6/5) = /—o" =;/ eas f dx 
| rpe 3 f pe 3 Gay 3) eae) eee 


2 A table of integrals is given in the appendix C. 


and then integrated to obtain 


5x2 +6 5] —l 4 x 62 —5 1 
= t = 3t 3.65 
[oar 5 (aeca] +3 |e oN el Gee 0) 


Combining the above results gives 


2 3 
IT=In|z - 3] 5 + 5 ina’ +1) +4 tan“! a + 
e= 


62 —5 
2(a? + 1) 


Stan oC (3.66) 


where C is a constant of integration. To check that what has been done is correct one 
should note that the final result should satisfy “ = f(x), where f(z) is the integrand 
of the original integral. This check is left as an exercise. 


Z 
Note that in the case the denominator has a single linear factor («—a), then one 
can write AC aon - oe) where A is a constant which can be determined 
(x—a)g(x) «2-a_ B(x) 
from the relation INE) A+ (x - joe evaluated at x =a. 
g(x) B(x) 


Example 3-19. Find the partial fraction expansion for representing a function 


having the form 


ax® + ba® + cx* + dx? + ex? + fatg 
(a — 1)(a — 2)(a@ — 3)3(a? +a +-1)(a? + 3x4 1)4 


f(«) = 


where a,b,c, d,e, f,g are known constants. 

Solution Here the denominator has the unrepeated linear factors (2 —1) and (zx — 2). 
The linear factor (x — 3) is repeated three times. The quadratic factor («#7 + « +1) is 
unrepeated and the quadratic factor (2? + 32 +1) is repeated four times. Using the 
properties of partial fractions, represented by the previous cases 1 through 4, the 


form for the partial fraction representation of the given function is 


_ Ao Bo Co Do Eo, Fox+Go 
F(z) fa eo eS Ga a= 3) tot 
Aix + By Agx + Bo A3x + Bz Ag + By 


a? +3e+1° (22? 4+324+1)2 | (c2+3¢4+1)3 | (2? +3xr+41)4 


where Ao, Bo,..., As, Ba are constants to be determined. 


The following table III is a summary of previous results. 
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208 Table III Summary of Integrals 
} sin? udu = ae E aopee 
‘ ~ 90 4 


1 1 
[ cos? udu = gut 7sin2u+C 


1 
[si udu = —7 00s 0+ Jp cos du te 


3 1 
[cos udu = qsinu + 75 sindu + C 


1 
— sin2u + siete 


4 


1 
1 — sin2u+ — 35 Reis Gara 


[tnudu = —In|cosu | +C 
[cotudu = In| sinu| +C 


[secudu= = In| secu+tanu | +C 


a | cscu +cotu|+C 


re 
| tera 56 eee 


7 “ a a 


}+e 


aye 


t — 
_ aie Seats 

du 2 a 2aut+b ) 2 

_ t Bc iso a eae 
carer V4ac — 2 ms (a 
du 2au + b— Vb? — 4ac i 
In +C, b* — 
au? + bu+c b2 — dac 2au+b4+Vb2 — 4ac 


=Inju+VJu?+ 67/4+C 


/ du 
WiGES 
du 
| S| u2 — B2)4+C 
Ju — B? 


Integration by parts 
If dUV) =UdV + VdU then one can write UdV = d(UV) — VdU and so by inte- 


grating both sides of this last equation one obtains the result 


[ua = [auv) - [vau 


[ua = uv - [va sl 


The equation (3.67) is known as the integration by parts formula. Another form for 
the integration by parts formula is 


[v@v'e) dx = U(ax)V(ax) — [yv@u'e) dx (3.68) 


When using integration by parts try to select U = U(x) such that V(«x)U’(x) dx is easy 
to integrate. If this is not possible, then alternative methods of integration have 
to be investigated. Integration by parts is a powerful method for evaluating many 
types of integrals. Sometimes it is necessary to apply the method of integration by 


parts multiple times before a result is obtained. 


Example 3-20. Evaluate the integral J =i arctan x dx 
Solution 
For the given example, let U = arctanz and dV = dz then one can calculate 


dx 


dU => d( arctan) = Tasg 


and [w- fu or V=a2 (3.69) 


Substituting the results from the equations (3.69) into the integration by parts 
formula (3.67) one finds 


x dx 
arctanz dx = x arctanz — / — 
142? 


In order to evaluate the last integral, use the integration formula 7 < =nU+C 
and recognize that if U =1+.2?, then it is necessary that dU = 2x dz and so a scaling 
must be performed on the last integral. Perform the necessary scaling and express 
the integration by parts formula in the form 


1 2x dx 
arctanxz dx =x arctanz — = —_~ 
2/ 14+? 


1 
=o arctanz — 5 In(l+27)+C 


where C is a constant of integration. 
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Note when using integration by parts and you perform an integration to find V, 
it is not necessary to add the constant of integration for if V is replaced by V+C in 


equation (3.67) one would obtain 
fuw-vv+o- fv+oqa-uv+cu- fva-cu 


and the constant would disappear. You can always add a general constant of integra- 
tion after performing the last integral. This is usually done to make the final result 
more general. 
a 
The integration by parts formula can be written in different ways. Using the 
rule for differentiation of a product, write 


V 
£ wy) = ue + a and consequently UV = fez dx + [vo hin 
sa da dex dx dx 
or 
dV dU 
[es dx = UV — i; V — dz (3.70) 
dx dz 


which is the form for integration by parts previously presented. In equation (3.70) 
make the substitution “ = W(a) with V(x) = [vo dx, then equation (3.70) takes 
on the form 


[v@we) dx = U(a) / W (2) ae 2 a / W (2) ae dx (3.71) 


and interchanging the functions U(x) and W(x) gives the alternative result 


Te ee eee cree ee (3.72) 
dx 


The above two integration by parts formulas tells us that to integrate a product 


[v@we) dx = W(za) 


of two functions one can select either of the equations (3.71) or (3.72) to aid in the 
evaluation of the integral. One usually selects from the above two formulas that 
formula which produces an easy to obtain result, if this is at all possible. 


Example 3-21. Evaluate the integral / x? sinnz dx 

Solution The integration by parts formula may be repeated many times to evaluate 
an integral. For the given integral one can employ integration by parts, with U = x? 
and dV =sinnzx dx to obtain 
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Lee sinna dx = x? (—=") - [2 (==") dx 
n n 


Use scaling and apply integration by parts on the last integral, with U = 2x and 


dV = —" dr, to obtain 
jp — cosnx Hebe —sinnz - [2 —sinnz ae 
n n?2 n?2 
The last integral can be scaled and integrated. One finds that the last integral 


os D) 
pP ( a dx = —; cos nz 
n n 


Back substitution gives the results 


= er 2 
[sundae = 7? ( a) 22 ( a Sides cosnx+C 
n n 


n2 


becomes 


where C is a general constant of integration which can be added at the end of any 


indefinite integral. 


Reduction Formula 

The use of the integration by parts formula fuw = UV- [ve to evaluate 
an integral gives a representation of a first integral in terms of a second integral. 
Sometimes, when an integration by parts is performed on the second integral, one 
finds that it can be reduced to a form of the first integral. When this happens one 
can usually obtain a general formula, known as a reduction formula, for evaluating 


the first and sometimes the second integral. 


Example 3-22. Evaluate the integral [,, = [sum cae where m is a positive 
integer. 

Solution Write the integral as [,, = i; sin” ‘ax sina dx and use integration by parts 
with 


U =sin™ 12 dV =sina dx 
dU =(m —1)sin™~* x cos x dz V =—-cosz 
to obtain 
In =—sin™ 1! & cosx + (m-—1) as x cos? x da 
Im = —sin™ 1 x cosxz + (m—1) foe a (1 —sin® x) dx 
1, S= sin @ cosa hilt 1) [5 al 


and using algebra one can solve for J,, to obtain 
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—l —] 
i peg oes SO 


Im—2 
or 
—1 —1 
[sin a dx = —sin™ *« cosa + ie) [sn x dx (3.73) 
m m 
This result is known as a reduction formula where the integral of a higher power of 
sinz is expressed in terms of an integral involving a lower power of sinz. 
Substitute m = 2 into the reduction formula (3.73) and show 
—1 1 1 
[sca = > sine cos © + 5 fa = 5 - 5 sing cosz+C (3.74) 


where a general constant of integration has been added to the final result. 
Substitute m = 3 into the reduction formula (3.73) gives 


[sods = sin? « cos 7 + ; [snods = > sin? x cos 7 — = cose +C (3.75) 
where C is some general constant of integration that has been added to obtain a more 
general result. It is left as an exercise to show that the results given by equations 
(3.74) and (3.75) are alternative forms of the results obtained in the examples 3-5 
and 3-6. 


Example 3-23. Using integration by parts on the integral J,, = [cos na one 


can verify the reduction formula 


1 


1 —1 
Jm = —cos™” ~x sing + us a 
m m 


or 
1 m—1 
[cos adx = —cos™ !2sinz + (a=) J cosm—? xz dx 
m m 


a 
Example 3-24. For m and n integers and held constant during the integration 
process, evaluate the integrals 
a be sinna dx and Cm = ee cosnx dx 


Solution Use integration by parts on the S,, integral with U = 2” and dV = sinnz dz. 
One finds dU = mx™-! dz and V = —="" go that 


m COS NZ " m m COS NX 


Sm = —-2z 


[or cosne de or S,=-2 + —Cm=1 (3.76) 


nm n 


An integration by parts applied to the C,, integral with U = 2” and dV = cosnz dx 
produces dU = ma™~! dz and V = z sinnx. The C,, integral then can be represented 
nr 
msinnc mM 


Gy =o —~—]a™'sinnrdx or Ch=2™ — —Sp,-1 (3.77) 
n n n n 


In the equations (3.76) and (3.77) replace m by m—1 everywhere and use the resulting 
equations to show 


cosnx ™m sinnze m-—l1 
m m-1 
Sm =—-2 £ Ree 
n n n n 
sinnxz m cosnz m-—1 
= 
CyHa" a | Cm_2 
n n n n 


which simplify to the reduction formulas 


cos nx sinnz m(m—1 
Sm =—a2™ +ma™-t — ( ) gs (3.78) 
n? n? 
sinnaz _,cosnx  m(m-— 1) 
CL, Sa ma™ — Cys (3.79) 
n n? n? 


These reduction formula can be used as follows. First show that 


; COS NX sinnz 
Sy = f sinne de = - and Co= | cosme de = 
n n 
and then use integration by parts to show 
; = [ esinne dz, C1 = f weosne da 
cosnz  sinnax sinnx  cosnax 
Sy = Xv + 5 C7; =2 + 
n n?2 n2 


where the general constants of integration have been omitted. Knowing Sp, $1, Co, C1 
the reduction equations (3.78) and (3.79) can be used to calculate 


So, Co, 53, C3, Sa, Cage x: 


The Definite Integral 

Consider the problem of finding the area bounded by a given curve y = f(z), the 
lines x =a and z =b and the z-axis. The area to be determined is illustrated in the 
figure 3-2. 
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Figure 3-2. Area under curve and partitioning the interval [a,b] into n-parts. 


The curve y = f(x) is assumed to be such that y > 0 and continuous for all x € [a, }). 
To find an approximation to the area desired, construct a series of rectangles as 
follows. 
(1) Divide the interval [a,b] into n-parts by defining a step size Az = — and then 
define the points . 


Lo =a 
x, =a+ Av =29+ Ax 
tq =~at+ 2Acv=2,+ Az 


(3.80) 
x, =at+iAv=2;_,+ Ar 


Zn =~—at+nAr=at+n =b=a2,_,+Az 


(ba) 


This is called partitioning the interval (a,b) into n-parts. 

(2) Select arbitrary points ¢;, within each Az interval, such that 2;_1 < t; < x; for all 
values of i ranging from i=1toi=n. Then for all values of i ranging from 1 to 
n construct rectangles of height f(¢;) with the bottom corners of the rectangle 
touching the z-axis at the points x;_; and 2; as illustrated in the figure 3-2. 

(3) The area of the ith rectangle is denoted A;=(height)(base), where the height of 
the rectangle is f(t;) and its base is Az; = x; —2;_,. The sum of all the rectangles 


is given by Si = 5° A; = S¢ f(t) Az; which is called the Riemann® sum for the 
i=1 i=1 


2 Georg Friedrich Bernhard Riemann (1826-1866) A German mathematician. 
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function y = f(z). The resulting sum is determined by the partition constructed. 


This Riemannian sum represents an approximation to the area under the curve. 
This approximation gets better as each Az; gets smaller. 
Define the limit of the Riemann sum 


n— co 


lim Ss — tim > Aj= dim, s f(t) Ax; = [r@ dx, Bi-1 St; <a, (3.81) 
i=1 neo j=1 a 

where the quantity on the right-hand side of equation (3.81) is called the definite 
integral from a to b of f(x) dx and the quantity on the left-hand side of equation (3.81) 
is the limit of the sum of rectangles as Ax tends toward zero. The notation for the 
definite integral from a to b of f(x) dz has the physical interpretation illustrated in 
the figure 3-3. 


Figure 3-3. Mnemonic device for determining area under curve. 


The quantity f(x)dz = dA is to represent an element of area which is a rectangle 
positioned a distance x from the origin, having height f(x) and base dr. The integral 
sign / is an elongated S to remind you that rectangles are being summed and 
the lower limit a and upper limit 6 on the integral sign is to remind you that the 
summation of rectangles is a limiting process taking place between the limits x = a 
and x =b. 

Observe that if F(x) is a differentiable function which is continuous over the 
interval [a,b] and F(x) is selected as a particular integral of f(x), then one can write 


aF'(x) = F'(x) = f(x), or one can write the indefinite integral 


dx 
/ f(x) dx = / ate) dx = / dF(x) = F(t) +C 
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It will now be demonstrated that any function F(x) which is a particular integral 
b 


of f(x) can be used to evaluate the definite integral i f(x) dx. To accomplish this 
graph the function y = F(x), satisfying F’(x) = f(a), between the values x =a and 
x = b and then partition the interval [a,b] into n-parts in the same way as for the 
original function y = f(x). Apply the mean-value theorem for derivatives to the points 
(a;-1, F(a;-1)) and (2;, F(xz;)) associated with the ith Az interval of the curve y = F(z). 
In using the mean-value theorem make special note that the function F(z) is related 
to f(x) by way of differentiation so that F’(x) = f(x) is the slope of the curve y = F(z) 
at the point x. One can then calculate the slope of the secant line through the points 
(x;-1, F(x;_1)) and (a;, F(a;)) as 


ors Ar “a Li, — V-1 


The mean-value theorem says there must exist a point ¢; satisfying 2;_1 < q < %, 
such that the slope of the tangent line to the curve y = F(x), at the point x = q, 
is the same as the slope of the secant line. By our choice of F(x), the slope of the 
tangent line to F(x) at the point x = c; is given by f(c;) since F’(x) = f(x). Therefore, 
one can write 


F(z;) = F(aj-1) 


Vi L-1 


=> f (ci) or F(2;) = F(a;-1) = f(ce)Aai, Ag; =4%4—-V-1 (3.82) 


This mean-value relationship can be applied to each Az interval for all values of i 
ranging from 1 to n. 

Make note of the fact the points ¢t;, 1 = 1,...,n, used to evaluate the definite 
integral in equation (3.81) were not specified. They were arbitrary points satisfying 
aj—1 <t; < 2; for each value of the index i ranging from 1 to n. Note the values «;, 
i=1,...,n which satisfy the mean-value equation (3.82) are special values. Suppose 
one selects for equation (3.81) the values t; = ¢; as i ranges from 1 to n. In this 


special case the summation given by equation (3.81) becomes 


S6=S° fle) Aa; =[F(a1) — F(x0)| + [F(@2) — F(ai)) +--+ + [F(an) — F(@n-1)] 
: (3.83) 
Ss f(eq)Av; =F (2,) — F(a) = F(b) — F(a) 


Observe that the summation of terms on the right-hand side of equation (3.83) is a 


telescoping sum and can be written as 


[F(x1) — F(#0)] + [F(@2) — F(a) 
+ [F(#s) — F(#2)] + [F(wa) — F(as)] 


+ [F(@n-1) — F(@n-2)] + [F(@n) — F(tn-1)] = Fen) — F(20) = Fb) — F(@) 


where as i ranges from 1 to n—1, for each term F(z;) there is a —F(a;) and so these 
terms always add to zero and what is left is just the last term minus the first term. 
This result still holds as Av — 0 and so one can state that the area bounded by the 


curve y = f(x), the z-axis, the lines x =a and z = 6b is given by the definite integral 


b 
f(x) dz = F(x) ; = F(b) — F(a) (3.84) 


where F(z) is any particular integral of f(z). 

Observe that the constant of integration associated with the indefinite integral 
can be omitted when dealing with definite integrals. If this constant were used, 
then equation (3.84) would become [F(b) + C] — [F(a) + C] = F(b) — F(a) which is 
the same result as given in equation (3.84). Also note that the name “definite 
integral” indicates that the integral has a definite value of F(b) — F(a), which does 
not contain the symbol z or the constant C. The symbol z is called a dummy variable 
of integration in the definite integral and can be replaced by some other symbol. 


The above result is a special case of the fundamental theorem of integral calculus. 


Fundamental theorem of integral calculus 

Let f(x) > 0 denote a continuous function over the interval a< x <b. Partition 
the interval (a,b) into n subintervals [xo, x1], [r1, v2],---, [Vi—1, Ti], ---,[@n—1, Fn] Which 
may or may not be of equal length. Select an arbitrary point t; € [x;-1,2;] for 
i=1,2,...,n and construct the rectangles of height f(t;) and base Ax; = 2;—2;-1 with 
A; = f(t;)Ax; the area of the ith rectangle. A special case of the above situation is 
illustrated in the figure 3-2. 

Let A, = Oy, Ai = f(t) Az; denote the Riemannian sum which equals the 
sum of the areas of these rectangles and let F(x) denote any function which is 
an integral of f(x) with the property F(x) = f f(x)dx or ED (x). Then the 


dx 
fundamental theorem of integral calculus can be expressed 


n b 
lim Ay = Jim S>f(te)Ae = / (ode FO |) =FOSRS) 


noo 


b 
a 


Az—0 k=1 


217 


218 


Since F’(x) = f(x), the fundamental theorem of integral calculus is sometimes ex- 
pressed in the form / “Hide Fe| =F FO) 

Note that the limiting summation of rectangles that represents the definite in- 
tegral of f(x) from 2 =a to x =b has the same value no matter how the points ¢; are 
selected inside the interval [z;_,,x;], for i= 1,2,...,n. This is because of the continuity 
of f(x) over the interval [a,b]. Recall that f(x) is a continuous function if for every «; 
there exists a positive number 6, such that 


| f (ti) = f(ci)| <€1 whenever \t; = G;| < 01 (3.85) 


Suppose it is required that the condition given by (3.85) be satisfied for each value 
$1 Le = a with e as small as desired, and n is selected large enough 


(b— a) 


such that Ar = es < 6,, then one can compare the two summations 
nr 


n 


w=1 


i=l 


One finds the absolute value of the difference of these sums satisfies 


n 


[s.—4n/= DS [f(t )Axi — f(ex)Azi]} < Ds lf (ts) — Fles)| Ay 


b-—a 


For n large enough such that each Az; = < 6, for all values of the index i and 


|f(t:) — f(e:)| < e: for all values of the index i, then |S! — S¢| <neAr=n — 7 “=e 


This states that the difference between the two sums S$! and S¢ can be made as small 


as desired for n large enough and in the limit these sums are the same. A similar 
type of argument can be made for an arbitrary, unequally spaced, partitioning of 
the interval [a, }j. 

Properties of the Definite Integral 


dF (x) 
dx 


1. If F(z) = 
integral 


= f(x), then the definite 


A(x) = F(a) — F(a) = | " f(t) at 


represents the area under the curve y = f(t) be- 


tween the limits t = a and t = x. Whenever the 
upper or lower limit of integration involves the symbol x, then the dummy variable 
of integration in the definite integrak is uswually:replaced by a different symbol. 
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2. Differentiate the above result to show 


A x 
24) = oe) = < ¢ f(t) at) = f(x) (3.86) 


This shows that to differentiate a definite integral with respect to x, where the 
upper limit of integration is x and the lower limit of integration is a constant, 
one obtains the integrand evaluated at the upper limit z. 

3. If the direction of integration is changed, then the sign of the integral changes 


a b 
/ f(x) dx = -| f(x) dx (3.87) 
b a 
4. The interval of integration [a,b] can be broken up into smaller subintervals, say, 
[a, £1], [€1, €2], [€, b] and the integral written 


[t@ ae= |” (0) ae + [#00 ae + [ He) de (3.88) 


5. Assume the curve y = f(x) crosses the z-axis at some point x = c between the 
lines x =a and x =b, such that f(x) is positive for a < x <cand f(z) is negative 
for c<a<b, then 


i f(x) dx represents a positive area 


and the integral 


/ f(x) dz represents a negative area. 


b 
The definite integral / f(x) dx represents the summation of the signed areas 


b 
above and below the z-axis. The integral / |f(x)|dx represents a summation of 
positive areas. : 


6. The summation S- f(t;) represents the sum of the heights associated with the 


rectangles constructed in the figure 3-2, and the sum g = 3 f (ti) represents 


the average height of these rectangles. Using the equation (3. 81) show that in 
the limit as Az — 0 and using Az; = = this average height can be represented 


7 Jim, 1) = im, 5g Se Jan = + | f(a) dx 


n—co n—co 
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This states that the average value for the height of the curve y = f(x) between 


the limits x =a and x = b is given by 


1 b 
Average height of curve = y = ; / f(x) dx (3.89) 


7. The integral of a constant times a function equals the constant times the integral 


of the function or 


[et@ dz = ef $@ dz 


8. Change of variables in a definite integral 


b 
Given an integral of the form J = i; f(g(z)) g(x) dx it is customary to make the 


substitution u = g(x) with du = g'(x)dx. When this is done in a definite integral, then 
the limits of integration must also be changed. Thus, when x =a, then u = g(a) and 
when x = b, then u = g(b) so that if f(u) is well defined on the interval [9(a), g(b)], then 


the given integral can be reduced to the form 


b g(b) 
ra f(g(#)) g(a) ae= f(u) du 


9. Area between curves 
Let y = f(x) and y = g(x) denote two curves which are continuous on the interval 


[a,b] and assume that f(a) < g(x) for all x € [a,b], then one can state that 


[sears f oeyer or [oars [sean 


Sketch the curves y = f(x), y = g(x), the lines « = a and « = bd and sketch ina 
rectangular element of area dA representative of all the rectangular elements being 
summed to find the area bounded by the curves and the lines x =a and x = b. Note 


that the element of area is given by 


dA =(y of upper curve — y of lower curve) dz 
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and these elements of area must be summed between the lines x =a and x =b. The 
situation is illustrated in the figure 3-4(a). The area between the curves is obtained 
by a summation of the rectangular elements to obtain 


Area = a We [ow 9 ds 


There may be times when the given curves dictate that a horizontal element of area 
between the curves be used to calculate the area between the curves. 


Figure 3-4. Area between curves. 


For example, if x = F(y) and x = G(y) are two curves where a vertical element of area 
is not appropriate, then try using a horizontal element of area with the element of 
area dA given by 


dA = (x of right-hand curve — x of left-hand curve) dy 


and then sum these elements of area between the lines y =c and y = d to obtain 


d d 
Area = [ aA= [ (G(y) — F(y)) dy 


The situation is illustrated in the figure 3-4(b). 

If the curves are intersecting curves between the limits of integration and sit- 
uations arise where the upper curve switches and becomes a lower curve, then the 
integral representing the area must be broken up into integrals over sections otherwise 


one obtains a summation of “signed” areas. 
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n/6 
Example 3-25. Consider the definite integral J -|/ sin 2x cos* 2a da 


0 
Make the change of variable u = cos2x with du = —2sin2rdr. The new limits of 
integration are found by substituting z = 0 and x = 7/6 into the equation u = cos 2x 


: 1 
to obtain u, = cos 2x =1 and Up = cos 2x = —. Here du = —2sin2x dz 


x=0 z= /6 
and so the given integral must be scaled. The scaled integral can then be written 


| n/6 


l= 5 (cos 2”)*(—2 sin 2x dz) 
0 


where now the substitutions for u, du and new limits on integrations can be performed 
to obtain 


Example 3-26. Find the area between the curves y = sinz and y = cosz for 
O<ax<t. 
Solution 

Sketch the given curves over the domain specified and show the curves intersect 
where z = 7/4. The given integral can then be broken up into two parts and one can 


write 


m/A oa 
A= [ [cos x — sinz] dx = sing + cosx = el 
0 0 
Ay = | [sin  — cos z] dx = — cosa — sinx = 14/9 
m/A aja 


The total area is then A, + Ay = 2/2 


A summation of the signed areas is given by 


J teos— sina] dx = (V2 1) - (1+ V3) =-2= Ay — Ay 
0 


Example 3-27. Find the area of the triangle bounded by the z-axes, the line 
y = #a« and the line y=h— £(x— 61), where b = b; + by. 
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Solution 


Get into the habit of 
(i) Sketching the curve y= f(x) to be integrated. 


(ii) Sketching in an element of area dA = f(x) dx or dA = ydz 


) 
(iii) Labeling the height and base of the rectangular element of area. 
(iv) Sketching the lines x =a and « = bd for the limits of integration. 


Sketching the above lines one obtains the figure 3-5 illustrated below. 


Figure 3-5. Triangle defined by x-axis, y= £2 and y=h—- £(a—b1) 


The big triangle is built up of two smaller right triangles and an element of area 
has been constructed inside each of the smaller right triangles. The area of the left 
smaller right triangle is given by 


b b b 2 i2#= 2 
! th h pe hap hee 1 
A, = dx = dx = dx = = eh 
: [nae i — [va Bi. 2 lke by 2 gu 


where the element of rectangular area y, dx is summed from x = 0 to x = by. This 
result says the area of a right triangle is one-half the base times the height. The 
area of the other right triangle is given by 


b b a b oh 
Ag = mdr = | fn Pa b1) a= [ hdc | _—(z — by) dx 
bi by bg by bi be 


b b _ = 
h xz=b h (a — by)? \2=8 
= ac — f x—b;)dx=hax _— — 
[ ba 1 1) x=b, be 2 x=by 
h (b bi)? h b3 1 


Copyright 2012 J.H. Heinbockel. All rights reserved 


224 


where the rectangular element of area y dx was summed from z = b; to z = b = by + bo. 
Adding the areas A; and A» gives the total area A where 


1 1 1 1 
A= A, + Az = 5 fib + 5 fibe = 5 lub + bz) = ghb 


That is, the area of a general triangle is one-half the base times the height. 


Example 3-28. 


The curve 
{(z,y) | t=rcosé, y=rsind, O<O0<7 } 


is the set of points (x,y) defined by the para- 
metric equations x = rcos@ and y = rsin@ as 
@ varies from 0 to 7. Sketch this curve and 
show it represents the upper half of a circle 
with radius r centered at the origin as illustrated in the figure. An element of rect- 
angular area dA = ydz is constructed at a general point (7,0), where the height of the 
rectangle is y and the base of the rectangle is dr. The area between the semi-circle 
and the z-axis is given by A = / : ydx which says the elements of area are to be 
summed between the limits x = and x =r. Make the substitutions y = rsin@ and 
dx = —rsin@d@ and note that when x = —r, then 6 = 7 and when zx =r, then 6 = 0. 
This gives the integral for the area as 


r 0 wT 
te), yar = | r sin 6(—r sin 0 d@) =? | sin? 6 d0 
2% 0 


Make the trigonometric substitution sin? @ = 4(1— cos 20) and then perform the inte- 
grations, after appropriate scaling, by using the previous table of integrals to show 


aah (1 — cos 20) d -Fif dé — >| cos 26(20) 
0 


Aa Me Tr 


1 
5 — 5 Sin 20 


0 0 


This shows the area of the semi-circle is rr?/2 and so the area of the full circle is rr’. 
As an alternative, one can construct an element of area in the shape of a rectangle 
which is parallel to the z-axis as illustrated in the figure below. Due to symmetry 
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this element of area is represented dA = 2xdy and summing these elements of area 
in the y-direction from 0 to r gives the total area as 


A= | aa =f 2x dy 
0 0 


Substituting in the values x = rcos@ and dy = rcos@d6é and noting that y = 0, cor- 
responds to 6 = 0 and the value y = r, corresponds to @ = 7/2, one obtains the 


representation 


m/2 m/2 
A= | 2(r cos 6)(r cos 8 d@) = 2r? | cos” 6 dé 
0 0 


Using the trigonometric identity cos? @ = (1 + cos 20) the above integral for the area 
becomes 


am /2 1 m/2 1 m/2 
A= ar? f =(1+cos 20) dO = r? / dé + a cos 26 (2 d0) 
0 2 0 2 Jo 


where the integral of cos20 has been appropri- 
ately scaled. Performing the integrations one 
finds 


‘ /2 1 . m/2 
A=r* | + —sin 26 
0 2 0 
2 
Tr 
A =— 
2 


which is the same as our previous answer. 


Solids of Revolution 

Examine the shaded areas in each of the figures 3-6(a),(b),(c) and (d). These 
areas are going to be rotated about some axis to create a solid of revolution. The 
solid of revolution created depends upon what line is selected for the axis of rotation. 
Figure 3-6(a) 

Examine rotation of element of area about lines x = 0, y =0, «= 29 and y = yo. 


Consider a general curve y; = y:(x) for a < x < b such as the curve illustrated in 
the figure 3-6(a). To find the area bounded by the curve, the x—axis, and the lines 
xz =aand x =b one would construct an element of area dA = y;(x) dx and then sum 
these elements from a to b to obtain the area 


b 
Ae i ileal (3.90) 
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If this area is rotated about the x—axis a solid of revolution is created. To find 
the volume of this solid the element of area is rotated about the «—axis to create a 
volume element in the shape of a disk with thickness dz. The radius of the disk is 


yi(z) and the volume element is given by 


yi=yi (x) 
dV = ry? (x) dx 
dx 

(b) A” 

y=—vyo y=—Vo 
yo 
dy 
y= 
y 1 =@71(y) 

i a 


yYU=Vo 


Figure 3-6. 


Area element to be rotated about an axis to create volume element. 


A summation of these volume elements from a to b gives the volume of the solid as 


b 
v= rf yi (x) dx (3.91) 


If the shaded area of figure 3-6(a) is rotated about the y—axis one can create a 
cylindrical shell volume element with inner radius z, outer radius «+ dz and height 


yi(x). The cylindrical shell volume element is given by 
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dV =(Volume of outer cylinder — Volume of inner cylinder) (height) 
dV =n [(a + dx)” — 2] y (x) = 7 [2x dx + (dz)*] yi (2) 
The term z (dx)? y;(x) is an infinitesimal of second order and can be neglected so that 


the volume of the cylindrical shell element is given by 


dV = 2naxyi(x) dx (3.92) 


A summation of these cylindrical shell volume elements gives the total volume 


v= on f xyi(x) dx (3.93) 


If the element of area dA = y; dx is rotated about the line z = x one obtains the 
volume element in the shape of a cylindrical shell with the volume element given by 


dV = 2n(x9 — x)yi(x) dx 


and the volume of the solid of revolution is obtained from the integral 


b 
Y= an f (ap — )y1 (x) dx 


which represents a summation of these volume elements to generate the volume of 
revolution. 


If the element of area is rotated about the line y = y) one obtains a volume 
element in the shape of a washer with the volume element represented 


dV =[Area outer circle — Area of inner circle] (Thickness) 


dV =n [yo — (yo — yr(x))?] da 
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The total volume is then given by a summation of these volume elements 


b 
tS xf [vs — (vo — yr (x))?] dx 


Figure 3-6(b) 
Examine rotation of element of area about lines x = 0, y = 0, x = x and y = yo. 
Examine the figure 3-6(b) and show that to determined the area bounded by the 


curve x; = 21(y), the y—axis and the lines y = a, y = @ is obtained by a summation of 


the area element dA = x;(y) dy from a to 8. The total area is given by 


A= fon dy 


If the area is rotated about a line, then a solid of revolution is created. To find 
the volume of the solid one can rotate the element of area about the line to create 
an element of volume which can then be summed. Consider the element of area 
illustrated as being rotated about the axes (i) the x-axis, (ii) the y—axis, (iii) the 
line x = xq and (iv) the line y = y to obtain respectively elements of volumes in the 
shapes of (i)a cylindrical shell element, (ii) a disk element, (iii) a washer element and 


(iv) another cylindrical shell element. Show these volume elements are given by 
(i) dV = 2ryz1(y) dy ii) aia ae [x6 —(%o — 24 (y))7] dy 
(ii) dV = nay(y) dy (iv) dV = 2n(yo — y) #1 (y) dy 

Figure 3-6(c) 


Examine rotation of element of area about lines x = 0, y = 0, x = x and y = yo. 


Examine the figure 3-6(c) and show the area bounded by the curves y = y:(z), 
yo = y2(x) and the lines « =a, x = b, is obtained by a summation of the area element 


dA = [y1(x) — yo(x)| dx from a to b. This summation gives the total area as 


b 
A= / Gia eee 


If this area is rotated about a line, then a solid of revolution is created. To find the 
volume of the solid one can rotate the element of area about the same axis to create 
an element of volume which can then be summed. Consider the element of area 
being rotated about the axes (i) the x—axis, (ii) the y—axis, (iii) the line z = x and 
(iv) the line y = yo to obtain respectively elements of volumes in the shapes of (i) a 
washer element, (ii) a cylindrical shell element, (iii) another cylindrical shell element 
and (iv) another washer element. Show these volume elements can be represented 


as follows. 
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(i) dV =m [y3(x) — y{(a)] dx (iit) dV = 2n(ao — £) [yr (%) — yo(a)] dx 
(ii) dV = 2na[y1(x) — yo(a)] da (iv) dV =7 [(yo — ya(x))? — (yo — 1 (a))?] dx 


Figure 3-6(d) 


Examine rotation of element of area about lines x = 0, y = 0, x = x and y = yo. 


Examine the figure 3-6(d) and show the area bounded by the curves 2; = 21(y), 
x2 = £2(y) and the lines y = a, y = 8, is obtained by a summation of the area element 


dA = [x1(y) — x2(y)| dy from a to 6. This summation gives the total area 


B 
A= ll epee 


If this area is rotated about a line, then a solid of revolution is created. The volume 
associated with this solid is determined by a summation of an appropriate volume 
elements. These volume elements can be determined by rotating the element of area 
about the same line from which the solid was created. 

Consider the element of area rotated about the lines (i) the z-axis, (ii) the 
y-axis, (iii) the line x = x and (iv) the line y = y to obtain respectively elements 
of volumes in the shapes of (i) a cylindrical shell element, (ii) a washer element, 
(iii) another washer element and (iv) another cylindrical shell element. Show these 


volume elements can be represented as follows. 
(i) dV = 2ny|xi(y) — v2(y)] dy (ii) dV =m [(ao — t2(y))* — (ao — 21(y))*] dy 
(ii) dV =a [ai (y) — 23(y)] dy (iv) dV = 2n(yo — y) (w1(y) — w2(y)) dy 


Example 3-29. Take the semi-circle 
1 (ey) | = reese, ar rsin dg, 0-6-4} 


as defined in the previous example and rotate it about the z-axis to form a sphere. 
The figure 3-7 will aid in visualizing this experiment. 

Note that the vertical element of area when rotated becomes an element of 
volume dV in the shape of a disk with radius y and thickness dr. The volume of this 


disk is given by dV = ry? dx and a summation of these volume elements from «2 = —r 


aan av = | ny? dx 


to =r gives 
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Making the same substitutions as in the previous example one finds 


0 wT 
V= / n(rsin@)?(—rsin 0) do = ay sin® 6 dO 
wT 0 


ihe ph ee se “ 
AV =7TYy da: 


Figure 3-7. 
Semi-circle rotated about z-axis creating the volume element in shape of a disk. 


Now use the trigonometric identity 
sin? 9 = : (3 sin @ — sin 38) 


and express the volume integral in the form of an integration of trigonometric func- 
tions. After appropriate scaling, make use of the integration table to show that 


3 Tv 3 Tv 1 Tv 
v=" | (3sin@—sin30) do = 3 | sinod9— > | sin 36(3d0) 
4 0 4 0 3 0 


mr? a | e rr 1 
= = ae fs = 1-1 1-1 
4 ‘i [3 cos 0) : 3 ( cos 30) 1 Zi | 3( J+ 3 ( ) 
V = Sar’ 


This shows the volume of the sphere of radius r is 4/3 times 7 times the radius cubed. 
If the horizontal element of area illustrated in the example 3-24, is rotated about 

the a-axis a cylindrical shell element results, like the one illustrated by equation 
(3.92), but with x and y interchanged. The inner radius of the cylinder is y and the 
outer radius is y+ dy and the length of the cylinder is 2x. The element of volume is 
given by 

dV =r(length)|(outer radius)? — (inner radius)’] 

dV =n(2x)[(y + dy)? — y7] = 1(22)[y? + 2y dy + (dy)? — y?] 

dV =2n(2x)y dy + 1(2x) (dy)? 
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This is an example of an equation where (dy)? is a higher ordered infinitesimal which 
can be neglected. Neglecting this higher ordered infinitesimal gives 


dV = 2n(2x)y dy 
Summation on dy from 0 to r gives the total volume 
V= an | xy dy 
0 


Substituting « = rcos@, y = rsin@ and dy = rcos@d@ and changing the limits of inte- 
gration to 6 ranging from 0 to 7/2, one finds 


m/2 
V =4r | (r cos 6)(r sin 6) (r cos 6 d@) 
0 


m/2 
V =4rr? il cos” @ sin 6 dé 
0 


This last integral is recognized as being of the form | u? du = 1 8 where u = cos@ and 
du = —sin@d0. Perform the necessary scaling and then integrate to obtain 


m/2 


V =4nr? (=) (cos 6)? 


for the volume of the sphere. 


Sometimes one can place axes associated with a solid such that plane sections 
at x and «+ dz create a known cross sectional area which can be represented by a 


function A= A(x) and consequently the plane sections produce a slab shaped volume 


element given by dV = A(xr)dx. The resulting volume 
between the planes xz) and x; can then expressed as a 
summation of these sandwich slices 


ve / * head (3.94) 


One can also check cross sections at y and y+ dy to see if 


there results a known area A = A(y). If this is the case, 
then the volume element associated with these plane 
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slices are written dV = A(y) dy and the total volume between the planes yo and y; is 
expressed as the summation 
Y1 
V= A(y) dy (3.95) 


Yo 
Integration by Parts 


Integration by parts associated with a definite integral has the form 


[ aw ce =[ d(u(x)u(x)) dx — [ewe dx 


a 


b a2=b b 
[ or’) dx =u(x)v(x) " -[ v(x)u’ (a) dx (3.96) 


b b 
| u(x)v’ (x) dx =u(b)v(b) — u(a)v(a) — : v(x)u’ (x) dx 


2 
Example 3-30. To integrate J = | te~* dt let u=t with du = dt and dv = e~* dt 
0 
with v =—+e~, then the integration by parts formula gives 
T = T Tee Pl T 
fe} te eas -f Suess dt = Poor ve 
0 : 0 Ove 2 s 0 
Se a ee 
See a 2 [eee eT 
a 
m/2 
Example 3-31. Evaluate the integral J -| xsinax dx 
—1/2 


Solution Let U = x and dV = sinz dz giving dU = dx and V = — cosz, so that integration 
by parts produces the result 


J =—2 cosx 


m/2 n/2 T T —T —T ‘ m/2 
— / —cosxz dz = cos = + cos + sin x =2 
—1/2 —1/2 2 2 —1/2 


b 
Example 3-32. Evaluate the integral J = / r’?V/b — «dx, where a,b are constants 
satisfying a < b. : 
Solution Use integration by parts with 
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to obtain 


x=b b 


b 9 4 re 
I =uv -f vdu = —3a°(b— 2)? +5/ a(b — x)3/? dx 


xrz=a a 


2 2 3/2, 4 ; 3/2 
T=3a'(b—a) 5 x(b— x)°"!* dx 


One can now apply integration by parts again on the last integral using 


U=z dv =(b — x)3/? dx 


2 
du =dx ae z(b— a)? 


to obtain 


2 


I= 
105 


(b — a)3/?(15a? + 12ab + 8b?) 
Physical Interpretation 

When using definite integrals the integration by parts formula has the following 
physical interpretation. Consider the section of a curve C between points P and Q 


on the curve which can be defined by 
C={ (x,y) | r=2(t), y=y), to St <t } (3.97) 


Here the section of the curve C is defined by a set of parametric equations x = x(t) 
and y = y(t) for tp < t < t; with the point P having the coordinates (29, yo) where 
rp = a(to) and yo = y(to). Similarly, the point Q has the coordinates (2;,y,) where 
x, = x(t;) and y, = y(t). A general curve illustrating the situation is sketched in the 
figure 3-8. 

Examine the element of area dA; = ydx and sum these elements of area from x9 


to x, to obtain 


dt 


Similarly, if one sums the element of area dAz = xdy from yo to y, there results 


Ly ty 
Ay = / ydxz = | y(t) ee dt = Area zoPQzx, (3.98) 
xo to 


Y1 ty 
Ag = / Say = / a(t) dt = Area yoPQy1 (3.99) 
Yo to 
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Figure 3-8. Physical interpretation for integration by parts. 


Examine the figure 3-8 and verify the areas of the following rectangles 
A3 = area rectangle 02,Qy, = 711, A, =area rectangle OrpPyo = 2oyo — (3.100) 


The integration by parts formula can then be expressed 


ty ti 
_ / 2(t) at 
to to dt 


vm dx 
[ vo econ) 
io (3.101) 
In terms of areas this result can be written 
A, = A3 — Ag — Ag or Ay = Aj — Ay — Aj 


and is interpreted as saying that the areas A, and A», are related and if one these 
areas is known, then the other area can also be evaluated. 
Improper Integrals 

Integrals of the form 


Ge i: ae ne i oT ae / . pihds (3.102) 
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are called improper integrals and are defined by the limiting processes 
b b b 
Y Jim f(x) dz, In = lim fteyde Iz = lim bdcakeks (3.103) 


a——oco a——oo 
a a 


if these limits exist. In general an integral of the form 


= i f(x) dx (3.104) 


is called an improper integral if 
(i) The lower limit a is allowed to increase or decrease without bound. 
(ii) The upper limit b is allowed to increase or decrease without bound. 
(iii) The lower limit a decreases without bound and the upper limit 6 increases with- 
out bound. 
(iv) The integrand f(x) is not defined at some point c between the end points a and 
b, then the integral is called an improper integral and one must write 


b é b 
, f(x) dx = lim f(x) dx+ lim f(x) dx (3.105) 
a coos 


if these limits exist. 
Improper integrals occur in a variety of forms in advanced mathematics courses 
involving integral transforms. For example, 


The Laplace transform of a function is written as the improper integral 
L{F(t)} = L{ F(t); t — s} =) F(t)e* dt = f(s) (3.106) 
0 


and represents a transformation of a function F(t) into a function f(s), if the improper 
integral exists. Other transforms frequently encountered are 


The Fourier exponential transform is written as the improper integral 

FAf(x);2 wh = ~ c f(€)e§ dé = F.(w) (3.107) 
The Fourier sine transform is written as the improper integral 

F.{f(z);t > wh = =f f(x) sinwa dx = F,(w) (3.108) 
The Fourier cosine transform is written as the improper integral 


F{f(x);x7> wh = =f f(x) coswa dx = F,(w) (3.109) 
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if the above integrals exist. Numerous other transforms similar to those mentioned 
above can be found in many advanced mathematics, physics and engineering texts. 
Integrals used to define Functions 

Definite integrals are frequently used to define special functions. For example, 


the natural logarithm function can be defined 


y 24 
y=1/t Ing = 7a 
1 
d d rtd 1 (3.110) 
—Inz= | dt = 
dz dz Ji t x 


1 aw 


The natural logarithm of x is represented as the area bounded by the curve 1/t, the 
lines t=1, t =z and the taxis. 

Properties of the natural logarithm function can be obtained from the defining 
integral. For example, one finds 
(i) n1=0 
.. avy | ag — 
(ii) In(a-b) = / ; d= ‘| = a+ f pit In the last integral make the substitution 

1 1 a 


t= au with dt = adu, so that when ¢t = a,u=1 and when t¢ = ab,u = 6 and obtain 


ay ay 
In(a-b =| zat+ [ — du 
(a:b) a a 


giving In(a-b) =Ina+Inb 
1/b 
(iii) In (+) = | wd Make the substitution t = ¢ with dt = “ with new limits on u 
al 
from b to 1 and show 


1 
giving In (=) =-—Inb 
(iv) Using the result from (iii) it follows that In (=) = in (« 7) = Ina+In giving the 


a 
result In (¢) = Ina— lnb 


rT 


(v) In(a") = | dt Make the substitution ¢ = u” with dt = ru™~!du with new limits 
1 


of integration u ranging from 1 to a to show 


in(a’) =f rat=r | Lr 
1 € 1 U 


showing that In(a") =rlna 
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Other functions defined by integrals 
There are many special functions which are defined as a definite integral or im- 
proper integral. For example, three functions defined by integrals which occur quite 


frequently are the following. 


The Gamma function is defined 
T(z) = t?—1e—* dt (3.111) 
and integration by parts shows that 
T(z +1) = 2T(z) (3.112) 


Use limits to show ['(1) = 1 and then use equation 
(3.112) to show 


and when z =n is an integer the Gamma function reduces to the factorial function 
T(n) = (n— 1)! = (n-1)(n— 2)(n— 3)---3-2-1 or T(n4+l1)=n! 
The values T'(0), ['(—1), T'(—2),... are not defined. 


The error function is defined 


2 i 2 
erf(x) = = | e* dt (3.113) 
Vi Jo 
The complementary error function is defined 


erfc (x) = 1—erf(x) = =z i. et dt (3.114) 


The error function’ erf(z) occurs in the study of the normal probability dis- 
tribution and represents the area under the curve Jee ™ from 0 to 2, while the 
complementary error function is the area under the same curve from z to oo. 

The above is just a very small sampling of the many special functions which are 


defined by integrals. 


4 Note alternative forms for the definition of the error function are due to scaling. 
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Arc Length 

Let y = f(x) denote a continuous curve for x € [a,b] and consider the problem 
of assigning a length to the curve y = f(x) between the points (a, f(a)) = Py and 
(b, f(b)) = P,. Partition the interval [a,b] into n-parts by defining Ax = atl and 
labeling the points ’ 


Q@=2, 11 =X) + Az, %2 = 24, + Az,..., 2; = 27j-1+ Az,...,¢%n =Fn-1 + Ax =b 


as illustrated in the figure 3-9. 
Label the points (a;, f(z;)) = P; for i= 0,1,2,...,n and construct the line segments 
P,P; for i=1,2,...,n. These line segments connect the points 


(xo, f(xo)), (x1, f(a1)), (x2, f(x2)), ace, (zi, f(xi)), aa, (Tn—-1, f(@n-1)); (Zn, f(&n)) 


in succession and form a polygonal line connecting the points (a, f(a)) and (0, f(b)). 


Figure 3-9. 


Approximation of arc length by summation of straight line segments. 


The sum of these line segments can be represented 


i Az; (3.115) 


Sn = eS J (ti — 4-1)? + [f (ai) — f(ai_1)]? = 2 4a _ — f(x4_1) 


Ag; 


where Ax; = 2;—2;_1. This sum is an approximation to the length of the curve y = f(z) 
between the points (a, f(a)) and (b, f(b)). This arc length approximation gets better 
as Az; gets smaller or as n gets larger. If in the limit as n — oo, the above sum exists 
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so that one can write s = lim $n, then the curve y = f(x) is said to be rectifiable. 
The limiting value s is defined to be the arc length of the curve y = f(x) between the 
end points (a, f(a)) and (b, f()). Here lim: L(wi) eee 
becomes a definite integral and so one can express the limiting value of the above 


o= [ V1 +P @E? Par =f [i+ ( 4 ue (3.116) 


If x € [a,b], then define the arc length s = s(x) of the curve y = f(x) between the points 
(a, f(a)) and (x, f(x)) a 


= f'(z;) and the infinite sum 


sum as 


s=6e ya V1-+[f'()/? dt (3.117) 


and define the differential of arc length ds = s’(x) dz. The element of arc length ds 
can be determined from any of the following forms 


2 2 
ds =/dx? + dy? = 4/1 + (+) t= (2) +1dy 


ds =|(#) 4. (2). dt = [x (OP + [y'OP at 


Example 3-33. Find the circumference of the circle defined by x = rcos@, 


(3.118) 


y =rsiné for 0< 6 < 27, where r is a constant. 
Solution 
The element of arc length squared can be written 
ds* =dx? + dy? or 
ds =y/[x'(6)]? + [y'(@)]?] 40 


Substituting in the derivatives ie = y'(0) =rcos6, the element 


S27 
79 7 t (8) = —rsing and 


0 
of arc length is 


ds = \/[—rsin 6]? + [r cos 6]? dd = rv/sin? 6 + cos? 6. dd = r dé 


and the total arc length is a summation of these elements 


2a 27 
=r) dd=ré 
0 


0 


= 27 rT 
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Example 3-34. Find the length of the line segment connecting the points 
(11, 1) and (x2, y2) where 1 # XQ. 


Solution 
The slope of the line through these points is m = =— = “= and the equation of the 
line through these points is y — y; = m(a— 21). The a “length i is given by 


«=f yr+(5 (<*) J ar= [" Vltmdzr=(V14+m?2)2| =(V1+m?)(r2—- 21) 


This simplifies to the well known result s = \/(a2— 21)? + a —y,)? 


Area Polar Coordinates 

The equation of a curve in polar coordinates is given by r = f(0). To find the 
area bounded by the curve r = f(@), the rays 6 =a and 6 = 6, divide the angle 8-a 
into n-parts by defining Ag = 2° and then defining the rays 


09 =a, 9, =O), + AO,...,6; = O;-1 + AO,...,On = On_-1 + AD = GB 


The area between the rays @ = 6;_, , @= 9; and the curve r = f(@), illustrated in the 
figure 3-10, is approximated by a circular sector with area element 


1 1 
dA; = 577.00; = 5 f?(0:) A; eat) 


where Ad; = 0; — 0;-1 and r; = f(0;). A summation of these elements of area between 
the rays @=a and 6= 8 gives the approximate area 


yaa = 5B: rag = 5 £7206; (3.120) 


Figure 3-10. 


Approximation of area by summation of circular sectors. 
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This approximation gets better as Ad; gets smaller. Using the fundamental 
theorem of integral calculus, it can be shown that in the limit as n — oo, the equation 
(3.119) defines the element of area dA = sn dé. A summation of these elements of 


area gives 
B 1 fe 1 fe 
Polar Area -f dA= aa r? d0 = s/f f?(0) do (3.121) 
Example 3-35. Find the area bounded by the polar curve 
r=2rqcosOé for 0<@<7. 
Solution 
One finds that the polar curve r = 2rocos0, for 0 < @ < a, is a circle of radius ro 
which has its center at the point (r9,0) in polar coordinates. Using the area formula 
given by equation (3.121) one obtains 


+ | — mre 
0 


sin 20 


1 Tv as TT 
Area = 5 i) (2r9 cos 0)? dO = are | cos” 6 d0 = Bf (cos 20 + 1) d0 = re 
0 0 0 


Make note of the fact that polar curves sometimes sweep out a repetitive curve. For 
example, in the polar equation r = 2rgcos@, if 6 varied from 0 to 27, then the polar 
distance r would sweep over the circle twice. Consequently, if one performed the 


integration 


1 


2n 
>| (2r9 cos 0)? dO 
2 Jo 


one would obtain twice the area or 27r2. Therefore, one should always check polar 


curves to see if some portions of the curve are being repeated as the independent 


variable @ varies. 


Arc Length in Polar Coordinates 
In rectangular coordinates, ds? = dx? + dy? represents the element of arc length 
squared. If one changes to polar coordinates using the transformation equations 


Sr 0) =F cos0 and y =y(r,0) =rsind (3.122) 


then the total differentials dr and dy are given by 


Ox Ox _ Oy Oy 
apo + ap aaa dy =" dr + A, do 


dx =cos@ dr —rsiné dé dy =sin@ dr + rcos6 dé 


dx = 
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and represent the total differentials in terms of the variables r and 6. Squaring and 
adding these differentials one finds 


dy ds* = dx” + dy? = dr? + r7d@? (123) 


as the representation for the arc length squared in polar coordinates. Other forms 
for representing the element of arc length in polar coordinates are 


ds = () +r2d6=4/1+r? (2) dr = V(r’ (OP + 2 [8 (0? at (3.124) 


Example 3-36. Find the circumference of the circle r = 2r9cos@ given in the 
previous example. 


Solution Here an element of arc length is given by the polar coordinate representation 


ds = (x) +r?d0, where “ = —2rosind. Integration of the element of arc length 


from 0 to 7 gives 


= 2779 


i v4r3 sin? 6 + 4r3 cos? 6 a8 = 2ro | dO = 2ro0 
0 0 0 


Surface of Revolution 


When a curve is revolved about the x or y- 
axis a surface of revolution results. The problem 
of determining the surface area of the resulting 


surface of revolution is approached using the fol- roe 
lowing arguments. First consider a right circular cone where the top has been cut 
off. The resulting figure is called the frustum of a right circular cone. The top sur- 
face is the shape of a circle with radius r; and the bottom surface is a circle with 
radius r2 > r,;. The side surface has a slant height of length ¢ as illustrated in the 
accompanying figure. The surface area associated with the side of this figure is given 
by? 

Side surface area = r(r1 +12) £ (3.125) 


5 How this result is derived can be found in example 3-38 
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Figure 3-11. 


Arc length ds rotated about z-axis to form frustum of right circular cone. 


Consider next the surface of revolution obtained when a curve y = f(x) is rotated 
about the z-axis as illustrated in the figure 3-11. Let ds denote an element of arc 
length in cartesian coordinates connecting the points (x,y) and (#+dz,y+dy) on the 
curve and observe that when this element is rotated about the z-axis a frustum of 
a right circular cone results. The radius of one circle is y and radius of the other 
circle is y+dy. The element of surface area dS is the side surface area of the frustum 
and given by equation (3.125) and so one can write 


dS = nly + (y + dy)] ds (3.126) 


The product dyds is an infinitesimal of the second order and can be neglected so 
that the element of surface area can be written in the form 


dS = 2ryds (3.127) 


By the fundamental theorem of integral calculus a summation of these surface el- 
ements gives the total surface area of the surface of revolution. This total surface 
area can be expressed in different forms depending upon the representation of the 
arc length ds (See equations (3.118).) If y = y(z), then one can write 


a [ Qry ds = anf yf 1 +( (+) (3.128) 


In a similar fashion, a curve x = F(y), for ¢ < y < d, rotated about the y-axis 
would created a surface of revolution with surface area given by 


‘: dx \? 
s=2 | x i+ (2) dy (3.129) 
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In general, if a curve is rotated about a line, one can express the element of surface 
area associated with a surface of revolution as dS = 27pds where ds is an element 
of arc length on the curve expressed in an appropriate form and p represents the 
distance from the arc length element ds to the axis of revolution. 


Example 3-37. Consider the upper half of the circle x? + y? = r? rotated about 
the z-axis to form a sphere. Here 2a + aye =0or a = -—az/y so that the surface area 


of the sphere is given by 


i 2 i is re 
S=2n | y+ de = 20 f Ve Pde = 200 | dz = 2arax 
=f y =. =f_ 


=f 


= Arr? 


Example 3-38. 


The line y = —i —b), 0< x < bis rotated about 
the y-axis to form a cone. An element of arc length 
ds on the line is rotated about the y-axis to form an 
element of surface area dS given by dS = 2a7ads Using 
ds? = dx? + dy? in the form ds = ,/1+ (au) dx, the total 
surface area of a cone with height h and base radius b 


| 4 
s=2n | x i+ (2) dx 
0 dx 


Perform the integration and show the total surface area of the cone is given by 


is given by 


S=nbe where @=b?+h?, (3.130) 


with ¢ = ¢; + 4. representing the slant height of the cone. 

As an exercise, use the above results to obtain the surface area of a frustum 
associated with the given right circular cone as follows. If a is the base radius of 
cone associated with slant height ¢; and b is the base radius associated with cone 
of the slant height ¢; + ¢., then show, Area of frustum = 7b(f + ¢,) — rat. Then use 
similar triangles and simplify this result and show, Area of frustum = 7é.(b+a) which 


agrees with equation (3.125). 
7 
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Mean Value Theorems for Integrals 
There are several mean value theorems associated with definite integrals which 
can be found under the following names. 
(i) The first mean value theorem for integrals. If f(x) is a continuous function for 
a<a<b, then there is a point x = €; € [a,b] such that 


b 
| f(x) dz = (b— a) f(&1) = (b— a) f(a + ™1(b—-a)), 0<A<1 (3.131) 


(ii) The generalized first mean value theorem for integrals. 

If both f(x) and g(x) are continuous functions for a < x < b and the function 
g(x) does not change sign for x € [a,b], then there exists a point x = € € [a,b] such 
that 

b b 
[ Hngeaes (é) f adeafovene= a) f g(x) dz, O0<6.<1 (3.132) 


a 


(iii) Bonnet’s second mean value theorem for integrals. 

If both f(x) and g(x) are continuous functions for a < «<b and the function g(x) 
is a positive monotonic’ decreasing function, then there exists a point x = &3 € [a,b] 
such that 


b €3 
[ fla)g(x) de = g(a) | f(x) ae (3.133) 


where 3; =a+63(b—a), for 0 < 63 <1. Alternatively, if g(x) is a positive monotonic 


increasing function, fa there exists a point x = £4 € [a,b] such that 


b b 
/ f(a)g() de = 9(b) | fla) ae (3.134) 


where £4=a+64(b—a), for0<0% <1. 
(iv) The generalized second mean value theorem for integrals. 

If both f(x) and g(x) are continuous functions for a < x < b and the function 
g(x) 7s a monotone increasing or monotone decreasing over the interval [a,b], then 
there exists a point x = és € [a,b] such that 


b fs b 
; Fla)olx) de = (a) [ f2) de +966) f Fle) an (3.135) 


where £; =a+6s(b—a), for0<65 <1. 


sae ts f(x) is defined on an interval a, b and if f is such that whenever a < 21 < XQ < D, there results 
f (21) <= f (2), then f is called a monotone increasing function over the interval a, b}. If the inequality above is 


reversed so that f(x1) = f (x2), then f is called a monotone decreasing function over the interval a, b. 
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Proof of Mean Value Theorems 
If f(x) > 0 is a continuous function over the interval a < x < b, define the functions 


G(x) = io Hq [ sooae P(e) =G(0)H(b) — G(b)H(«) 
G! (2) aay H'(x) = f(x)o(e), P'(x) =G" (a) H(b) — G(b) H(z) 


and observe that P(a) = P(b) = 0 because G(a) = H(a) = 0 and the way P(z) is defined. 
Consequently, it is possible to apply Rolle’s’ theorem which states that there must 
exist a value x = €, for a < € <b, such that P’(¢) =0. This requires 


ne [ soat t)at — f(g © [ oma=o 


which simplifies to give the generalized first mean value theorem for integrals 


i ‘f@oae=1© i “gaya 


Note the special case g(x) = 1 produces the first mean value theorem for integrals. 
To prove Bonnet’s second mean value theorem, assume f(x) > 0 is a continuous 
function for a < x <b and consider the cases where g(x) is monotone decreasing and 
monotone increasing over the interval {a, 0). 
Case 1: Assume that g(x) is ee and monotone decreasing over the inter- 
val [a,b]. Define the function ¢(x a) f° f(x) dx which is continuous over the 
interval [a,b] and demonstrate ae =0< iis f(x)g(x) dx < o(b). An application 
of the intermediate value theorem shows there a a value x = € such that 
(a) f° f(x) dx = f° f(a 


Case 2: ae that g(x) is pst and monotone increasing over the interval 


[a,b]. Define the function (x (b) f f(x) dx which is continuous over the in- 

terval [a,b] and demonstrate =< ic f(a dx < (a). An application of 

the intermediate value theorem shows that a ee a value x = € such that 
(b) fe f( ede = 0: f(a 


on prove the generalized oe mean value theorem for oe consider the 
function F(x) = | f(u) du and then evaluate the integral [ f(x)g(x) dx using integra- 
tion by parts to show 


b b b 
/ f@ole\de=9@)FG)| = i F(2)q'(2) dx = 9(b)F() — | F(x)g/(w)de (3.136) 


7 Michel Rolle (1652-1719) a French mathematician. 
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The last integral in equation (3.136) can be evaluated as follows. The assumption 
that g(x) is a monotonic function implies that the derivative g’(x) is of a constant 
sign for x € [a,b] so that by the generalized first mean value theorem for integrals the 


equation (3.136) can be expressed in the form 


b 
i, f(x)g(x) dx =g(b) F(b) -F@ | g' (x) dx = g(b) F(b) — F(&)[9(®) — 9(@)| 
: (3.137) 


é b 
=9(a)F(€) + 9()[F(b) — F(@)] = g(a) / Avie oes i Pla) de 


Differentiation of Integrals 

The general Leibnitz formula for the differentiation of a general integral, where 
both the lower and upper limits of integration are given by functions a(t) and {(t), 
is given by the relation 


d pe) £8 a(t.) ip es 
a f(t,7) dr = i a at + FL BO) | - fe) & (3.138) 


To derive the Leibnitz differentiation formula consider the following simpler exam- 


ples. 


Example 3-39. Show that < ~ | aoa f(t) dt = f(x) where a is a constant. 


Solution Let F(x er f(t) dt and use the definition of a derivative to obtain 


HG) 5 ig PENA, OR SOH a, er yy 


dx Az—-0 Ax Az—0 Ax Az—0 Ax 


Apply the mean value theorem for integrals and show the above reduces to 


DENT). 2 pases ots 1 a 
Ta = F(a) = Jim a, fle + 8 As) Az = f(z), where 0<0<1 


Consequently, one can write 


af” df? a i 
=f Me=se, Gf soe=10, Ff soae= 


Note that the above results imply that =| f(jdt= -- | f(t) dt = —f (2). 
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Ce dB da 
Example 3-40. Show that & ) oy {Oa = FP) Fe ~ HO) Fe 


Solution Write the given integral in the form 


d fe) d 0 B(x) d B(x) ate) 
hig 108 Z| fat fh 10 | == | [ roa- [40 a 


and use chain rule differentiation employing the results from the previous example 


gd pale) a | p8@) a(x) 
- if [08a / f(t) dt — i rea 


4 [rea e-x|f toa “ 


to show 


d fe) a dg do 

dada (t) dt =f(9(«)) as (a(x) ae 
Zz 

Example 3-41. 
Consider the function I = I(x, g(x), h(x)) defined by the integral 
h(a) 
L=1(e;¢,h) = / fx, t) at (3.139) 
g(@) 


where the integrand is a function of both the variables x and ¢ and the limits of 
integration g and h are also functions of x. The integration is with respect to the 
variable ¢ and it is assumed that the integrand f is both continuous and differentiable 
with respect to x. The differentiation of a function defined by an integral containing 
a parameter x is given by the Leibnitz rule 

Mra f FED ans pene B— slo, o(ay 
dx ata Ox dx dx 


(3.140) 


The above result follows from the definition of a derivative together with the use of 
chain rule differentiation. 
Consider first the special case of the integral I(x) = i f(a, t) dt where g and h 


are constants. Calculate the difference 
h 
h(a + Aa) -h(2)= f [f(@ + de,t)- fle,d)at 
g 


and then employ the mean value theorem with respect to the z-variable and write 
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Of (x + 6Az, t) 


f(z + Az, t) — f(z,t) = Ox 


Ag, 0<A<1 


to write 


are bAx, 
(a + Ax) — (ez) = / oie OAnt) 


Dividing both sides by Az and letting Az — 0 gives the derivative 
_ h h 
dl, Pi tin I,(a + Az) — I, (az) = Hs / Of(a + 0Az, t) a= [ Of (2; 6) a 
Az—0 Ax Az—0 Ja Ox ‘ Ox 


In the special case that both the upper and lower limits of integration are functions 


Az dt where 0<0@<1. 


of x, one can employ chain rule differentiation for functions of more than one variable 


and express the derivative of J = I(x,g,h) as 
dl OI @ldg  OIdh 


dx Ox 7 Og dx . Oh dx” aay) 
where Me) often, 2) P 
ar f*® af(a,t al | ar 
Fen fy oe HAIMA), — 5, =F. 902) 
The equation (3.141) then simplifies to the result given by equation (3.140). 
| 


Double Integrals 


Integrals of the form 


n= ff sewaver or n= ff tevaeay 


are called double integrals of the function z = f(z,y) over the rectangular region R 
defined by 
R={ (z,y) | a<u<sb,csy<d} 


These double integrals are evaluated from the inside out and can be given the fol- 
lowing physical interpretation. The function z = f(z,y), for (x,y) € R, can be thought 
of as a smooth surface over the rectangle as illustrated in the figure 3-12. 


Figure 3-12. 


Planes x = a constant and y = a constant intersecting surface z = f(z, y). 


Copyright 2012 J.H. Heinbockel. All rights reserved 


250 


Figure 3-13. 


Elements of volume in the shape of slabs. 


In the left figure, the plane, y = a constant, intersects the surface z = f(x,y) in the 
curve 


z=f(x,y) y= a constant 


and the integral 
b 
/ f(x,y) da y =a constant 


represents the area under this curve. If this area is multiplied by dy, one obtains an 
element of volume dV in the shape of a slab with thickness dy as illustrated in the 
figure 3-13. This element of volume dV can be expressed as an area times a thickness 


i “tool ts dy 


If the element of volume is summed from y = c to y = d, there results the total volume 


v=" [sone dy 


Here the inner integral is integrated first while holding y constant and then the result 


to obtain 
dV = 


is integrated with respect to y from c to d to perform a summation representing 
the volume under the surface z = f(z, y). Double integrals and multiple integrals in 
general are sometimes referred to as iterated or repeated integrals. When confronted 
with multiple integrals always perform the inner integral first and the outside integral 
last. 
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In a similar fashion, the plane, x = a constant, intersects the surface z = f(x,y) in 
the curve 


£=7(24) x= a constant 


so that the integral 
d 
/ f(z, y) dy x= a constant 


represents the plane area under the curve. If the resulting area is multiplied by dz, 


one obtains a volume element dV in the shape of a slab times a thickness dr. This 


‘l few) iy de 


If these volume elements are summed from z =a to x = b, then the resulting volume 


v= [ronal dx 


Another way to interpret the previous double integrals is to first partition the 


slab is given by 
dV = 


under the surface is given by 


interval [a,b] into n parts by defining Ar = ** and then partition the interval [c, d] 
into m parts by defining Ay = =. One can then define the points 


—_ 
@ =f nc =e Lie, ge =a Aca an" Sh 
n 


; d—c 
C=Yor +--+ Yj =C+JAY,---Ym =E+mAy=ct+m = 


=d 


where i and j are integers satisfying 0 <i<nand0<j<m. One can then move toa 
point (x;,y;) located within the rectangle R and construct a parallelepiped of height 
f(xi,y;) and base with sides Ax; = 2,4; — x; and Ay; = y;+1 — y; as illustrated in the 
figure 3-14. 


Figure 3-14. Element of volume dV = f(a, y) dydz 
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A summation over the rectangle of these parallelepiped volume elements gives an 
approximation to the volume bounded by the surface z = f(x,y), and the planes 


r=a,vr=b, y=c, y=dand z=0. This approximation gets better and better as 
Az; > 0 and Ay; > 0. One finds that 


dim, EY Flew) Andy = f° [seme y= [ [sone dy 


Ayj—0 i=1 j=1 


where the inner integrals produce a slab, either in the z or y directions and the outer 
integrals then represents a summation of these slabs giving the volume under the 
surface. Note that if the surface z = f(a, y) oscillates above and below the plane z = 0, 
then the result of the double integral gives a summation of the “signed” volumes. 
The orientation of the surface might be such that it is represented in the form 
x = g(y,z), in which case the height of the surface is the distance x above the plane 
x = 0. If the surface is represented y = h(z,z), then the height of the surface is 


the distance y above the plane y = 0. Hence volume integrals can be represented 


by dy 

as double integrals having one of the forms V, = / f(x,y) dydx if z = f(x,y) 
bo do a1 C1 

describes the surface, or V2 = f / g(y, z) dzdy if x = g(y, z) describes the surface or 


b3 d3 
V3 = / ‘| h(x, z) dzdz if y = h(x, z) describes the surface. 
a3 C3 


Summations over nonrectangular regions 
If the smooth surface z = f(x,y) is defined over some nonrectangular region R 
where the region R can be defined 
(i) by a lower curve y = gi(a) and upper curve y = go(xz) between the limits 
a<xa<b 
(ii) or by a left curve x = hi(y) and a right curve x = hy(y) between the limits 
esyad 
as illustrated in the figure 3-15, then the volume is still obtained by a limiting 


summation of the parallelepipeds constructed with base area dx dy and height f(z, y). 


Figure 3-15. Summation of dz dy over region R 


The volume under the surface is similar to the case where the region R is a 
rectangle, but instead the summations of the parallelepipeds are from one curve to 


another curve. One can write either of the volume summations 


II. f(x,y) dydx =f" [ee f(x,y) iy dx 
f(x, y) dx dy = fo f(x,y) ts dy 


The first inner integral sums in the vertical direction to create a slab and the outer 
integral sums these slabs from a to b. The second inner integral sums in the horizontal 
direction to form a slab and the outer integral sums these slabs from c to d. 


Example 3-42. 

If the surface (x — 29)? + (y— yo)? = r? is a 
cylinder in three-dimensions. If this cylinder is 
cut by the planes z = 0 and z = h, a finite cylinder 
is formed by the bounding surfaces. It is known 
that the total volume V of this finite cylinder is 
the area of the base times the height or V = mr?h. 
Derive this result using double integrals. 


Solution Here the region R is a circle of radius r centered at the point (x9, yo) and 
bounded by the upper semi-circle y = yo + \/r? — (x — xo)? and the lower semi-circle 
y = yo — \/r? — (w — xo)”. The parallelepiped element of volume is located at position 
(x,y) where the base area dzdy is constructed. The height of the parallelepiped to 
be summed is h and so the parallelepiped element of volume is given by dV = hdydz 
where the element dy is written first because the inner integral is to be summed in 
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the y—direction from the lower semi-circle to the upper semi-circle. Summing these 
volume elements first in the y-direction and then summing in the «—direction gives 
e=x£o+r | y=yotr/r?—(x—20)? 

at SO 
x y=yo—s/r? —(x—20)? 


Here the inner integral produces a slab and then these slab elements are summed 


ia dx (3.142) 


=Lo-T 


from xz) —r to x9 +r. Perform the inner integration to obtain 


LOT yy ty/r2—(a—ao)? xo+r 
V= nf y : * da = 2h Vr? — (a — 40)? dx (3.143) 
torr yo—V/T? (x20)? a 


Here the integrand involves a difference of squares and suggests that one make the 


trigonometric substitution x — 29 = rcosé@ with dz = —rsin@dé to obtain 
0 wT wT 
V =2n | r\/1— cos? 0 (—rsin@ dé) = ahr? f sin? 6d0 = ahr? f (lt — cos 20) dé 
wT 0 0 
i 1 [7 1 " 
V =hr? | dé — — / cos 26 2d0| = hr? |6— =sin20| =ar7h 
0 2 Jo 2 0 


It is left as an exercise to perform the inner summation in the x«—direction first, fol- 
lowed by a summation in the y—direction and show that the same result is obtained. 


Example 3-43. Evaluate the iterated integral of the function f(x,y) = xy? over 
the region between the parabola x = 2y? and the line zx = 2y. 


Solution 


Sketch the region over which the integration 
is to be performed and then move to a general 
point (z,y) within the region and construct an 
element of area dxdy and determine which di- 
rection is “best” for the inner integral. For 
this problem the given curves intersect where 


x = 2y? = 2y giving the points of intersection 
(0,0) and (2,1). One can then construct the fig- 
ure illustrated. Let us examine the integrals 


c=2 y= a/2 y=1 r=2y 
V= / / ry’ dy| dx and V= / / ry” as| dy (3.144) 
z=0 y=a /2 y=0 r=2y? 


where the top inner integral is a summation in the y—direction and the bottom inner 
integral represents a summation in the x—direction. Now select the iterated integral 
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which you think is easiest to integrate. For this problem, both integrals are about 
the same degree of difficulty. For the first double integral in equation (3.144) one 


finds 
r=2 y=r/x/2 r=2 y? y= u/ 
v= / ry” dy ax = [ a dx 
xz=0 y=a /2 xz=0 3 y=a /2 
c=2 3 
a | f«/a x\3 
vf F(8) 6)] 
2 


2 7/2 5 
v= | ee (ee 
» \6V2 24 6/2[7/2 245|, 35 


For the second double integral in equation (3.144) the inner integral is evaluated 


first followed by an integration with respect to the outer integral to obtain 


y=1 x=2y 1 72 
fee fe8 
y=0 r=2Qy? 0 2 
1 5 


g=2y 


ay = | 5 [(2y)? — (2y7)?] dy 


r=2y? 


An element of area in polar coordinates can 
be constructed by sketching the arbitrary rays 6 
and 6+dé together with the circular arcs of radius 
rand r-+dr as illustrated in the figure given. The 
element of area dA can then be expressed as the 
area of the sector with radius r + dr minus the 
area of the sector with radius r. This can be 
represented 


1 1 
dA => air + dr)?d0 = 57 a8 => 


1 
( + 2r dr + dr? — i) d§=rdrdd+ 5dr do 


Nl] re 


The last term is $dr?d@ is an infinitesimal of higher order and so this term can 
be neglected. One then finds the element of area in polar coordinates is given by 
dA =rdr dé. 

To find an area associated with a region bounded by given curves one can use 
cartesian coordinates and write dA = drdy as an element of area and perform sum- 
mations in the x—direction and then the y—direction and express the total area as 
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A= ff dxdy with appropriate limits on the integrals. Alternatively, one can represent 
the element of area in polar coordinates as dA = rdrdé@ and perform summations in 
the r—direction and then the 6—direction to express the total area as A = /f rdrd6 
with appropriate limits on the integrals. 


Example 3-44. Find the area bounded by the lemniscate r? = 2a? cos 20. 


Construct an element of area dA = rdr dé in- 
side the lemniscate and then make use of sym- 
metry by calculating only the area in the first 
quadrant. One can then represent the area in 
the first quadrant by the double integral 


0=1/4 pr=V 2a? cos 20 m/4 1 
A -| rardo= | <r? 
0 r 0 2 


Tv 


V 2a? cos 20 
dé 


0 
n/4 a? 


/4 a2 
A =a? ‘) cos 20 d@ = a sin 20 
0 


0 


2 
The total area under the lemniscate is therefore Ajoiai = 4 (5) = 2a’. 


Cylindrical Coordinates 


The coordinate transformation from carte- 
sian coordinates (z,y,z) to cylindrical coordi- 
nates (r,6,z) is given by 


x =pcosé p=V 2? +7? 

y =psind or Q =tan'(y/z) 

hz zz 
where p is a radial distance from the z—axis, 0 
is an angular displacement measured from the 


x—axis and is called the azimuth or azimuthal 


angle and z is the height above the plane z = 0. 


The element of volume in cylindrical coordinates 
is given by dV = pdpd6dz 
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Example 3-45. Find the volume of a cylinder of radius R and height H. 
Solution Use the volume element in cylindrical coordinates and express the volume 


0=27 
= [. [ . p dpdédz 
z 0 


Evaluating this integral a the aortas gives 


z=H 6= a 2z=H 0=2r R2 z=H 
v=f_ hes — td: —s dé dz = — a 0 
d= p= 0 z=0 


verre [-" dz = 7R?z 7 
z=0 


as the triple integral 


6=27 
dz 
6=0 


=7R?H 
z=0 


Spherical Coordinates 
The coordinate transformation from cartesian coordi- 


nates (x,y,z) to spherical coordinates (r,6,¢) is given by 
x=rsin@cos ¢, y =rsin cos @¢, z=rcosé 


for 0<60<7 and 0< ¢ < 2x, where r is called the radial 
distance from the origin, @ is called the inclination from 
the z—axis and ¢ is called the azimuth or azimuthal angle. 
The element of volume in spherical coordinates is given 
by 

dV = (rsin6@d¢)(r dO) dr = r? sin 6 dr dO do 


Example 3-46. Find the volume of a sphere having a radius R. 
Solution Using the element of volume for spherical coordinates, the volume of a 
sphere is given by the triple integral 


p=20 0=1 r=R 
v=] | / r2dr sin 0 d0 dd 
o= 6=0 Jr=0 


Evaluating the triple integral from the inside-outward gives 


p=2r 0=7 7.3 
oh hea 3 


g=20 R3 o=20 
[ sin 0 dO dé = =| (— cos 6) 
6 


me sin Od0 dé 
r=0 


0=n 


de 


0=0 


o=2n 
V ep di= =R° @ i — = R3 
a de, 
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Using Table of Integrals 
The appendix C contains a table of integrals. In order to use these tables one 
must sometimes make appropriate substitutions in order to convert an integral into 


the proper form as given in the tables. For example, if it is required to evaluate the 


fe} e2* dx 
a+ be 


where a and b} are constants and you look for this integral in the table, you will not 


integral 


find it. This is because the integral is listed under a different form. If you make the 


substitution u =e? with du = e? dx The above integral can be written in the form 


2 
r= f=9 where u=e® 


a+ bu 
which is a form that you can locate in the tables. One finds under the listing for 
2 
integrals containing X = a+bz, the listing number 78 for eet Here the variable x 
in the table of integrals is just a dummy variable of integration and you can replace 


x by u and write 


a a [(a + bu)? — 4a(a + bu) + 2a? In(a + bu)] +C 
a+ bu 2b3 


Use back substitution to express the integral in terms of e?. 
The Bliss Theorem 

In the previous pages there were times when summations were replaced by inte- 
grals because of the fundamental theorem of integral calculus. The replacement of 
summations by integrals can be also be justified by using the Bliss’ theorem. Gilbert 
Ames Bliss (1876-1961) was an American mathematician who studied mathematics 
his whole life. One of the results he discovered is known as Bliss’ theorem*. This 
theorem relates summations and integrations and has the following geometric in- 
terpretation. Consider an interval (a,b) which is partitioned into n-subintervals by 
defining points 

A=% <4 <4%Q<...< Uj-1 < Uj <1... << MR =) 


and intervals Av; = 2; — 2;-; for i=1,...,n. The spacing for the points x; need not 


be uniform. Define 


6 =maximum [Aqy, Ag2,..., Ar;,..., Atn | 


- Bliss,G.A., A substitute for Duhamel’s Theorem, Annals of Mathematics, Vol. 16 (1914-15), Pp 45-49. 


as the largest subinterval associated with the selected partition. Bliss showed that if 
f(x) and g(x) are single-valued and continuous functions defined in the interval (a,b), 
then for each subinterval Az; one can select arbitrary points €; and n; inside or at 


the ends of the subinterval (x;_1, 7;) such that for each value i = 1,...,n one can write 
Vat &j < Xj and Vi-1 <M < Xj 


One can then form the sum 


» f(E)a(m)Axi 


and one can also form the integral 


| Beno 


Bliss’ theorem states that as n — oo and 6 — 0, then 


n b 
lim > FE )gln)Aei = fo Fa)g(v) dx (3.145) 


Note that this important theorem allows one to replace summations over an 
interval by integrations over the interval and the fundamental theorem of integral 
calculus is a special case of this theorem. The above result is used quite often in 
developing methods for finding answers to physical problems where discrete sum- 


mations become continuous integrals as the number of summations increase. 


Example 3-47. 


i m A right circular cone is obtained by revolving the line y = £2, 
0<a<h, about the z-axis. Divide the interval 0 < x < h into 


n-parts each of length Az = “ and then form circular disks at position 2; = iA = 4 


n 


having radius y; = $2; = “, for i = 1,2,3,...,n. Find the total volume V of the disks 
in the limit as n > oo. 


Solution 1 Use the result from page 178, vj, i? = §(2n3 + 3n? +n) and write 


L 
6 


Veal 3 2Ar = |i S righ _ ye 2h i ant + 3ni +n _ mo) 
= im, TH a= 1s TB i ae = ark lim Gn8 =a 
we — 


Solution 2 Write 


h h 2 
v=[ ny? de = [ a a? dx = rh 
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Exercises 


> 3-1. Evaluate the given integrals. 


(a) / ekide ite) / at (e) i, Chen eee 
(b) i sin 4a: dx (d) / (/4— sin 2t) cos2tdt (f) / (ax” + ba +c) dx 


> 3-2. Evaluate the given integrals. 


(a) / Op snoytcawsed: () if ce ae. He) i sin(32 +1) de 
i / 


(3 + 2x) 
(0) i Wea pe ge dx (d) 


> 3-3. Evaluate the given integrals. 


(a) [see 32 +4)d (c) [secta + 4) tan(3z + 4) dx (e) i conlea) Laz 
(b) [os (8a + 4) d (d) [es + l)esc(x? + x) cot(x?+2)dx (f) [oe is 


> 3-4. Evaluate the given integrals. 


(a) a (c) / a es i. mesen ae 
(6) / ~ (a) J womnade i ome yas 
> 3-5. Evaluate the given integrals. 
(a) / esch (3x +1) coth(3a+1)dx — (¢) / -_ _ om ) fs Ss Be 
x x 
(b) i sech (3a +1) tanh(3e+1)de (4) ona yn fz He ic os 
> 3-6. Evaluate the given integrals. 
(a) | (a+z+9) came [ (a+ 6vi+ ) ae e) fuvar bib du 
[ove e eas (d) [ta (f) [var bud 


> 3-7. Evaluate the definite integrals and give a physical interpretation of what the 


integral represents. 


> 3-8. If necessary use trigonometric substitution to evaluate the given integrals. 


dx ie 
" a Getter lac (e) [Ver ea 
meer 


dx 


@) ea — (3a + 1)? ) [ae 22 + 1)? 


> 3-9. For C,,C, constants, explain why the following integrals are equivalent. 


du, gy Uo = 
(a) [S- u+Ci, | a--* u+ Cp, 
GUS 2 we coi du 2% 
(b) [farm u+Ci, ice u+ Co 
(c) faoretete fp aayrcetute 
uVu2 —1 ' uvuz—1 : 
(d) J tenudu=~1n| cosu| +61, J tenudu=In | secu | +05 
(e) fcotwdu = In| sinu| +Cy, [cotudu =~ In| escu| +65 
> 3-10. Evaluate the given integrals. 
(a) [sw er+ tae (c) [sw (3a +1)d fe) f sin (3a +1)d 
(b) [cos*(ax +1) dz (d) [cs* (3a + 1) f) [cost (3a +1)d 


> 3-11. Use partial fractions to evaluate the given integrals. 


3a? — 1247 +11 x dx 
(a) Ie D@=2e=3)" (d) [ES 


Ae? — 87 +3 97? phe + 8e° + 5 be? Oe? — Be — 1 
) eae e te) / @=D@+e+ 1)? ae 
327 + 3a 4+2 ptattes 
QO feryesy” SS cose yh 


> 3-12. Find the function y = y(x) passing through the given point (x9, yo) whose 


derivative satisfies ou =F (ay at 
xv 


(a) f(t)=2, (x0, yo) = (1,3) (d) f(x) = tan’(3z), (xo, yo) = (0, 1) 
(b) f(z)=x+1, (xo,y0)=(1,2) (e) f(x) =sin’(3z), (x0, yo) = (0,1) 
(c) f(x) =sin3x, (x,y) = (0,1) (f) f(x) = cos*(3x), (x0, yo) = (0,1) 


Note: An equation which contains a derivative, like ow = f(x), is called a differential 
equation. The above problem can be restated as, “Solve the first order differential 


equation ou = f(x) subject to the initial condition y(ao) = yo.” 
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> 3-13. If necessary use partial fractions to evaluate the given integrals. 
res eee dx dz 
(a) eer pee ©) oa on (c) eer 
x? dx xe da dx 
o {SS @ (oS {ay 
> 3-14. Use partial fractions to evaluate the given integrals. 
dx da da 
© fees © feapecp © | eae 
dx da da 
(b) i, (x = a)? (x _ b) (d) | (x _ a)(x? _ b?) (f) i (x? _ a2) (a? an b2) 


> 3-15. Use integration by parts to evaluate the given integrals. 


1 w/2 Tv 
(a) ip sin”! a dx (c) i xcoszdx  (e) | x sin 3x dx 
0 0 
n/2 = 16 
(b) | xsinadx (d) [ emede (es) rVx—1dz 
0 1 


1 


> 3-16. Use integration by parts to evaluate the given integrals. 
(a) / rea ~S i Paweae i) i, F cosets 
(b) / Peta @ i Hunwde: Gh / Beads 
> 3-17. Use integration by parts to evaluate the given integrals. 
(a) i, *inbode (Ce) i wine tde 7) / * ge? dn 
(b) / ined (a) / e cos Bude — (f) vi ee 
0 


> 3-18. Use the fundamental theorem of integral calculus and express the given sums 


as a definite integral. 


> 3-19. Sketch the curves x = y? —6 and x = 4y— 1. Find the area enclosed by these 


Curves. 
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> 3-20. It has been found that to integrate rational functions of the sine and cosine 
functions, the change of variables u = ——~ 


= tan— sometimes simplifies the 
1+ cosz 2 


integration problem. 
(a) Show that if u = tan 5 then one obtains 


2d 2 1-— wv 
(i) dx = ra (ii) sime=; <a (iii) cosa = eet) 
: dx 
(b) Evaluate the integral / 
1+ cosz 
(c) Evaluate the integral ; ae 
sin ® — COs x 
> 3-21. 
The intersection of the curves y = 2? —4, y = —#7+4, y = 4 and y = —4 are 


illustrated in the figure. 

(a) Find the area with vertices ABH 

(b) Find the area with vertices BDFH 

(c) Find the area with vertices HABFGH 
(d) Find the area with vertices ABDEFHA 


d 6x 2+ 4x? 
-22. If — [tan7!(3x7) + In(ax*+27)] = hen fi 
> 3 7; (tan (3a7) + In(x* + 27)| foo pee en find 


6x 2+ 4? 
(ae 7 ae 


> 3-23. Evaluate the given integrals. 


(a) [>= (c) fe sine” dx (e) / 
(b) / (0+ =) oe @ ‘| nle—eae & / neo dn 


p> 3-24. Evaluate the given integrals. 


© [== 6 [oe © laa 
0) fs © fos | me 
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> 3-25. Evaluate the given integrals. 


(a) i aos (c) if sin2(30)d0—(e) / > = dx 
ofS @ (Sha 0 (are ye 


> 3-26. Evaluate the given integrals. 


(a) [= () eer (e) [tw vede 


(b) [se (a) a (f) [swt vee 


> 3-27. Evaluate the given integrals. 


@ | — © [ered © 


| 
(b) l— (d) fa-2)%ar (f) [osm ted: 


> 3-28. Find the derivative 4 if 
x 


B(x) 0 B(x) 
@ua=f fe Ov@=f sa, Oue=f soa 
> 3-29. Sketch the curve defined by the set of points 
CG ={ @,y) | ¢=t=—sint, y=1—cost, OS t< 27 } 


If the curve C is rotated about the z—axis a surface of revolution is generated. 


2 2 
(i) Show the element of surface area can be expressed dS = ory (2) + (4) dt 
(ii) Find the surface area produced by the rotation. 


(iii) Find the volume inside the surface. 


> 3-30. Solve for the value of a if 


a 4 at+l a 1 6 
(a) | x? dz = ee (b) i nae = : (c) i Ct | eae 
0 3 a 2 0 8 a 


: : 1 -1 
p> 3-31. Verify the reduction formula [ow edz = —~—sin"-!xcosr+ 8 / sin”? x dx 
n n 
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> 3-32. 
n 


; ‘ 1 
(a) Let I, = / x” e** dx and derive the reduction formula I,, = —x” e®* — — 
a a 


n—-1 


(b) Evaluate the integral / ce dx 


> 3-33. 
(a) Find the arc length of the curve y = 32°/? 


between the values x = 0 and x = 3. 

(b) Find the arc length of the curve y = 423+ + 
between the values x = 1 and x= 4. 

(c) Find the arc length of the curve defined by 
the parametric equations 


e hag 
=—. And a 
73 ¥~ 9 


between the values t= 0 and t=1. 


> 3-34. 
(a) Let J, = : (In | ax |)” dx and derive the reduction formula J, = x (In | ax |)” —nJn—1 


(b) Evaluate the integral : In| ax | dx 


> 3-35. 
(a) Let Inm = / z™ (Inz)” dx and derive the reduction formula 
a —}_am+t(in an) — = 7 n-1 
, m+ 1 m+1 


(b) Evaluate the integral i alnadzr 


> 3-36. 
(a) Consider the area bounded by the z-axis, the curve y = /2r +1 and the lines 
z=0and z=3. This area is revolved about the z—axis. 
(i) Find the surface area of the solid generated. 
(ii) Find the volume bounded by the surface generated. 


> 3-37. Consider the area bounded by the z-axis, the lines x = 1 and « =8 and the 
curve y = x!/3, This area is revolved about the y—axis. 
(i) Find the surface area of the solid generated. 
(ii) Find the volume enclosed by the surface. 
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> 3-38. The average value of a function y = y(z) over the interval [a,b] is given by 


b 
j= — / y(x) dx and the weighted average of the function y = y(x) is given by 
b a 
/ w(x)y(x) dx 
jw = = where w = w(z) is called the weight function. 
J, w(a) da 


(a) Find the average value of y = y(x) = sinz over the interval [0,7]. 

(b) Find the weighted average of y = y(x) = sinx over the interval [0,7] with respect 
to the weight function w = w(z) = «. 

(c) Find the weighted average of y = y(x) = sinz over the interval [0,7] with respect 
to the weight function w = w(x) = cos? x 

(d) Where does the weight function place the most emphasis in calculating the 
weighted average in parts (b) and (c)? 


p> 3-39. Find the area under the given curves from zo to 24. 


(a): =a, ap She “ae =H (id)? = Sines. ag SO | a Se 
(6) y= an %o=0, 41 =2 (e) y=cosz, @o=0; zi —7/2 
(c) y = Inga, to = 1, ry =e€ (f) y=tanz, xo = 0, x, = 7/4 


p> 3-40. Consider the triangular area bounded by the x—axis, the line y= 2, 0< a <1 
and the line y =2—2, 1<a<2. This area is revolved about the line « = 6 to form a 
solid of revolution. 
(i) Find the surface area of the solid generated. 
(ii) Find the volume of the solid generated. 


> 3-41. The line y=r=a constant, for 0< «<h is rotated about the x—axis to form 
a right circular cylinder of base radius r and height h. 
(a) Use calculus and find the volume of the cylinder. 


(b) Use calculus and find the lateral surface area of the cylinder. 


> 3-42. Sketch the region of integration for the double integral 


2 [ Le Ae ay aide 


> 3-43. The line y = tx for 0 < x <h is rotated about the z—axis to form a right 
circular cone of base r and height h. 
(a) Use calculus and find the volume of the cone. 


(b) Use calculus and find the lateral surface area of the cone. 
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> 3-44. 
The radius r of a circle is divided into n—parts by 
defining a distance Az = r/n and then constructing the 


points 
tp =0,2, = Ar, rq = 2Ar,...,2; =iAT,...,%, =nAr=r 


The large circle can then be thought of as being com- 
posed as a series of concentric circles. The figure on 
the right shows the concentric circles constructed with 


radii x; and 241. 

(a) Use calculus to find the circumference of a circle with radius r. 

(b) Use calculus to sum the areas between concentric circles and find the area of a 
circle. Hint: Show dA = 2rz dx 

(c) Use polar coordinates and double integrals to find the area of a circle. 


> 3-45. 
(a) Find common area of intersection associated with the 


circles x? + y* =r? and (x—19)? +y? =r2 (\f » 
(b) Find the volume of the solid of revolution if this area 


is rotated about the z—axis. 


y_/ 


Hint: Make use of symmetry. 


> 3-46. Sketch the region R over which the integration is to be performed 


@ [ frendd o PL reared [ [tener 


p> 3-47. Sketch the region of integration, change the order of integration and evaluate 


the integral. 


3 72 4 pt b pd ee ea 
a l2aydxdy (b | i 3scydydx (c / / xy dx dy, a 
( ) / [ ( ) 0 Ja/2 ( ) ade cx<y<d 


> 3-48. Integrate the function f(x,y) = 3xy over the region R bounded by the curves 
y=an and y’?=4e 


(a) Sketch the region of integration. 
(b) Integrate with respect to x first and y second. 
(c) Integrate with respect to y first and x second. 
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> 3-49. Evaluate the double integral and sketch the region of integration. 


1 x 
te) / 2(a + y) dy dz. 
0 Jo 


> 3-50. For f(z) = x and b>a > 0, find the number c such that the mean value 
b 


theorem . f(x) dx = f(c)(b— a) is satisfied. Illustrate with a sketch the geometrical 
interpretation of your result. 


> 3-51. Make appropriate substitutions and show 


dx Ds 8 , dx Lo a ee 
fe = =—t C 
(ewer a soe b2+(x+a)? b ae b 7 
dx 1 ee dx 1 ah Pa 
/z> =, eon a r<a leo ee at+a<b 
p> 3-52. 


nT T 
(a) If f(x) = f(e+T) for all values of x, show that | Aide = | 6 de 
0 0 
T a 
(b) If f(a) =—f(T — 2) for all values of x, show that ) f(a) dx = -[ f(a) dx 
a 0 


> 3-53. 
(a) Use integration by parts to show 


1 b 1 b 
i e*” sin bx dx = —e* sin br—— i, e*” cos ba dx and i e°” cos ba dx = —e*” cos bx+— i e°* sin bx dx 
a a a a 


(b) Show that 
fe Seiasae _ an 28in be — bcos bx +c 
a2 + b2 
ax 0 Sin bx + acos bx 
a2 + b2 


[ett costed =e +C 


pe 3-54. Make an appropriate substitution to evaluate the given integrals 


(a) [(er+3 2 ds (6) [Sa (c) [le +iPerae 


> 3-55. Evaluate the given integrals 


(a) [Be (b) ee os (c) poesers a 


3 


> 3-56. Evaluate the given integrals 


(a) sa +a)de (b) [the (c) [lar bo\(a +0)” de 


> 3-57. Use a limiting process to evaluate the given integrals 
(a) | e "dt, s>0 (b) / e' dt (c) | te “dt, s>0 
0 —oo 0 


> 3-58. Consider a function J,,(x) defined by an infinite series of terms and having 


the representation 


gh 1 it m art ‘ n (—1)™a?™ “i 
7 nm! 271!(n +1)!  242!(n +2)! 22mm!(n +m)! 


where n is a fixed integer and m represents the mth term of the series. Here m takes 
on the values m = 0,1,2,.... Show that 


[ SAC) Tee 
0 
The function J,,(x) is called the Bessel function of the first kind of order n. 


p> 3-59. Determine a general integration formula for J, = i x” e* dx and then evaluate 


the integral 1, = hea e” dx 
> 3-60. Show that if g(x) is a continuous function, then i g(x) dx i g(a— x) dx 
0 0 


> 3-61. Let h(x) = —h(2T— 2) for all values of x. Show that [om h(x =- [me h(x 


> 3-62. If for m,n positive integers one has In, = ie dx, then derive the 
reduction formula 


(m+ n)Imn = — cos” x cosnz +m Im—1n-1 


p> 3-63. If f(—«) = f(x) for all values of x, then f(a) is called an even function. Show 
that if f(a) is an even function, then / f(x) dx = 2 | f(x) dx 
0 


—a 


p> 3-64. If g(—x) = —g(z) for all values of x, then g(x) is called an odd function. Show 
that if g(x) is an odd function, then : g(x) dx = 0 


—a 


p> 3-65. If f(27— x) = f(z) for all values of x, then show pa dz = 2 fs f(x 
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> 3-66. Let A= A(y) denote the cross-sectional area of a pond at height y measured 
from the bottom of the pond. If the maximum depth of the pond is h, then set up 


an integral to represent volume of water in the pond. 


> 3-67. Determine if the given improper integral exists. If the integral exists, then 


evaluate the integral. Assume 6 > 0 in parts (e) and (f). 


ofS 0 f8 © Laks (Us 
o fois oft o Lote CE 


> 3-68. A particle moves around the circle 2?+y? = rg with constant angular velocity 


of w cm/s. Find the amplitude and period of the simple harmonic motion described 
by (a) the projection of the particles position on the z-axis. (b) the projection of 


the particles position on the y-axis. 


> 3-69. Find the angle of intersection associated with the curves r = sin@ and r = cos 6 


which occurs in the region r > 0 and0<4@< % 


p> 3-70. Make use of symmetry when appropriate and sketch a graph of the following 


Curves. 


a? x x? 


(a) y= (0) = eae (c) y= 


a2 — x12 e2 — a? 


> 3-71. Let A, = ie sin (32) dz and A», = fk sin (4*) dx 
(a) Sketch the representation of the area A; and evaluate the integral to find the 
area Aj}. 
(b) Sketch the representation of the area Ay and evaluate the integral to find the 
area Ap». 
(c) Which area is larger? 


p> 3-72. A plane cuts a sphere of radius r forming a spherical cap of height h. Show 
the volume of the spherical cap is V = oh? (3r —h) 


> 3-73. <A solid sphere 2?+y?+ 2? =r? is placed in a drill press and a cylindrical hole 
is drilled through the center of the sphere. Find the volume of the resulting solid if 
the diameter of the drill is ar, where 0 <a < 1/4 


> 3-74. Show that fe 2st [B= 200871 = 2tan! i 
Va(a- 2) a a a-x 


Chapter 4 
Sequences, Summations and Products 


There are many different types of functions that arise in the application of 
mathematics to real world problems. In chapter two many of the basic functions used 
in mathematics were investigated and derivatives of these functions were calculated. 
In chapter three integration was investigated and it was demonstrated that definite 
integrals can be used to define and represent functions. Many of the functions 
previously introduced can be represented in a variety of ways. An infinite series is 
just one of the ways that can be used to represent functions. Some of the functions 
previously introduced are easy to represent as a series while others functions are very 
difficult to represent. In this chapter we investigate selected methods for representing 
functions. We begin by examining summation methods and multiplication methods 
to represent functions because these methods are easy to understand. In order to 
investigate summation and product methods to represent functions, one must know 
about sequences. 

Sequences 

A sequence is defined as a one-to-one correspondence between the set of positive 
integers n = 1,2,3,... and a set of real or complex quantities w1, uz, u3,..., which are 
given or defined in some specific way. Such a sequence of terms is often expressed 
as {un}, n=1,2,3,... or alternatively by {u,,}°%, or for short just by {u,,}. The set of 
real or complex quantities {u,}, for n = 1,2,3,...is called an infinite sequence. The 
indexing or numbering for the terms in the sequence can be selected to begin with 
any convenient number. For example, there may be times when it is convenient to 


examine sequences such as 


{tes by = 05.12 85% or {un}, n=vj,vt+1,v4+2,... 


where v is some convenient starting index. 

A sequence of real numbers can be represented as a function or mapping from the 
set of integers to the set of real numbers f : N — R and is sometimes represented as 
f(1), f(2),...08 fi, fo,.... Similarly, a sequence of complex numbers can be represented 
as a function or mapping from the set of integers to the set of complex numbers 
fi nN—-C. 
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Example 4-1. The following are some examples of sequences. 


i 1 11 1 
b mary Nn 4 i erent ) o) 
(6) i Ios ms n! { 2’°6 n! } 

4 i 4 20 4 
(c) 7 , Um =—s, OR See eae 

n—-2 wes n—2 3 n—2 

00 1 3 3 

(d) {(-1rsin Sh ty = (—1)" sin, aoe oe ot 1)"sin =, 


Limit of a Sequence 
The limit of a sequence, if it exists, is the problem of determining the value 
of the sequence {u,,} as the index n increases without bound. A sequence such as 


Un = 3+ 4 for n =1,2,3,... has the values 
=f, us = 5, Gs = 13/3; ur = 4 us = 19/5; tig SY Bs 


and as n increases without bound one can write 


lim u, = lim (3+=) =3 

n—00 n—00 n 
This limit statement means that for n sufficiently large the values u, are as close as 
desired to the value 3. 

Some sequences {u,,} do not have a limit as the index n increases without bound. 
For example, the sequence u, = (—1)" for n = 1,2,3,... oscillates between the values 
+1 and —1 and does not have a limit. Another example of a sequence which does 
not have a limit is the sequence {v,} where v,, = 3” for n = 1,2,3,... Here the values 
Un, Increase without bound as n increases. 

Convergence of a sequence 

A sequence {un}, n = 1,2,3,..., where u, can be a real or complex number, is 
said to converge to a number £ or have a limit £, if to each small positive number 


€ > O there exists an integer N such that 
lun —L|<e for every integern > N (4.1) 
If the sequence converges, then the limit is written 
lim un = & (4.2) 
n—oo 


If the sequence does not converge it is said to diverge. 


Divergence ofa sequence 

A sequence {u,,} is said to diverge in the positive direction if for every number 
M > 0, there exists a number N > 0, such that u, > M for all integers n > N. 
This is sometimes expressed limn_.oo Un = CO. Similarly, a sequence {v,,} is said to 
diverge in the negative direction if there exists numbers M > 0 and N > 0 such that 


Un <—M for all integers n > N. This is sometimes expressed limyn_.o, Un = —OO. 


Figure 4-1. Interpretation of convergence of a sequence {un}. 


When the sequence converges, the elements u, of the sequence tend to concen- 
trate themselves around the point ¢ for large values of the index n. The terms u,, do 
not have to approach ¢ at any specified rate nor do they have to approach ¢ from a 
particular direction. However, there may be times where u,, approaches ¢ only from 
the left and there may be other times when u, approaches ¢ only from the right. 
These are just special cases associated with the more general definition of a limit 
given above. 

There are two geometric interpretations associated with the above limit state- 
ment. The first whenever u, = 2% +i yn is a set of complex numbers and the second 
geometric interpretation arises whenever u, = 2, represents a sequence of real num- 
bers. These geometric interpretations are illustrated in the figure 4-1. In the case 
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the sequence {u,} is a sequence of complex numbers, the quantity |z — ¢| < « repre- 
sents an open disk centered at the point ¢ = ¢; + if: and the statement lim u, = ¢ 
can be interpreted to mean that there exists an integer N, such that for all integers 
m > WN, the terms u,, are trapped inside the circular disk of radius « centered at ¢. In 
the case where the terms u, = 2), n = 1,2,3,... are real quantities, the interpretation 
of convergence is that for all integers m > N, the terms u,, are trapped inside the 
interval (¢—«,@+¢). These regions of entrapment can be made arbitrarily small by 
making the quantity « > 0 small. In either case, there results an infinite number of 
terms inside the disk or interval illustrated in the figure 4-1. A sequence which is 


not convergent is called divergent or non-convergent. 


Relation between Sequences and Functions 

There is a definite relation associated with limits of sequences and limits of 
functions. For example, if {u,,} is a sequence and f = f(x) is a continuous function 
defined for all z > 1 with the property that u,, = f(n) for all integers n > 1, then if ¢ 
exists, the following limit statements are equivalent 


lim thy =; and lint, f (2) Se 


noo xL—-0O 


One can make use of this property to find the limits of certain sequences. 


Example 4-2. Evaluate the limit lim u, where u, = om 
noo nr 
Solution 
Let f(x) = “ and use L “Hopital’s rule to show 


| 
lim f(x) = lim of = lim 


: 1/z i 2 0 
= lim —= 


a 
The limit properties for functions also apply to sequences. For example, if the 


sequences {u,,} and {v,} are convergent sequences and lim v, 40, then one can write 
n—cCO 


lina: (tis = os.) Se Ui tee ae Tia ay, 
n—co 


n—0o n—0o 
limi (anos = ( lim un) ( lim vn) 
n—Cco n—coO noo 
lim un 
Un 73 OO. 
lim (—) =— 
N00 Un, lim vy, 
n—co 


If k is a constant and lim u, =U exists, then the limit lim ku, = kU also exists. 


Establish Bounds for Sequences 

A real sequence {u,}, n =1,2,3,... is said to be bounded if there exists numbers 
m and M such that m <u, < M for all integers n. The number M is called an upper 
bound and the number m is called a lower bound for the sequence. 

The previous squeeze theorem! from chapter 1 can be employed if there exists 
three sequences {f;}, {g;}, {hj}, j = 1,2,3,... where the sequences {f;} and {h;} have 
the same limit so that 

lim f;=@ and limh;=¢ 


jroo j-oo 
If one can verify the inequalities f; < 9; <h;, for all values of the index j, then the 
terms g; are sandwiched in between the values for f; and h; for all values j and 


consequently one must have lim g; = £. 
Ye 


Example 4-3. Evaluate the limit lim u, where u, = a, where n! is n-factorial. 
Nn” 


noo 


Solution 


An examination of u,, for n = 1,2,3,...,m,... shows that 


2-1 82 —om-(m—1)++-3+2+1 


u=1, Ue ug = 


3 Seca? Um = 7mm : 


Observe that the u,,, term is positive and can be written as 


3 _m-(m—-1)---3-2-1  f/m(m-1) 5 e/a ae 
———— —__ 


m times 


where the term within the parentheses is less than 1. Consequently, one can say um 
is bounded with 


1 
0<Um < — 
m 


Here 4+ — 0 as m increases without bound and so by the sandwich principle one can 
say that u,, — 0 as m increases without bound. 
a 
Every convergent sequence {u,} is bounded. If lim tn = 4, then there exists 
neighborhoods N, given by =k 
(i) A circular neighborhood about ¢ given by |z— | < «. This occurs when the values 
Un are complex numbers and there are an infinite number of values u,, from the 


sequence inside the circle and a finite number of points u,, outside the circle. 


| Also known as the pinching lemma or the sandwich lemma 
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(ii) An interval neighborhood given by (—« <u, <¢+e. Here the values u, are real 
numbers where there is an infinite number of points u,, inside the interval and 
only a finite number of points outside the interval. 

These neighborhoods N, represent bounded sets. By increasing the radius of the 
bounded sets N. to encompass the finite number of points outside N., a new set can 
be constructed which will still be bounded and contain all the terms of the sequence. 

If the real sequence {z,;}, 7 =1,2,3,... is a convergent sequence, then 

(i) The sequence must be bounded and 

(ii) The limit of the sequence is unique. 

Make note that it is sometimes convenient to replace the small quantity « used 
in the definition of convergence by some other small quantity such as &?, §, or 
+, (M > 0 constant). The small quantity used is usually selected so that when 
many applications of the inequality (4.1) are made, the final results add up to some 
convenient number. 

To show the sequence must be bounded, use the definition of convergence of a 
sequence with a fixed value for «. If the limit of the sequence is ¢@, then there exists 


an integer N such that for integers n satisfying n > N 

\tn| = |tn —£4+ 2] < lan —2)+|€l<e+|l=M, forn>N 
That is, if the sequence has a limit, then there exists a value N such that each term of 
the sequence ry +41,27N42,... are less then M, in absolute value. Let us now examine the 
terms 21, 22,...,2v. Let Mz = max{|zj|, |zol,...,|an|}. By selecting M = max{M,, Mo}, 
it follows that |x;| < M for all values of j and so the sequence is bounded. If the 
sequence is not bounded, then it diverges. 

To show the limit of the sequence is unique, assume that there are two limits, 
say ¢ and @’. Now use the method of reductio ad absurdum to show this assumption 
is false. The assumption of convergence of the sequence insures that for every « > 0, 
there exists a value N; such that for all integers n > N, there results |x, — ¢| < §. If 
¢’ is also a limit, then there must exist an integer Nz such that for all n > Np there 
results |x, —¢’| < §. Here the selection ¢/2 has been used as the small quantity in the 
definition of convergence rather than «. The reason for this change is to make the 
final answer come out in terms of the quantity «. Define, N = max{Nj,, No}, then for 
all integers n > N it follows that 


\0—0'| =|€—an t2_ —0| <|€—an| +n -L| < = + : =e 
and since e can be made arbitrarily small, then ¢ must equal ¢’. Hence our original 


assumption was false. 
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Additional Terminology Associated with Sequences 

1. A real sequence uj, uz, u3,... is said to be monotone increasing 
if uy < ua < uz <... Alternatively, define a monotone increasing sequence {u,} 
as one where un+1 > un for all values of n greater than some fixed integer N. 

2. A real sequence uy, u2,u3,... iS said to be monotone decreasing 
if wu, > us > uz >.... An alternative definition of a monotone decreasing sequence 
{un} is that un4i < un for all values of n greater than some fixed integer N. 

3. Consider an infinite sequence wy,..., Uj,,- ++; Ujgy ++ +5 Ujgs +++) Un—1; Uns Un4i,-.. Where 
ii < jo <j3 < +++ <jn <-++ represent a selected subset from the real numbers N. 
The sequence of numbers uj,,uj,,uj,,--- OF {u;, }22, 1s called a subsequence of the 
given sequence. 

4. A sequence is called oscillating, either finite oscillatory or infinitely oscillatory, 
depending upon whether the terms are bounded or unbounded. For example, the 
sequence {cos 3}, for n = 1,2,3,..., is said to oscillate finitely, because the terms 
remain bounded. In contrast, consider the sequence of terms {(—1)"n?} for the 
values n = 1,2,3,... This sequence is said to oscillate infinitely, because the terms 
become unbounded. In either case the sequence is called a nonconvergent se- 
quence. A finite oscillatory sequence {x,,}, n = 1,2,3,...1s a sequence of real num- 
bers which bounce around between finite limits and does not converge. An ex- 
ample of a finite oscillatory sequence are the numbers {—1,0,1,—1,0,1,—1,0,1,...} 
with the pattern repeating forever. Oscillatory sequences occur in certain ap- 
plied mathematics problems quite frequently. 

5. A number L is called a limit point of the sequence {u,,}, n = 1,2,3,..., if for every 
«>0, | un—L|<e for infinitely may values of n. A sequence may have more than 
one limit point. For example, the sequence 1, 2,3, 1, 2,3,1,2,3,... with the pattern 
1,2,3 repeating forever, has the limit points 1,2,3. Note the following special 
cases. (i) A finite set cannot have a limit point. (ii) An infinite set may or may 
not have a limit point. 

6. A real sequence {u,}, n = 1,2,3,..., is called a null sequence if for every small 
quantity « > 0 there exists an integer N such that |u,,| <e for all values of n> N. 

7. Every bounded, monotonic sequence converges. That is, if the sequence is in- 
creasing and bounded above, it must converge. Similarly, if the sequence is 
decreasing and bounded below, it must converge. Another way of examining 
these situations is as follows. 
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If {u,} is an increasing sequence and the u, are bounded above, then the set 
Sp ={ un | n>1} has a least upper bound L. Similarly, if {v,} is a decreasing 
sequence and the v, are bounded below, the set of values Sg ={ v, | n>1} has 
greatest lower bound G. One can then show 


lim u, = L and lim v, =G 


n—-Cco n—-oo 


since the sequences are monotonic. 
8. Cauchy’s convergence criteria 
The existence of a limit for the sequence lim u,, can be established by using 
the Cauchy condition for convergence. A sequence fier hi 9 1:98 is, 1s Sal, tO DE 
Cauchy convergent or to satisfy the Cauchy convergence criteria if for every small 
quantity « > 0, there exists an integer N > 0, such that if one selects any two terms 
from the sequence, say u, and u,, where n> N andm>n>N, then jum —un| <e. 
The Cauchy criteria is another way of saying that for large values of m and n the 
terms of the sequence will always stay close together. Also observe that in using the 
Cauchy criteria it is not necessary to know the exact limit in order to demonstrate 
convergence. 
There are alternative ways for expressing the Cauchy convergence condition. 
Some of these representations are the following. 
(i) A sequence of points uz. = (21,41), U2 = (22, y2),---,Um = (Lm; Ym),+-+)Un = (Sn; Yn) 
tends to a limit point if and only if, for every « > 0 there exists an integer N = N(e) 


such that (am —2n)2 + (Ym — Yn)? < € Whenever m > N andn>N. That is, the 
distance between the points u,, and u, can be made as small as desired if m and 
n are selected large enough. 

(ii) A necessary condition for the existence of the limit lim tn, is for every « > 0, 
there exists an integer N such that for all integers n > N and for every integer 


k >0, the condition |un+,%—un| < is satisfied. 


The Cauchy condition follows from the following argument. If the limit of the 
sequence {u,,} is @, then for every « > 0 one can find an integer N such that for 


integers n and m both greater than N one will have 
|tn — | < 5 and |tm—4< 5 


and consequently one can add and subtract ¢ to obtain 


[tin — tm| = |(tin — €) + (C= tm)| < ftin — e+ htm — << S+ 5 =¢ 


In more advanced mathematics courses one can show that the Cauchy conver- 
gence condition is both a necessary and sufficient condition for the existence of a 


limit for the sequence {u,}. 
Example 4-4. _ If {u,} is a monotone increasing sequence with 


ti = ts & ig, Se ip 


and for each value of the index n one can show u, < K where K is some constant, 
then one can state that the sequence {u,,} is a convergent sequence and is such that 
lim u, < K. 

To prove the above statement let S$, ={ a | wv =u, } and select for the set 
S; a least upper bound and call it L so that one can state u, < L for all values 
n=1,2,3,.... Note that if L is the least upper bound, then every number K > L is 
also an upper bound to the set S,. If «> 0 is a small positive number, then one can 
state that L—e is not an upper bound of $;, but L+.« is an upper bound of the set 
S,. Let N denote an integer such that L—e < uy. Such an integer N exists since the 
infinite set {u,} is monotone increasing. Once N is found, one can write that for all 
integers n > N one must have L—e < uy < un, < L +e, which can also be written as 
the statement 


for all integers n> N the inequality |u, — L| <e 


is satisfied. But this is the meaning of the limit statement lim u, = L. Consequently, 


noo 


one can state that the sequence is convergent and if each u, < K, then lim u, < K. 
i: 


Stolz -Cesaro Theorem 

Let {a,}o2, and {b,,}92, denote sequences of real numbers such that the terms 
b, are strictly increasing and unbounded. The Stolz?-Cesaro? theorem states that if 
the limit 


‘ Qn+1— a 
noo by41 — bn 


? Otto Stolz (1842-1905) an Austrian mathematician. 
3 Ernesto Cesaro (1859-1906) an Italian mathematician. 
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exits, then the limit 


will also exists with the limit ¢. This result is sometimes referred to as the L’H6pital’s 


rule for sequences. 


A proof of the Stolz -Cesaro theorem is along the following lines. If the limit 
lim _ = ¢ exists, then for every « > 0 there must exists an integer N such 
N00 Ont] 


that for all n > N there results the inequality 


An+1 — an 


bn+1 = bn 


An+1 — an 


bn+1 a bn 


<fl+e 


-i <e or €—-ex< 


By hypothesis, {b,,} is strictly increasing so that 6,,; —6, 40 and consequently one 
can write 
(€— €)(On41 — On) < Qn41 — On < (€+€)(bn41 — bn) (4.3) 


Let K denote a large number satisfying K > N and then sum each term in equation 
(4.3) from N to K and show 


K K K 
(Ss) » (bn41 — bn) < a (Qn41 —@n) < (£+€) S- (bn41 — bn) 
n=N n=N n=N 


which simplifies to 
(€—)(bx41 — bn) < ax41 — an < (64+ €)(bK41 — by) 


By dividing each term by bg 4; one obtains 


(€—e) (1 On )< aS 20) (1--~) 


br+1 be41 OK 41 K+1 


For N fixed and large enough values of K, the above inequality reduces to 


(ee: 


< (£+€) (4.4) 


br41 


because the other sequences are null sequences. The final equation (4.4) implies that 
a 
lin = 2. 
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Examples of Sequences 


The following table gives some examples of sequences. 


Table 4.1 Example of Sequences 
1,0,1,0,1,0,1,0,... Divergent sequence with limit points 0 and 1 


A bounded oscillating sequence 


Divergent sequence with limit points 0 and 1. 
1,234. Divergent sequence. 


Convergent sequence with limit 1. 


A null sequence. 


Convergent subsequence of previous sequence. 


If | r |< 1, sequence converges. 
If r =1, constant sequence with limit 1. 


If r > 1 or r < —1, sequence diverges. 


Infinite Series 
Consider the infinite series 


So un = Uy + ug +g +++ Um +o (4.5) 
n=1 
where the terms uj, v2, u3,... are called the first, second, third,... terms of the series. 
The set of terms {u,,} usually represents a set of real numbers, complex numbers or 
functions. In the discussions that follow it is assumed that the terms of the series 
are represented by one of the following cases. 


(i) um are real numbers um = Am 
(ii) Um are complex numbers um =m +i Bm 
(iii) Um are functions of a real variable um = um(x) 
(iv) Um are functions of a complex variable u,, =um(z) for z=a+iy 


for m = 1,2,3,.... Examine the cases (i) and (ii) above, where the terms of the infinite 


series are constants. 
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The infinite series given by equation (4.5) is sometimes represented in the forms 


Ste or iS Un, Where N denotes the set of integers {1,2,3,...}. This is done as a 
neEN 
shorthand representation of the series and is a way of referring to the formal series 


after it has been properly defined and no confusion arises as to its meaning. In 
equation (4.5) the index n is called a dummy summation index. This summation 
index can be changed to any other symbol and it is sometimes shifted by making 
a change of variable. For example, by making the substitution n =k —m, where m 
is some constant, the summation index is shifted so that when n = 1, k takes on 
the value m +1 and the series given by equation (4.5) can be represented in the 


alternative form S- Up—m- Because k is a dummy index it is possible to replace k 
k=m+1 
by the original index n to obtain the equivalent representation 


S- Un—-m = U1 + U2 +uz+--:, mis a constant integer. (4.6) 
n=m+1 


The indexing for an infinite series can begin with any convenient indexing. For 


example, it is sometimes more advantages to consider series of the form 


So un =o tu tte+--, or So tin = ty + Uys + tye t+ (4.7) 


n=0 N=V 


where v is some convenient starting index. 


Sequence of Partial Sums 


Given an infinite series S°uj = u + u2+us +--+, form the sequence of terms 
j=l 
U,, Uz, U3,... defined by 
U; =u, Uz =u + Ua, mee Uy, = U1 + Ug + ug +--+ + Un 


where the finite sum U,, = Sou; =u, +u2+---+um represents the summation of 


the first m terms from the ante series. The sequence of terms {U,,}, m =1,2,3,... 
is called the sequence of partial sums associated with the infinite series given by 
equation (4.5). The notation of capital letters with subscripts or Greek letters with 
subscripts is used to denote partial sums. For example, if the given infinite series 
is 05°, a;, then the sequence of partial sums is denoted by the sequence {A,,} where 
An = 0 +42 +-+++4n = Diy ay for n = 1,2,... or alternatively use the notation 


On = 51 4 - 


Convergence and Divergence of a Series 
The infinite series ‘Ss u; 1s said to converge to a limit U, or is said to have a 
j=1 
sum U, whenever the sequence of partial sums {U,,}, has a finite limit, in which 


case one can write lim U, = U. If the sequence of partial sums {U,,} becomes 
n— co 


unbounded, is oscillatory or the limit lim U, does not exist, then the infinite 
n— co 


series is said to diverge. 


Example 4-5. Divergent finite oscillatory and infinite oscillatory 


Consider the series S$ > (-1)” =1-—14+1-141-14--- which has the partial sums 
n=0 
U, = 1,U2 =0,U3 =1,U, = 0,---. These partial sums oscillate between the finite values 


of 0 and 1 and so the sequence of partial sums is called a finite oscillatory sequence. 
In this case the series is said to diverge. 


In contrast consider the series 5 (—1)"2” = 1-2+4-—8+16—32+--- which has the 


n=0 
partial sums U, = 1, U2 = —1,U3 = 3,U, = —5,Us = 11,---. Here the sequence of partial 


sums become infinite oscillatory and so the series is said to diverge. 
z 


Example 4-6. Harmonic series 


Consider the harmonic series H = S> = which has the nth partial sum4 


m=1 


Nicole Oresme (1323-1382), a French mathematician and scholar who studied infinite 
series, examined this series. His analysis considers the above finite sum, using the 
value n = 2”, where he demonstrated that the terms within the partial sum H,, can 


be grouped together and expressed in the form 


Hy = 14 Ee es ee ie ah : eee ee a 
oe Be AOS SB ies Ene 8 gm-1 4] ' gm-149 gm 


4 The nth partial sum of the harmonic series occurs in numerous areas of mathematics, statistics and probability 
theory and no simple formula has been found to represent the sum H,,. The sums H,, are also known as harmonic 
numbers, with Hg = 0. A complicated formula for Hy, is given by H, = y + # Log T(z)] where Y is the 


Euler-Mascheroni constant and Eee) is the Gamma function. 
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Observe that using a term by term comparison of the above finite sums one can state 
H, > hn, Where n= 2™. The finite sum h,, becomes unbounded and so the harmonic 


betes ; — 1 
series diverges®. Express the nth partial sum of harmonic series as H,, = Ss" — and 
m 


m=1 


express the harmonic series using the partial sums Ho, Hy, Hs, Hig,... by writing 


if be ae eee aA a re ees Hela 
sce a A a: Sa ee 9 16 17 32 


AH = Hy + (M4 — Ho) + (Hg — Ha) + (Ais — Hg) +--++ (Hon — An) +-°: 


where 
1 1 1 1 1 i es | 
1 en 2 Eee ees en Uae Peco eis eer Se Eppes 
2 nae a * On 7 Bn In Ton D 
$$ ———_—_ 
n terms 


Hence, the 2”th partial sum can be written 


Hon =H» + (4 = 2) + (Hg — H4) + eke + (An — Hyn-1) 
oes | 1 


3 
Hon >= tio tite ti terms 
ae Fig tg hia 5 n 


Oe «* 1 


and $n increases without bound with increasing n and by comparison Hy» also in- 
creases without bound as n increases. 


Note that the harmonic mean of two numbers n; and nz is defined as 7 = a 
n2 


The harmonic series gets its name from the fact that every term of the series, after 


the first term, is the harmonic mean of its neighboring terms. For example, examining 


: 1 1 1 : . 
the three consecutive sums +—+ from the harmonic series, one can show 
m-1l m m+i1 


is given by n= +. 


m 


al 


that the harmonic mean of ny = >4y, and ng = -y 


Example 4-7. Convergent Series 
Triangular numbers, illustrated in the figure 4-2, were known to the Greeks. 
The first few triangular numbers are 1,3,6,10,... and one can verify that the nth 


triangular number is given by the formula me) 


5 The harmonic series is a very slowly diverging series. For example, it would take a summation of over 
1.509(10)*9 terms before the sum reached 100. 


Figure 4-2. Triangular numbers. 


: : : = y 2 2 2 2 ; 
Consider the infinite sum > = + + ee oe eee Crete sc: 6 
fail) Le 28 hed m(m + 1) 


represents the sum of the reciprocal of the triangular numbers. The mth partial sum 


of this series is given by 


a 
ve Ted 9-3. B24 m(m + 1) 
‘ ; : 2 2 2 
Observe that by partial fractions one can write = so that 
mim+1) em m-+1 
2 2 2 2 2 
ng ES iG a) ere el ag) 


This is called a telescoping series because of the way the terms add up. The resulting 


sum is 
2 : we 2 
Um =2—- ——~ with limit lim U,, = lim (2-—- ——_)=2 
m+i1 m—oo m—oo m+ 


Consequently, the infinite series converges with sum equal to 2. 
| 


In general, one should examine the nth partial sum U,, = S- u; of a given series 

j=l 
such as (4.5) to determine if the limit of the sequence of partial sums lim U,, is 
infinite, becomes finite oscillatory or infinite oscillatory or the limit does not exist, 
then the series So tin is said to be a divergent series. Whenever the limit lim U,, 


exists with a value U, then U is called the sum of the series and the series is called 


convergent. The convergence of the series can be represented in one of the forms 


[eve) N 

) Un = lim U, =U = lim y Us 
noo N-oo 
n=0 j=0 
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Comparison of Two Series 


Consider two infinite series which differ only in their starting values 


So tm = Uy + Ua tee tty + tga $e and So tn = ty + Ug to (4.8) 

m=1 n=v 
where v > 1 is an integer. Observe that it follows from the above definition for 
convergence that if one of the series in equation (4.8) converges, then the other 
series must also converge. Similarly, if one of the series from equation (4.8) diverges, 
then the other series must also diverge. In dealing with an infinite series there are 
many times where it is convenient to chop off or truncate the series after a finite 
number of terms counted from the beginning of the series. One can then deal with 
the remaining part. This is because the portion chopped off is a finite number of 
terms representing some constant being added to the series. Consequently, it is 
possible to add or remove a finite number of terms to or from the beginning of an 
infinite series without affecting the convergence or divergence of the series. 
Test For Divergence 


If the infinite series > Un converges to a sum U, then a necessary condition for 


n=1 
convergence is that the nth term of the series approach zero as n increases without 
bound. This necessary condition is expressed lim u, = 0. This requirement follows 
from the following arguments. 


n n-1 
If U, = So ui is the nth partial sum, and U,,_1 = So uj is the (n — 1)st partial 
i=l i=1 
sum, then for convergence, both of these partial sums must approach a limit U as n 
increases without bound and so 


lm U,=U and lim Un_1 =U (4.9) 


noo noo 


By subtracting the nth and (n —1)st partial sums one obtains U,, — U,-1 = un and 
consequently 
lim tm = lim (U, —Un—1) =U—-U =0 (4.10) 


noo noo 


The condition lim,_,., un = 0 1S a necessary condition for convergence of the infinite 
loc) lee) 


series Ss" u;. If this condition is not satisfied, then one can say the infinite series S- Us 


t=1 t=1 
diverges. The nth term of a series approaching zero as n increases without bound is 
a necessary condition for any series to converge, but it doesn’t guarantee convergence 


of the series. If the nth term of the series approaches zero, then additional testing 


must be done to determine if the series converges or diverges. Take for example the 


harmonic series 


Sle 


1 dP, ode. sd ool 
De oe ere 
considered earlier, one can observe that the nth term + approaches zero, but further 
investigation shows that the series diverges 
Cauchy Convergence 
The Cauchy convergence condition associated with an infinite series examines 
the sequence of partial sums {U;} for j = 1,2,3,... and requires for convergence that 
for every given small number « > 0, there exists an integer N such that for any two 
integers m and n satisfying n > m > N, one can show that |U;, —Um| < «. Observe that 


the sequence of partial sums U,, and U,, are written 
ce a and Cpa > ys n>m 
j=l j=l 


so that for Cauchy convergence of the sequence of partial sums it is required that 
|Un — Um| = |Um41 + Um+t2 +++++Un| be less than the given small quantity « > 0. This 
test holds because if lim U, = @ and lim... Um = , then by definition of a limit one 


can select integer values for n and m so large that one can write 
€ € 
|Un-—£I< 5 and | Um —£1< 5 


where « > 0 is any small positive quantity and m and n are sufficiently large, say 
both m and n are greater than N. It follows then that 


| Un — Um [=| (On ~ 2) — Om — 9 [S| Un 21+] Um —L1< 5 +5 =6 


The Cauchy test is an important test for convergence because it allows one to test 
for convergence without actually finding the limit of the sequence. 


Example 4-8. Geometric series 
Consider the geometric series at+ar+ar?+ar?+---+ar"+--- where a and r are 
nonzero constants. The sequence of partial sums is given by 


Ay =a 
Ap =a+ar 


A. =etar tar fares par * 
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Recall that by multiplying A, by r and subtracting the result from A, one obtains 


a ar” 


1—r)A, =a-—ar” or An = = 
( ") amas l-r 1l-r 


(4.11) 


The convergence or divergence of the sequence {A,,} depends upon the sequence {r”}. 
Skipping the trivial case where r = 0, the sequence {A,} converges if the sequence 
{r™) converges. Consider the sequence {r”}, for n = 0,1,2,3,...in the following cases 
Ir}<1, r>1,r=1,r<-—landr=-1. 


(i) If |r| < 1, write |r| = - where a > 0. Using the binomial expansion show 
1 1 
—=(1 Sal for n> 2, or r®™ = < and consequently for a 
rr ( a5 a) aa na n ) is (1 + a)” 1 +na q y 
given « > 0, with 0 <« <1, write 


1 2 1 
(l+a)"” ~1+na 


l-e 


Fie ea ie <e foralln>N> 


Here —+0asn— oo. This is an example of the sandwich theorem and 


ieaa 
demonstrates lim,,..,r” = 0. 

(ii) Ifr >1, then r” for n =1,2,3,...increases without bound. Consequently, for any 
given positive number M, r” > M for all integers n > an and so the sequence 
{r™} diverges. 

(iii) If r=1, then r” =1 for all integers n and the sequence for {A,,} diverges. 

(iv) If r < —1 the sequence {r”} diverges since it becomes infinitely oscillatory with 
r2? — +00 and r2"+1! — —oo. 

(v) The special case r = —1 also gives a finite oscillating sequence since r?” = 1 and 
rert+l — _] for n=1,2,3,... and so in this case the sequence {r”} diverges. 

In summary, the geometric series has the finite sum given by equation (4.11) 
and the infinite sum 


A= lim A, =a+artar?+are+---barm tes, for |r| <1 
—r 


noo 


otherwise, the geometric series diverges. 


The Integral Test for Convergence 
Assume f(x) is a given function satisfying the following properties. 
(i) f(x) is defined and continuous for x > M for some positive integer M. 
(it) f(x) has the property that f(n) = un for all integers n > M. 
(iit) f(a) decreases as x increases which implies uy, = f(n) is a monotonic decreasing 
function. 


(iv) f(x) satisfies lim f(x) =0. 
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One can then say that the infinite series \>--_, un 
(a) converges if the integral { Ae f(x) dx converges. 


(b) diverges if the integral {. ae f(x) dx diverges. 


co T 
where | f(x) dz = lim | f(x) dx is an improper integral. 
M Too Ji 


The integral test for convergence of an infinite series compares the area under the 
curve y = f(x) with overestimates and underestimates for this area. The following is 
a proof of the integral test in the case M = 1. Given the infinite series °°, un, with 
un > 0 for all values of n, one tries to find a continuous function y = f(x) for 1 < x < co 
which decreases as x increases and is such that f(n) = u, for all values of n. It is 
then possible to compare the summation of the infinite series with the area under 
the curve y = f(x) using rectangles. This comparison is suggested by examining the 
rectangles sketched in the figure 4-3. 


Figure 4-3. 


Overestimates and underestimates for area under curve y = f(z). 


Assume there exists a function f(x) > 0 which decreases as x increases with the 
property f(n) = up, and that lim,... f(z) = 0. The integral / a f(x) dx represents 
the area under the curve y = f(x) bounded by the z-axis and the lines 2 =n and 
x=n+1. Using the mean value theorem for integrals the value of this integral is 


f(€) for n<€<n+4+1. 
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The assumption f(x) decreases as x increases implies the inequality 
n+l 
i, Fee / f(a) de = f(€) > f(n +1) = uni for all values of n. (4.12) 


The inequality (4.12) can now be applied to each interval (n,n+1) to calculate over- 
estimates and underestimates for the area under the curve y = f(x), for x satisfying 
n<a<n+1and for n =1,2,3,.... A summation of the inequalities given by equa- 
tion (4.12), for n=1,2,...,N—1, gives a summation of areas under the curve and 
produces the inequality 


N 
us tus besbuy sf f(x) dz < uy + ug tug t+---+un-1 (4.13) 
1 


A graphic representation of this inequality is given in the following figure. 


Figure 4-4. Pictorial representation of the inequality (4.13) 


The inequality (4.13) gives an underestimate and overestimate for the area under 


the curve y = f(x) of figure 4-3. Consider the following cases. 
N 


Case 1: If in the limit as N increases without bound the integral slim / f(x) dx exists, 
oo Jy 


say with value $, then the left-hand side of equation (4.13) indicates the se- 
quence of partial sums is monotonic increasing and bounded above by S and 


consequently the infinite series must converge. 
N 


Case 2: If in the limit as N increases without bound the integral jim | f(x) dx is un- 


bounded or the integral does not exist, then the right- han side of the inequality 
(4.13) indicates that the infinite series diverges. 
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Example 4-9. The p-series 


1 1 
Consider the p-series which is defined H = ae pee apt ap 


(Case I) In the case p = 1, the above series is called the oe series or the p-series 
of order 1. Sketch the curve y = f(2) =1/a2 and construct rectangular overestimates 
for the nth partial sum. One can then verify that the nth partial sum of the harmonic 


series satisfies 


1+5 += st: =; a ~ der = In(n (n+1) 


In the limit as n increases without bound the logarithm function diverges and so the 
harmonic series diverges using the integral test. 

(Case II) In the case p < 0, the p-series diverges because it fails the test of the nth 
term approaching zero as n increases without bound. 


(Case IIT) In the case p is positive and p# 1 use the function f(x) = 5 and show 


oy #4 1 1 
/ —dz= lim —dx= lim 1 (4.14) 
1, «xP Too J, xP T-00 | p—1 Tp-1 


If p > 1 the right-hand limit from equation (4.14) has the value =; and so the 
integral exists and consequently the p-series converges. If 0 < p< 1 the limit on the 
right-hand side of equation (4.14) diverges and so by the integral test the p-series 
also diverges. 


In conclusion, the p-series 


converges for p > 1 and diverges forp <1 


Example 4-10. Estimation of error 


Let Sa denote a given infinite series which converges by the integral test. 


If U denotes the true sum of this series and U,, denotes its nth partial sum, then 
|U —U,,| = R, is the remainder term that was omitted and represents the true error 
in using U,, as an approximate value for the sum of the series. 

Let £, denote an estimate for the error associated with the truncation of an 
infinite series after the nth term where the nth partial sum U,, is being used as an 
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estimate for the true value U of the series. The function f(z) used in the integral 
test for convergence is a decreasing function of x and so 


[Ral < / fla) de 


If one sets E, = f~ f(x) dz, then the magnitude of the remainder |R,| < E, or the 
true error is less than the estimated error E,,. 

Here un = f(n) so that the partial sum Uy = >*_, un = e_, f(k) can be used as 
an approximation to the infinite sum. A better approximation for the sum is given 
by Us = F(A) + Jy f(x) dx since the integral representing the tail end of the area 


under the curve in figure 4-3 is a good approximation to the sums neglected. 


Example 4-11. 
Sum 100 terms of the infinite series S = = + x fee =; +--- and estimate the 
error associated with this sum. 


Solution: Let S,, denote the nth partial sum 


NT 1 1 if 
Sp =e Pee a 
m=1 


Use a computer and verify that S19) = 1.63498 so that an estimate for the error 
between the finite sum and the infinite sum is given by 


iat 
E00 = i, —= da = 0.01 
100 & 


Therefore, one can state that the difference between the true sum and approximate 
sum is |S — Si99| < 0.01 or 1.62498 < S < 1.64498. The exact value for S$ is known to be 
n?/6 = 1.64493... and this exact value can be compared with our estimate. Observe 
that the value Soo + fio) 4 dz gives a better estimate for the sum. 

It is important that you make note of the fact that the integral test does not give 
the sum of the series. For example, 


=e T aa 
ey on teat and [ wee 


m=1 


Alternating Series Test 


An alternating series has the form 


M: 


I 
han 


(—1)?*1u,; =u — ug + ug — U4 + U5 — Ug + °:, uj > 0 (4.15) 
J 
where each term of the series is positive, but the sign in front of each term alter- 
nates between plus and minus. An alternating series converges if the following two 
conditions are satisfied. 
(i) For a large enough integer N, the terms u,, of the series are decreasing in absolute 
value so that |un+i| < |un|, for all values of n > N. 
(ii) The nth term approaches zero as n increases without bound so that one can 
write dim. Un = 0 or tim, |un| = 0. 
To prove the above statement one can examine the sequence of partial sums Uy, 
starting with N =1, and make use of the fact that u,41; <u, to obtain the situation 
illustrated in the figure 4-5. 


7 
3 
= 
[ 
a 
[ 
a 
7 
. 
_ 


Gs 


Figure 4-5. 
Sequence of partial sums for alternating series. 


The even sequence of partial sums U2, U1,U¢,... forms a bounded monotone in- 
creasing sequence. The odd sequence of partial sums U,,U3,U;,... forms a bounded 
monotone decreasing sequence. Both the even {U2,} and odd {Us,41} sequence of 
partial sums converge and consequently 


lim Uon =U and lim UVon4+1 =V 
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Note also that for n large, the term u2,4, of the series must approach zero and 


consequently 
lim U2n4+1 = lim (Uon41 = Uon) = lim Uon+1 — lim Uon =V—-U=0 
which implies that U = V and the alternating series converges. 


Example 4-12. Alternating series 


Consider the series ee For n+1>n, then In(n+1) > Inn and consequent! 
Inn y 
=2 


1 1? cigs 3 : 1 : : 
< indicating the terms u,, = — decrease as n increases or equivalently, 
In(n+1) ~ Inn Inn 
‘ ; ‘ ae 1 
the sequence {u,} is monotonic decreasing. In addition, lim aa 0. These two 
noo Inn 


conditions guarantee the convergence of the given alternating series. 


Example 4-13. Estimation of error 

Denote by U,, the mth partial sum of a convergent alternating series and let U 
denote the true sum of the series. For n > m examine the difference between the nth 
partial sum and mth partial sum by writing 


n m 


SoD a — SO (-1) 


i=l wl 


n 


So (-1) tui 


i=m+1 


[Un a Un = 


Using an appropriate selection of the value n (i.e. being either even or odd and 


greater than m) one can write 


n 


ey (-1)**1u, 


i=m+1 


= Um+1 — (Um+2 = Um+3) = (Um+4 = Um+5) Po Ee (Un—1 Un) <Um+1 


This inequality is independent of the value of n so that 


loe) n 


So(-1) ui = So(-1) us ae me 


i=1 i=1 


|\U —U,| = 


This last inequality is sometimes referred to as the Leibniz condition and implies that 
by selecting an error E,, as the absolute value of the (n+1)st term of an alternating 
series, then one can write |R,| = |U —U,| < E,. Hence, to obtain the sum of an 
alternating series accurate to within some small error « > 0, one must find an integer 
value n such that |un+1| = En41 <e, then it can be stated with confidence that the nth 
partial sum U,, and the true sum U of the alternating series satisfies the inequality 
U, —€<U <U, + €. 


Bracketing Terms of a Convergent Series 
Let A=agp ta, +ag+--:+amn+:::= Ss" a, denote a convergent series and define 


n=0 
the sequence of terms {j,}°2, which is a strictly increasing sequence of nonnegative 
integers. That is the terms j,, j2,... are positive integers satisfying 


TDS oS So ee eh ee 


The series for A can then be bracketed into nonoverlapping groups or partitions as 
follows 


A= (a0 +++ + G5.) + (Gj ta Fo + jg) + jga Fee agg) Fee + Git Fo + iy) bee 


where there is a finite number of terms in each group. This is equivalent to defining 


the infinite series 
bp =9 + a, +--+ +45, 
by =4j,41 + Gj, 42 +°+++ ay, 
B= Sohn where 
n=0 


On =Oj,41 + 05,42 °° + Ons 


The partial sums B, = bo +b; +---+b, of the bracketed series, by definition, must 
equal the partial sum A;,,, of the original series and consequently the sequence of 
partial sum {B,,} is a subsequence of the partial sums {A,,}. In advanced calculus it 
is shown that every subsequence of a convergent sequence converges and from this 
result it can be concluded that 

If a convergent series A has its terms bracketed into nonoverlapping groups to 

form anew series B, then the series B converges to the sum of the original series. 

The converse of the above statement is not true. For example, the bracketed 
series (1—1)+(1—1)+(1—1)+--- converges, but the unbracketed series has partial 
sums which oscillate and hence is divergent. 
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Example 4-14. 


Consider the infinite series 


~ (=1)""} ieee Ree | ee 
Az >, 5 =] + +-++-+(-1) paren 
n=1 


and say this series is bracketed into groups of two terms as follows 


e= (1-3) +G-a)+G-8) + Leen 


Here both series converge to the same value as the bracketing does not effect the 


convergence of a converging series. 


Comparison Tests 


co co 
Consider two infinite series, say Ss" Un and S- Un where the terms of the series 


n=1 n=1 
Un and vy, are nonnegative. Let M denote a positive integer, then 


(1) if Un < Un for all integers n > M and the infinite series \~-°_, Un converges, then 


the infinite series )-°°_, un is also convergent. 


(ti) if Un > Vn > 0 for all integers n > M and if the infinite series S° Un diverges, 


r= 
co 
then the infinite series Ss un must also diverge. 
n=1 
To prove statement (i) above, let °°, v, denote a convergent series with sum 


V and let 
Un =Uptuet--:+tn, and V,=v+tveat-::+ Un 


denote the nth partial sums associated with the infinite series }> u,, and }*> v, respec- 
tively. If u, < v, and V is the value of the converging series, then the sequence of 
partial sums {U,,} and {V,,} satisfy U, < V, < V and consequently the sequence {U,} 


is an increasing bounded sequence which must converge. 
If the series Stn diverges, then the sequence of partial sums {V,,} increases 


n=1 
without bound. If u, > v, for all n, then U, > V, for all n and so U, must also 


increase without bound, indicating that the series S- un must also diverge. 


n=1 


co 


Ratio Comparison Test 


If ) Un is a series to be compared with a known convergent series ) Cn, then 


n=1 n=1 
if the ratios of the (n+ 1)st term to the nth term satisfies 
u Cc 
n+1 < n+1 A (4.16) 
Un Cn 
co 
then the series SS Un tS a convergent series. 
n=1 
co co 
If Ss" Un ts a series to be compared with a known divergent series S- d,, then if 


n 
the ratios of the (n+ 1)st term to the nth term satisfies 


Un+1 dn+1 


2 


4.17 
> SH (4.17) 


co 
then the series ) Un ts a divergent series. 
n=1 


To prove the above statements, make the assumption that the inequalities hold 
for all integers n > 0. The proofs can then be modified to consider the cases where 
the inequalities hold for all integers n > N. The proof of the above statements follows 
by listing the inequalities (4.16) and (4.17) for the values n = 0,1,2,...,(m—1). This 
produces the listings 


mee io 
uo = Co Uo 0 
ae < 2 U2 > dy 
Ur Cy uu dy 
U3 C3 
me ee us d3 (4.18) 
U2 C2 wo = dy 
Um Cm 
uw d 
Um-—-1 < Cm—-1 7 2 = 
Um—1 dig = 1 


Multiply the terms on the left-hand sides and right-hand sides of the above listings 
and then simplify the result to show 


ee es and i aes ae (4.19) 
Co do 


A summation of the terms on both sides of the above inequalities produces a com- 
parison of the given series with known convergent or divergent series multiplied by 


some constant. 
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Example 4-15. Comparison test (set up an inequality) 
Two known series used quite frequently for comparison with other series are the 


CO CO 
: . : 1 . , ‘ 
geometric series 5 ar” and the p-series 5 —. These series are used in comparison 
nr 
n=0 n=1 


tests because inequalities involving powers of known quantities are easy to construct. 


_ ws 1 ’ 
For example, to test the series S vee] for convergence or divergence, use the 
nr 
=1 


comparison test with the known prseries. The inequality n?+1>n 


1 
< <= 
n2+1 n2 


2 


implies that 


and consequently by summing both sides of this inequality one finds 


[oe) 


S- —— i; < = =. It is known that the p-series, with p = 2, converges and so by 


comparison the given series converges. 


where a > 0 and b > 0 are 


As another example, consider the series 5° a 
n=1 


’ _ wri «. 
constants and compare this series with the geometric series Ss an” Since 3"+6 > 3”, 


n=1 
a a = a 5 2 
then ——— < — and consequently, ye — converges, so that the given series must 
37 +b > 3m Z+ 3n 
also converge. 
a 
Example 4-16. Estimation of error 


Let Ss" un denote a convergent infinite series, then use the nth partial sum U,, to 
n=1 


estimate the true value U of the series. The true error in using the nth partial sum 
as an estimated value for the sum is given by 


R, =|U—U,| = 3 Un 
i=nt+l 


where R,, is the remainder after the summation of n-terms of the series. 


[oe) 


If there exists a known comparison series vn such that for all integers n greater 
n=1 
than some fixed integer N there results the inequality |u,,| <vu,, then it follows that 
|Un+4 + Un+2 aaa iin | < tna = |Un+2| see baccen| 


loo) 
<Un41 + Un42 +°°* + Untm S Ss U5 
i=nt+l1 


ntm love) 
which implies that for all n > N, |Rn| = |U-U,| = lim | S° ul < 5° v;. Conse- 
i=n=1 i=n+1 
quently if one selects E,, = Se v; as an error estimate for the series sum, then write 
i=n+1 


|R,| < E, which says the true error must be less than the estimated error E,, obtained 


by summation of terms greater than v,, from the known comparison series. 


Absolute Convergence 


[oe) 


Consider the two series yee and S- | a, | where the second series has terms 


n=1 n=1 
which are the absolute value of the corresponding terms in the first series. By 
definition the series S- ay, is called an absolutely convergent series if the series of 
n=1 


absolute values Ss" | a, | is a convergent series. 
n=1 

Example 4-17. 

: 1 1 1 : : . ; 

(a) The series S$; =1- a ae Ringe called the alternating harmonic series. By the 
alternating series test it is a convergent series. It is not an absolutely convergent 
series because the series of absolute values is the harmonic series which is a 
known divergent series. 

: 1 1 
(b) The series Sy = Dp pty Bp 
the corresponding series of absolute values is the p-series or order 2 which is a 


+---is an absolutely convergent series because 


known convergent series. 


Example 4-18. 


co 
If ) |u;| ts an absolutely convergent series, then the series ) u; must also be 
j=l j= 
a convergent series. 


To prove the above statement examine the sequence {U,,} where U,, denotes the 


nth partial sum associated with the series of absolute values 


Tn = [ual + [ual +--+ + [unl = So uj] for n =1,2,3,... 
j=l 
For convergence of the series of absolute values the Cauchy convergence criteria 
requires that there exist an integer N such that for all integers n and m satisfying, 


n>m>N, one has 
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[Un — Um = ||Um41| + |tm+al +--++ [unl] <€ (4.20) 


where ¢ > 0 is any small number. Select the value N large enough that one can apply 


the Cauchy convergence criteria to the infinite series So uj for the same given value 
j=l 
of « > 0 using the same values of m and n. For Cauchy convergence ¢ of the series 


Say it is required that the difference of the mth partial sum U,, or and nth 


j=l j=l 


partial sum, U,, = Sy for n > m, must satisfy |Un —Um| = |um4i tuUmseat-+-tun| <e. 
gS) 
Using the eetiekalived triangle inequality, the absolute value of a sum is less than or 


equal to the sum of the absolute values. That is, 


|tenti + Umte2 bss + Un| < ||Umt1| + |Um+e| +--+ + |Unl| < €. (4.21) 


But this is the Cauchy condition which is required for convergence of the infinite 


series 5” |u;|. 
j=l 


Another proof is to consider the two series S- Un and Se |u,| with partial sums 
n=1 n=1 


Un Sur + ug tg to + Un 
and U,, =|u1| + |u| + Jug] +--+ |atn| 


Our hypothesis is that the sequence of partial sums {U,,} converges. Our problem 
is to show that the sequence of partial sums {U,,} also converges. Assume the series 
>, un has both positive and negative terms so that the partial sum {U,,} can be 
written as U, = P, — N, where P, is the sum of the positive terms and N,, is the 
sum of the absolute values of the negative terms within the nth partial sum. This 
implies that the partial sum U,, can be expressed U,, = P, + Nn. Here the sequence 
{U,,} is a bounded increasing sequence with some limit lim,_..,5 Un =U which implies 
the inequalities 
PU a and Ny Ug oO 


so that the limit U is an upper bound for the sequences {P,,} and {N,,}. Both the 
sequences {P,,} and {N,,} are monotone increasing and bounded sequences and must 
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converge to some limiting values. If these limiting values are called P and N, then 
one can employ the limit theorem from calculus to write 
lim U, = lim (P, — Nn) = lim P,— lim N, =P—N 
which shows the infinite series )*°°_, u, is a convergent series. 
If $>°°., an is an absolutely convergent series, then write 


N N 
lim ) Qn| < lim ) a 
Noo Ms N-oo | n| 


as this is just a limit associated with the generalized triangle inequality. 
Also note the terms within an absolutely convergent series can be rearranged 
with the resulting series also being absolutely convergent with the same sum as the 


original series. 


Slowly Converging or Slowly Diverging Series 

In using the comparison test to determine whether a series converges or diverges, 
one should be aware that some series converge very slowly while other series diverge 
very slowly. To estimate the value of a very slowly convergent series to within some 
error bound, it is sometimes necessary to sum an excessive number of terms. 

If Scan and \> by, are two convergent series, one says that the series )\ an con- 

verges at a slower rate than the series )\ by, if the condition dim = 0 is 

satisfied. 

In a similar fashion 

If SJ ay, and >> b, are two divergent series, one says that the series )\ a, diverges 


a 
at a slower rate than the series )\b, if the condition lim a = 0 is satisfied. 
n—co 


n 


Example 4-19. 


[oe) 


The series San cs Ss" nw will converge at a slower rate than the series 


n=2 
1 
_ ie bn m2 Inn)? 
So bn = 5) = because lim = lim —i_ = ingen! =0 
n NCO On noo noo n 
n=2 n=2 
n(Inn)? 


This result follows by using L’Hopital’s rule to evaluate 
A aaa 20+ 


] 2 
lim as = lim lim 
xL—CO 4 i H td ®,@) LOO 1 


=0 
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Example 4-20. 


— 1 3. ’ 
The series 5 = 5 —— diverges at a slower rate than the comparison series 
aa nilnn 
1 
~~ 1 a lich 1 
b, = —, because lim — = lim 22” = lim — =0. 
Di tem De, een as 


nr 
As an exercise estimate how many terms of each series needs to be summed for the 
result to be greater than 3. Verify that the answer is 7°78 a, >3 and 37), bn >3 


Ratio Test 

The following tests investigate the ratio of certain terms in an infinite series 
as the index of the terms increases without bound. The ratio test is sometimes 
referred to as the d’Alembert’s test, after Jean Le Rond d’Alembert (1717-1783) a 
French mathematician. The ratio test examines the absolute value of the ratio of 
the (n+1)st term divided by the nth term of the series S- u; aS the index n increases 


i=l 
without bound. 


d’Alembert ratio test 


If the terms un are different from zero for n = 1,2,3,... and the limit 
° Un+1 . 6 
lim =q exists®, then 
n— oo Un 


(i) The series \\°°_, Un is absolutely convergent if q < 1. 
(ii) The series °°, Un diverges if q > 1. 
(iii) The test fails if gq = 1. 
The above result can be proven using the geometric series. Assume that for all 


values of n greater than some value N it is possible to show that 


UW 
HEEB eth, (4.22) 
Un 
Define the quantities 
Vo ee U= Unde? V2 = Unis? 


and use the inequality given by equation (4.22) to show |um| < rlum—i|. This is 
accomplished by setting n = N+1, N+2,...in equation (4.22) to obtain the inequalities 


6 If all the terms of the series are nonnegative, then the absolute value sign can be removed 


IA 


los] < r/o] 


/\ 


\ve| < rio] < r7V9 
(4.23) 


/\ 


[teal Srl tana See 
The original series can then be split into two parts. The first part yr Ju;| Is a 
finite series leaving the series 577° ,, |u;| representing the second part which can be 


compared with a geometric series. The second part satisfies the inequality 


CO [o-e) ' 
Ss" Juj| < Sail < jul(l+trtrtr+--j)< Jeol Ir] <1 (4.24) 
j=N41 i=0 


and so the series is absolutely convergent by the comparison test. 
If for all values of n greater than some value N it is possible to show 


Un+1 


S951 (4.25) 


Un 


then the terms of the series > u,, become a monotonic increasing sequence of positive 
numbers and consequently the nth term cannot approach zero as n increases without 


bound. Under these conditions the given series is divergent. 


Example 4-21. Ratio test 


“mt+1l 2 3 4 nt+1 
Consider the series 23 oe =a tastge tote 
n+2 

. ; an ; n ‘ 1 2 1 
Using the ratio test one finds lim ““t! = lim 2 Lee Tie BY?) = 2 <4 and 60 

N—->0O Un n—->co N+1 n>0o 2\n+1 2 

Qn 

the given series is absolutely convergent. z 


Example 4-22. Ratio test 


[oe) 


Test the harmonic series ee for convergence using the ratio test. The ratio test 


n=1 
= 
produces the limit lim SE as Tin rit = lim "= lim = 1 and so the 
NCO Un no = n>-o n+l noo 1+ 1/n 


ratio test fails and so some other test must be used to investigate convergence or 
divergence of the series. a 


Example 4-23. Ratio test 


Test the series S- — to determine if the series converges. Using the ratio test 
nN: 
n=1 ere 
one finds lim “"4! = lim ce = lim — Fast and so the given series converges. 


N00 Un n—0o noo N+ 


n! i 
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Root Test nA 
If the limit lim /\un| = L exists, then the series > Un is 
n— co 


n=1 


(i) absolutely convergent if L <1 
(ii) is divergent if L >1 
(iii) The test fails if Z = 1 
Note that if V/Jun| <q <1 for all n> N, the |u,| <q” <1 so that the series 5 |u,| 


i=N 
converges by comparison with the geometric series. If */ju,| >q> 1, the nth term of 


the series does not approach zero and so the series diverges. 


Certain Limits 


Three limits that prove to be very useful are the following. 


1. If a> 0 and £ is any real number, then Jim, _ =0. This limit follows by 
CaaS . xP xP av 8 
examining the function f(x) = (+a = aaifay = (| } 
2. If G is any real number and a > 0 is real, then Jim. ee =0. This limit follows 
by examining the function g(x) = on = — 7 


3. A consequence of the ratio test is that if all the terms of the sequence {u,,} are 
such that u, 4 0 and the limit lim,_.., 


convergent, which implies that lim,_... un = 0 as this is a necessary condition for 


<1, then the series S* u,, is absolutely 


Un4+1 
Un 


convergence. Hence, the ratio test can be used to investigate certain limits which 


approach zero. 


Example 4-24. Limits 
1000 lee) 
If u, = ae investigate the infinite series S- u,, and find the limit Jim, a+er 


n=1 


1000 


where «€ > 0 is a constant. 


Solution: If one tests the ratio 
(n + eee 


Ena 2) ean cod) ee Re era 
‘ mie n (1+e) n (1+) 


(1+e)” 


in the limit as n increases without bound, one finds lim “+ = < 1 and so 


n—co Un - (l+e 
the sum S*u, converges. The convergence of the series implies that the nth term 
0 


approaches zero, so that lim me = 0, provided « > 0. 
noo a 


Power Series 
A series of the form 


lee) 
) Cyt” = co + cre + con? +0329 +--- + ema™ +--- 


n=1 
is called a power series centered at the origin. Here x is a variable and the terms 
Co, C1,-++,€m,-.- are constants called the coefficients of the power series. If x is assigned 
a constant value, the power series then becomes a series of constant terms and it 
can be tested for convergence or divergence. One finds that in general power series 
converge for some values of x and diverge for other values of x. If the power series 
converges for |z| < R, then R is called the radius of convergence of the power series. 
A series having the form 


y a@ — £0)" =co + e1(@ — Xo) + €2(x — 20)? + ¢3(@ — 20)? +-++ + Om(a— 20)” +++ 
n=1 


is called a power series in (x — x9) centered at the point 29 with coefficients c,, for 
m=0,1,2,.... 


Example 4-25. Power series 
Consider the power series 


[oe) 


So n(x — a)" = ag + a4 (a — x0) + a2(a — a)? + °°: 
n=0 


where the coefficients a,, for n = 0,1,2,... are constants and independent of the 
value selected for z. This series converges for certain values of x and diverges for 
other values of x. For convergence, the ratio test is required to satisfy the limiting 
condition 


= |x — Xo| 


R 


An (x — Xo) 


Qn—-1 


= lim <1 


noo 


‘ aAn— 
where R= lim |—— 


noo 


. Consequently, the power series is absolutely convergent when- 


nr 


ever |z—29| < Rand is divergent whenever x satisfies |x—29| > R. For real variables, the 
power series converges for « satisfying —R < «—29 < Rand the interval (xp — R, 79 + R) 
is called the interval of convergence for the power series and R is called the radius 
of convergence of the power series. For complex variables the region of convergence 
is the interior of the circle |z — zo| < R in the complex plane. 
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A power series 


Fe) = SS Gn (x — #9)" = ag + a1 (x — 29) + ao(x — 29)? +--+ + m(x— 29)" +--: (4.26) 
n=0 


will satisfy one of the following conditions. 


(i) If lim — = 0, then the infinite series (4.26) converges only for x = x and 


diverges for all other values of z. 


nr 


values of x. 
(iii) If lim |" 


n—-00 An 


(ii) If lim [ea = oo, then the infinite series (4.26) converges absolutely for all 


= R exists and is nonzero, then the infinite series (4.26) converges 
for | x— x9 |< R and diverges for | x — xq |> R. 


In general, if a power series 
=~ aj(« — 20)! = ag + a1 (a — 20) + a2(a — 29)? +++ + an(a — 29)" +--+ 
1=0 


exists and converges for | x — x |< R, then one can say 
(i) The function f(x) is a continuous function on the interval |x — xo| < R. 
(ii) The function f(x) has the derivative 


f'(x) = ay + 2ag(x — x9) + 3a3(x — tp)? +--+ + nan(x — 29)" 1 +--- 


and this series for the derivative converges over the same interval |x — x9| < R. 
(iii) The function f(x) has the integral given by 


an 
n+1 


J #2) de = aol — 10) + Be = 00)? + Bla ~ 0) 4+ +(e = a0) 


plus some arbitrary constant of integration can be added to this result. The 
series for the integral also converges over the interval |x — zo9| < R. 
Operations with Power Series 


Two power series given by f(z => fn(w — xo)” with radius of convergence Ry 


and g(x = al Jn(a — to)” with radius of convergence R, can be added 


a(x) = f(x) +9(2) = >> fn(@— 20)" + D> gn(a — 20)” 
n=0 n=0 


or they can be subtracted 


(x) = f = 3 fala 20) — Yana a0) 


by adding or subtracting like powers of (x — 29). The resulting series has a radius of 
converge R =smaller of { Ry, R, }. 


The product of the power series for f(x) and g(x) can be expressed 


co Een Ene 
= 3 3 teeta 


n=0 k=0 


-35 (Efe) 


n=0 


lee) 


= SS Cn(x — to)” 


n=0 
where c, = ye fi 9n—; 18 the Cauchy product, sometimes referred to as the convolution 
j=0 
of the sequences f, and gn. 


The two power series for f(x) and g(x) can be divided and written 
Ss" In(z — 20)” a 


at = = = Ss" hala —xo)” 
Ss" Gn(x— Xo)” mee 
n=0 


where the coefficients h,, are related to the coefficients f, and g, by comparison of 
the coefficients of like powers of (x — x9) on both sides of the expression 


Yo fle)" = [Sante 20) *| [dora eis ‘ 


Maclaurin Series 

Let f(x) denote a function which has derivatives of all orders and assume the 
function and each of its derivatives has a value at x = 0. Also assume that the 
function f(z) can be represented within some interval of convergence by an infinite 


series of the form 


f(a) =co tea + cox" + cgr2 +---+en2"4+--- 
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where co, ¢1,C2,.--,€n, -.. are constants to be determined. If the above equation is to 
be an identity, then it must be true for all values of x. Substituting x =0 into the 
equation gives f(0) = co. The series can be differentiated on a term by term basis as 
many times as desired. For example, one can write 
f(x) =e, + 2cox + 3e3x? + dey? +--- 
f(x) =2leg + 8!ega +4 + 3cya? +5-4a% +--- 
f'" (x) =3!e3 + lege +5 -4- 307 +4--- 


f(x) =nlen + (n+ Dlengiet ++°: 


Substituting x =0 into each of the above derivative equations gives the results 


” my (n) 
sf, ee, Ge. ae gee) 


This shows that f(x) can be represented in the form 


WW wy (n) r 
fle) = f0) + FO)r+ Ler + Ly. 4 Pom 4... (4.27) 
or er i 
f@= oF 0) a (4.28) 
m=0 : 


where f(0) = f(0) and 0! =1 by definition. The series (4.27) is known as a Maclau- 
rin’ series expansion of the function f(x) in powers of «. This type of series is useful 
in determining values of f(x) in the neighborhood of the point x = 0 since if |z| is less 
than 1, then the successive powers x” get very small for large values of n. 

In the special case f(x) = g(x +h) one finds, for h constant, the derivatives 
f(a) = g'(x@ +h), f(z) = g(x +h), etc. Evaluating these derivatives at 2 = 0 gives 
f(0) = g(h), f'(0) = g'(h), f"(0) = g’(h), etc., so that the equation (4.27) takes on the 
form 


gle +h) = 9(h) + 9/(e+ 9") +9") tee (4.29) 


which is called Taylor’s form for Maclaurin’s results. 


” Colin Maclaurin (1698-1746) a Scottish mathematician. 
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Example 4-26. Some well known Maclaurin series expansions are the following. 


Pe a ae ae 
ee ae err ang aie ehvee 
pe? Regt, GeO Be Cash 
Ea ge. Ee ap age eres 
fo = Goo ae = GO all 
sinh =et+ tot atotipt |x| < 00 
a a ee ee 
cosh Lon at gh ah? ton a 
e eg? «®t og 8 
ej Exp@ya1 Et opt ap kh gy tert gt hh |z| < 00 
x alna (x Ina)? (x Ina)? 
a” =e =1+4+2Ina+ I + 31 fee —-wo<r<ow 
eo ot 
In(1 = tee —-l<a<l 
BLS Soe bg Sl og gee ae 
1 
= ee te ee jz} <1 
x xe 
(1+ a)" =1+ 6+ 6(G-NY>+B(B-1(6-ADat- [al <1 
1x 1- 5 1-3. 7 
sin- la = 7 oe ean -l<a<l 


O53 “a 6 iG 


le? 1-32 1-3-527 
+ +e: Age ST 


me fe i ee c+ 
ae be 5} 93 .°2-45 °2-4-67 


: 
Note that many functions do not have a Maclaurin series expansion. This occurs 


whenever the function f(z) or one of its derivatives cannot be evaluated at x = 0. 
For example, the functions Inz, x°/?, cotz are examples of functions which do not 


have a Maclaurin series expansion. 


Example 4-27. The following are series expansions of selected special func- 
tions occurring in advanced mathematics, engineering, mathematical physics and 
the sciences. 

J.(«) The Bessel function of the first kind of order v 


= w\Y £2. (—1)*a:?* 
Jy (x) = (3) d 2k kID(y+k+1) 


where I(x) is the gamma function. 
Y_(a) The Bessel function of the second kind of order v 


JL(x) cos(vm) — J_,(x) 


sin(v7) 


‘scat 
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Figure 4-6. The Bessel functions Jo(x), Yo(x), Ji(x), Yi(x) 


The sine integral Si(x) = [> 22+ dt 


co gent 
=> tal 2n+ 5 (2n+1)! 
The cosine integral 
Ci(z) =y4+Ina + ff SS * dt, jarg «| <7 
(-1)"x2?" 
Ci(a artnet OO 
where y = lim. [fl+$4+34+---+4-Inn] = 
0.57721... is called the Euler-Mascheroni con- 
stant. 
The error function erf(x) = Fr ie e* dt 


ice) (1 )ygeet 


2 
ena Jr 2 n! (2n + 1) 


Copyright 2012 J.H. Heinbockel. All rights reserved 


The hypergeometric function F(a, B;73; 2x) 


ee a® 8 k 


(0, Bs 75a) = 


k=0 


i 
k! 


where a9 =1 and a® =a(a+1)(a+2)---(a+k—1) for k a nonnegative integer, 
is called the factorial rising function® or upper factorial. In expanded form the 


hypergeometric function is written 


aba, a(a+1)6(6+1) x? 


F(a 6 ry5 0) =14 7 1 ay he 
atone ore) BC0 tal ee8 a ele aalie 
yee) n 


The hypergeometric function is related to many other functions. Some example 


relationships are the following. 


In(1 — x) 1 
F(1,1;2;2) =— ——_—_ MOP 3t) =7 
1 3 tani : z 
F(=,1l;=;z2)= lim F(a, 3;3;—) =e” 
1.4 1 1 2 
F(—a, a; 5; sin x) =cos(2ax) F(5,-li5ie) =l—-2 


Taylor and Maclaurin Series 

Brook Taylor (1685-1731) an English mathematician and Colin Maclaurin (1698- 
1746) a Scottish mathematician both studied the representation of functions f(x) in 
terms of a series expansion in powers of the independent variable x. If f(z) is a real 
or complex function which is infinitely differentiable in the neighborhood of a fixed 


point x9, then f(x) can be represented in the form 

f(z) = P(x, £0) + Rn(x, Xo) (4.30) 
where P,,(z, 29) is called a nth degree Taylor polynomial centered at x) and R,(z, xo) 
is called a remainder term. The Taylor polynomial of degree n has the form 


f'(0) f" (xo) f (a0) 
1! 


2 
5 (w@— 20)" +---+ 7 


(x — Xo) + (x — Xo)” (4.31) 


Pr(x, 20) = f (xo) + 


8 There is a factorial falling function or lower factorial defined by ak = a(a = 1)(a = 2) th (a = (k = 1)) for 
k a nonnegative integer. There are alternative notations to represent the factorial rising and falling functions. Some 
texts use the notation x”) for the rising factorial function and the notation Caley for the falling factorial function. 


(n) _ pt P(z+n) P(x+1) 


In terms of gamma functions one can write X = = T(z) and (2) =f = Ta as 1 
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and the remainder term is represented 
Ra(a,a0) = f (ear fr"D( at (4.32) 


If the point x 9 = 0, then the series is called a Maclaurin series. 

One method of deriving the above series expansion is to assume that a given 
function f(x) has derivatives of all orders and these derivatives all have a finite value 
at some point z . Also assume the function f(x) can be represented by a convergent 
infinite series of the form 


f(a) = cep + c1(@ — 20) + co(@ — 29)? ++ +++ en(@— 0)” +°°° (4.33) 


where co, c1,... are constants to be determined. Substituting x = x9 into this equation 
gives f(x) = co. The assumed series representation can be differentiated on a term 
by term basis as many times as desired. The first n-derivatives are 
f(x) =e, + 2co(x — 29) + 3e3(x — 29)? + 4c4(x — 2)? +--- 
f(x) =2leg + 3!c3(a — x9) + 4+ 3c4(x — 29)? +--- 
f'"(w) =Bleg + Alea(2 — xo) +++ 


f(x) =nlen + (n+ 1len41(e@ — to) + °° 
Substituting the value x = xq into each of the above derivatives produces the results 


_ f"(@o) _ feo) _ £©)@o) 


a” cay | on a 


c= 7 (ea); C2 


This shows that f(x) can be represented in the form 


f""(to) 
2! 


f(x) = f(x) + f’(vo)(a — 20) + (2-29)? +++-+ eS Bo aris (4.34) 


or 


22 ¢(m) (a 
fo) = S529) (4.35) 


which is known as a Taylor series expansion of f(x) about the point x9. Note that 
when a9 = 0 the Taylor series expansion reduces to the Maclaurin series expansion. 

The validity of the infinite series expansions given by the Maclaurin and Taylor 
series is related to the convergence properties of the resulting infinite series. In 


general, the Taylor series given by equation (4.33) will satisfy one of the following 


conditions (i) The infinite series converges for all values of x (ii) the series converges 
only when z = a or (iii) The infinite series converges for x satisfying | x— 2x9 |< R and 
diverges for | —2a9 |> R, where R > 0is areal number called the radius of convergence 
of the power series. Note that in the case where there is a radius of convergence R 
and x is an endpoint of the interval (a) — R,v9 + R), then the infinite series may or 
may not converge. Usually the ratio test, and the root test are used to determine 
the radius of convergence of the infinite series. The endpoints of the interval of 
convergence must be tested separately to determine convergence or divergence of 
the series. 

Using the mean value theorem for integrals the remainder term can be reduced 


to one of the forms 


ne! n+l 
Ry (e305) =o ga 


or R,,(x, x0) Se aus (f2)(x = £2)"(x = x0) (4.37) 


n! 


(4.36) 


where €1, €) are constants satisfying x < & <a and x < £2 < a. The equation (4.36) 
is known as the Lagrange form of the remainder term and equation (4.37) is known 
as the Cauchy form for the remainder term. 

Another method to derived the above results involves integration by parts. Con- 
sider the integral 


fle) = $(0) = f “ f'(t)dt (4.38) 


where a, and z are held constant. An integration of the right-hand side is performed 
using integration by parts with U = f’(t), dU = f(t) dt and dV = dt and V = t—z. Here 


—zx is treated as a constant of integration so that 


x 


[ fou-roe-o) - fe-o roa 


x 


(4.39) 


ax 


/ " fi(t) dt =f" (wo)(e — 20) + [@-orwa 


xO 


Now evaluate the integral on the right-hand side of equation (4.39) using integration 
by parts to show 


[float =f eo)(a~ 20) + P00) EP + [CS prepa (4.40) 
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Continue to use integration by parts n-times to obtain 


/ “Sa Gea) a7 a ees) 


mi a (4.41) 
where the remainder term is given by 
1 x 
Ru(e,20) = =f (e—ay" FH at (4.42) 
Te Sos 
Example 4-28. Some additional Series Expansions 
‘ é fi fe 2° . ii (=1)"- 122" (22" = Bogert if | | » T 
an = —— —— ara ara — 
ae ea (2n)! AS 9 
1 i ge 2? Cie 2 Bie 
i _ Se  0< zl < 
nr ana iy M71 (2n)! ae 
sec xz =14 e + ae + abs a as (-1)" Fona™ + a ee z 
ee en 10 (2n)! 2 
ee: re 7x : 31z° Mt (S11) 20627" = 1) Boge scenes 
CSC ZX + eee eee x T 
z 6 360 | 15,120 (2n)! 
patie x? if 22° eke 270070 1) Borel * it Ee T 
oom att eens ie (Qn)! SS 


Where B,, are the Bernoulli numbers and £,, are the Euler numbers. These numbers 


are defined? from the expansions 


x Bix Box? Bart Bex Bonu?” 
214 mass 
ei io or ae ee a 
x 1 1 i 1 2 1 «* ef ra 
= x 
et — 1 2 6 2! 30 4! 42 6! 
2e” E,x Ex? = E3ax° 
—F elie 
eet he oy) OE ake 
2e” x? x x xe 
=1 5 61 1385— — -- 
err] og el ee 


and produce the numbers 


1 —1 1 


Bo =1, B, =—-1/2, Bo = & Ba= , Be = 70, Bong = 0 for n>1 


30 42 


Eo =1, Eo =—-1, F4=5, Eg = —61,---, Fong: = 0 for n=0,1,2,.. 


9 There are alternative definitions of the Bernoulli and Euler numbers which differ by subscripting notation, 


signs and scale factors. 


Taylor Series for Functions of Two Variables 

Using the above results it is possible to derive a Taylor series expansion asso- 
ciated with a function of two variables f = f(z,y). Assume the function f(z, y) is 
defined in a region about a fixed point (a9, yo), where the points (xo, yo) and (2, y) can 
be connected by a straight line. Such regions are called connected regions. Further, 
let f(x,y) possess nth-order partial derivatives which also exist in the region which 
surrounds the fixed point (29, yo). The Taylor’s series expansion of f(x,y) about the 


point (zo, yo) iS given by 


0 : a) 4 
f(@o +h, yo +k) =f (0, yo) + Ato. YO) py Ae Yo) 
(4.43) 
at 1 0? f (zo, Yo) 2 + 52 Fo, Yo) ne sf 0? f (xo, Yo) 2 fae 


2! Ox? OxOy Oy? 
where h =x-—2) and k=y—vyo. This expansion can be represented in a simpler form 


by defining the differential operator 


D= ae + ee h and k are constants. 
Ox Oy 
The Taylor series can then be represented in the form 
n it 
f(vo +h, yo tk) = >~ qi? fe y) + Raz, (4.44) 
joo F 


where all the derivatives are evaluated at the point (a9, yo). The remainder term can 


be expressed as 


Raat ae f(a,y), to be evaluated at (x,y) =(é,n) (4.45) 


where the point (€,7), lies somewhere on the straight line connecting the points 
(xo +h, yo +k) and (zo, yo). 
The equation (4.43) or (4.44) is derived by introducing a new independent vari- 


able t which is the parameter for the straight line defined by the equations 
L= Xo +ht, y=yotkt, with oe mh, and —=k 


where h and k are constants and 0 < ¢ < 1. Consider the function of the single variable 
t defined by 

F(t) = f(x,y) = f (zo + ht, yo + kt) 
which is a composite function of the single variable t. The composite function can 


be expanded in a Maclaurin series about ¢ = 0 to obtain 


#2 tr t(r+1) 
F®) =F F' F"(Q)_ +... (n) (Q) (n+1) 
(t) (0) + F’(O)t + (0) 5 Fees (0) + F CST are 


Evaluation of equation (4.46) at t= 1 gives f(ao +h, yo +k). 


O<E<t. (4.46) 
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The first n derivatives of the function F(t) are calculated using chain rule differ- 
entiation. The first derivative is 


ry — OF (ay) da | Of(x,y) dy 
ee dx dt dy dt (4.47) 
_ fey), , Ay), : 
Ox Oy ; 


By differentiating this expression, the second derivative can be determined as 


1 £ Ore a, y) O” fa, y) 
Ps | Ox” a Oy Ox dt 


Fi ee Ae) dy 


Ox Oy Oy? dt 


dx 


or 
O° f(x,y) Of ey) O° f(x,y) 
J) _ ’ 2 ’ ’ 2 
et) = a h +2—A ay Dy hk ae ke. (4.48) 


Continuing in this manner, higher derivatives of F(t) can be calculated. For 
example, the third derivative is 


arf O° f Onf dx 
Pei). = me hk Bele 
(1) a as Ox? Oy + Bndy? | dt 
O°f yo O°f O°f 12 
2 zhk + Zk 
- seas - AxOy? bs dy? |¢ dt 
or ‘ 3 
orf O° f gl Ord Ong 
wt 3 2h 2 3 
Fn an3 aagh +355 25, h*k se aye oe : (4.49) 


Using the operator D = no + be a pattern to these derivatives can be constructed 


F'(t) = Df(z,y) (12 +h) f(x,y) 

Plies 9 eae Se Ap te (12 +h) f(x,y) 
a 3 

F'"'(t) = D? f(a, y) = ha +hy) f(x,y) 

FO) (t) = D" f(x,y) = (no +h) f(a.) 


Here the operator D” = (nz + ‘5 | can be expanded just like the binomial ex- 


pansion and 


PO) (t) =! D" f(x,y) = pnt a2 ) hb Oo” f 4 & nr? = Oo” f 


0 n 0 n—1lo9 9 n—20 2 
a 3 me, (4.50) 
ae n hk? 1 O”" f reece 
n—-1 Oxdyr—1 Oy”’ 


where (") = pane See are the binomial coefficients. 
m m!(n — m)! 

In order to calculate the Maclaurin series about t = 0, each of the derivatives 
must be evaluated at the value t = 0 which corresponds to the point (0, yo) on the 
line. Substituting these derivatives into the Maclaurin series produces the result 
given by equation (4.43), where all derivatives are understood to be evaluated at 
the point (0, yo). 

In order for the Taylor series to exist, all the partial derivatives of f through 
the nth order must exist at the point (xo, yo). In this case, write f ¢ C” over the 
connected region containing the points (xq, yo) and (x,y). The notation f € C” is 
read, “f belongs to the class of functions which have all partial derivatives through 
the nth order, and further, these partial derivatives are continuous functions in the 
connected region surrounding the point (20, yo). ” 

In a similar fashion it is possible to derive the Taylor series expansion of a 
function f = f(a,y,z) of three variables. Assume the Taylor series expansion is to be 


about the point (x0, yo, 20), then show the Taylor series expansion has the form 


n 


1. 
f(to th, yo tk,20+2) =>_ GP ie. y.2) + Bos (4.51) 
j=0%- 
where 
Sp OP FON 2 OF: OR Or 
pp= (ng eas +e) p= (nth ante oc) (4.52) 


is a differential operator and h = 2-29, k=y—yo and (= z-— 2. After expanding the 
derivative operator D/f for 7 = 0,1,2,..., each of the derivatives are to be evaluated 


at the point (zo, yo, 20). The term R,,4, is the remainder term given by 


— D™* F(a, y, 2) (4.53) 


Ry = 
% (n+ 1)! (x,y,z) =(€.7,0) 


17 
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where the point (€,7,¢) is some unknown point on the line connecting the points 
(xo, yo, 20) and (ao +h, yo + k, 20 + 2). 

Functions of n-variables f = f(x1,22,...,2n) have their Taylor series expansions 
derived in a manner similar to the above by employing a differential operator of the 
form 


0 O 0 


where hy = 21 — 219, he = 22 — £29,..-,hn =n —-TZno- 


Example 4-29. Hypergeometric series 


The hypergeometric series defines a power series in x in terms of three parameters 


a,b,c as 
abx  a(a+1)b(b+1) x? grog" 
aCe eee ee gene CUE ae, 
(a,b;e;2)=14+ —5 eh eS cee 
where 
a” =a(a+1)(a+2)(a+3)---(atn-1) = [[(a+i) 
i=0 


is called the rising factorial function and the symbol J] is used to denote a product 
of terms as the index i ranges from 0 to n—1. Apply the ratio test and examine the 


ratio of successive terms and show 


mar +8) (144) 
um (FE) FE 


and in the limit as n increases without bound one obtains the limit x for the ratio of 


successive terms. Hence, in order for the series to converge it is required that |a| < 1. 


Z 
Alternative Derivation of the Taylor Series 


The above results for the representation of f(x) as a power series can also be 
derived by considering the definite integral 


fle) = $00) = fo sat (4.55) 


where vz, and z are held constant. An integration of the right-hand side is performed 
using integration by parts with U = f’(t), dU = f"(t)dt and dV =dt and V = t—z. Here 
—x is treated as a constant of integration so that 


[ fou-rou- / “(t—2) f"(t)at 
oe 9 - (4.56) 
i (a= Goes / (x —t) f"(t) dt 


xO 


x 


x 


Now evaluate the integral on the right-hand side of equation (4.56) using integration 
by parts to show 


- f' (t) dt = f'(xo)(x — 20) + f°") + a a f(t) dt (4.57) 


Continue to use integration by parts n-times to obtain 


[fF at= $(eo)(e- 20) + F(a) ERP 4.4 FOE 


(x = 29)” 
ni 


+ Rn(x,t%) (4.58) 


or 
(G= to)? 


(ew) = (to) + f'(wo)( = 20) + £"(e0) 


where R,,(x, xo) is called the remainder term and is given by 


R,,(x, £0) = 5 i: “(ea)” FON (4) at (4.60) 


(z — Zo)” 


$--- + fM) + Rn(a,29) (4.59) 


n! 


Remainder Term for Taylor Series 


Use the generalized mean value theorem for integrals 
; F(t)G(t) dt = F(€) / G(t)dt, a«a<f<2 (4.61) 


to evaluate the integral used in the representation of the remainder term as given 

by equation (4.60). Let F(t) = f+) (t) and a(t) = &" in equation (4.61) and show 

x x _ +#)\n = n+1 

Ra(esto) = f @e-grsemaar= porn) | SP" y= porn, So 
oe ee a’ (n+ 1)! 


where zo < €; < x. This is the Lagrange form of the remainder term associated with 


a Taylor series expansion. Alternatively, substitute F(t) = pe Oe@s0" and G(t) =1 
into the equation (4.61) to obtain 


R(x, Xo) = fe = tf) (t) dt 


fOFYD (€)(x = 65)" 


nl (xz — Zo) 


where x < £2 < a. This is the Cauchy form for the remainder term associated with 


fOD(6)(a—&)" f? 
= ot . i 1dt 


(4.62) 
Rao) = 


a Taylor series expansion. 
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Schomilch and Roche Remainder Term 
Still another form for the remainder term associated with the Taylor series ex- 
pansion is obtained from the following arguments. Let f(z), f’(x),..., f(a) all be 


defined and continuous on the interval [xo, zo + h] and construct the function 
f(a) + (ao +h—2)Pt1A (4.63) 


where A and p are nonzero constants. Select the constant A such that 


F (2x0 + h) =a + h) 


and F(a f (xo) + ee “FO (a \+ peti 4A = f (xo a h), (4.64) 


then F(x) satisfies all the conditions of Rolle’s theorem so there must exist a point 
a=£=29+ 6h, 0< 6 <1, such that F’(¢) =0. Differentiate the equation (4.63) and 
show 


m(xo +h — x)" 
m! 


* f(a) |—(p+1)(aoth—2)? A 


which can be simplified as follows. 


i h—x)™ Th h—x)™-1 

F’ (2) = (xo ~— x) fort (2) 2 m(xo ~~ L) ia) CPOE SN Ces ree 
Mo= ne) » (aot B= 2) 4019) — (pt ANlco + h—a)P A 
Fi (g) =GOF BA)" pont (a) — (p+ Ale th 2)? A 

, (4.65) 
At «=€=2 9+ 6h it follows that 

Fg) = GEO" pong — 4 1)(h—onyr A =0 
a condition which requires that 
Al — @)|"— 
eal ae P port (e) (4.66) 


Substituting A from equation (4.66) into the equation (4.64) produces the result 


m evade We -. 0)|P—P n 
f(xo +h) = f (zo > (a @aayal gree) 


Let x = 29 +h and write the above equation in the form 


fl) = f(0) + 9) E— 20)" p09 (20) + Ral, 20) (4.67) 


m=1 


where R,,(z, zo) is the Schlomilch'? and Roche" form of the remainder term given by 


(x — ao)? T(x — ) 


(p+1)n! —frO(g) (4.68) 


File XQ) = 


where € = 2) + 6h, for 0 < 6 < 1 and p is a constant satisfying 0 < p <n. Note that 
in the special case p = 0 there results the Cauchy form for the remainder and when 
p =n there results the Lagrange form for the remainder. 

No one can sum an infinite number of terms on the computer. In order to use a 
Taylor series expansion to represent a function for computational purposes, one must 
chop of the infinite series or truncated it after n-terms. Knowing and controlling 
the error associated with the part of the infinite series that is thrown away is very 
important in applications and use of Taylor series when summation with a computer 
is used. If the remainder term is known, then it is possible to work backwards by first 
specifying an error tolerance and then determining the number of terms n required 
to achieve this error tolerance for the values of « being used in the application of 
the Taylor series. 


Example 4-30. (Alternative derivation of L“Hépital’s rule) 
Assume the functions f(x) and g(x) have the Taylor series representations 


pi (x9) 


g(x) =g(xo) + g'(xo)(x — zo) + LAO) G5) eae 


which are convergent series in some neighborhood of the point x. One can then 


f(x) 


express the limit lim J") in the form 


g(x) 
sg, {LO +L Cea) = 20) + Pe ~ ao) + es 
**° o(x9) +9! z0)(e — 20) + 2) (a — a9)? + 


The L“Hopital’s rule can be derived by considering the following cases. 


10 Oscar Xaver Schlémilch (1823-1901) a German mathematician. 
11 Edouard Albert Roche (1820-1883) a French mathematician. 
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Case 1 If f(xo) =0 and g(x) = 0 but g/(zo) £0, then equation (4.69) reduces to 


f'(@o) + Fro) (x — 20) + Peo) (a — ro)? pa ae f'(xo) f'(z) 
lim 7 a =F = lm | (4.70) 
aia fe a g (20) ( Sto) g (20) ( on )? i g' (xo) exo g'(x) 
2! 3! 


and so L’Hopital’s rule takes on the form 


f(z) _ 4, f(z) 
ratty g(a) — #0 g(a) 
Case 2 If f(xo) =0, f’(xo) =0, g(ao) = 0 and g'(zo) = 0, but g"(xo) #0, then equation (4.69) 
reduces to the form 


i (x9) f’'" (x0) 


+ (a x ) +e: " " 
lim 2! 3! ° = f (xo) = Al hi (x) (4.71) 
Z—-2X0 G (x9) g (0) ( ‘ ) ree g''(x0) L—2o g(x) 
2! 3! 7 
and so in this case the L’Hopital’s rule takes on the form 
2 ee el ae eg i) 


lim = lim = lim 
L209 g(x) L220 g'(x) L220 g(x) 


The above examples illustrate that one can reapply L“Hopital’s rule whenever 


the ratio of derivatives gives an indeterminate form. 


r 
Indeterminate forms 0-00, co — oo, 0°, «0°, 1° 
If the limit lim f(z) ag or lim f(z) = = then the limits are said to have 
ero g(z) O 2-420 g(t) 


indeterminate forms and are calculated using the L’Hopital’s rule 


Hs 0S) 


sto g(a) #80 g(a) 


if the limit exists. 
Other indeterminate forms are 
lim f(z)g(x) = 0-00 or lim f(x)g(x) = o0-0 
lim [f(x) — g(x)] = 00 — 00 


lim f(x)9 = 0° 


xL—>XO 
lim f(a)9® = 00° 
lim f(x)9™ = 1° 


The general procedure used to investigate these other indeterminate forms is 
to use some algebraic or trigonometric transformation that reduces these other in- 
determinate forms to the basic forms ? or & so that L“Hopital’s rule can then be 


applied. The following examples illustrate some of these techniques. 
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Example 4-31. Evaluate the limit lim [ese a -In(1+ 2)] 
Solution If « = 0 is substituted into the functions given one obtains oo -0 which is 
an indeterminate form. Products of functions can be written in alternative forms 


using algebra. For example, 


f(a)-g(0)= 2 or fa) -g(z) = © 
g(a) f(z) 
: oS sents fe 5 _ In(l+z) Tee eee 
If the given limit is expressed in the form lim ————, then one can use L “Hopital’s 


z->0 sing 
rule to investigate the limit. One finds 


1 
In(1 
(eg at ae og 
x—0 s1n v xz—-0 COSZx 


Example 4-32. Evaluate the limit Bey eee — tanz) 


x 


Solution Investigating this limit one finds that it depends upon how x approaches 
n/2. One finds eens —tanz) = cs — _jim, tana = +(oo — oo) which is an 
indeterminate form. Using appropriate trigonometric identities the given limit can 
be expressed in an alternative form where L“Hopital’s rule applies. One can write 


i ; 1 sin x . 1—sinz ‘ — COs x 0 
lim (secx —tanz) = lim = lim = lim — = =0 
zon /2 tz—onr/2 \ COSX COs & tzor/2 COSX zonr/2 —SInx —l 


Example 4-33. Evaluate the limit lim |x|” 
Solution This limit gives the indeterminate form 0°. One can use the identity 


|z| = e™!*l and write 


lim \a|” = lim evn |e| = clime—o z-In |x| 


x—0 xz—0 


Here lim,_.9 z -In|z| gives the indeterminate form 0-(—oo). Writing 


l 
lim x -In|a| = lim el 
x—0 x—0 = 
one can apply L’Hopital’s rule and show 
eee ian eG yj (—2) =0 
pee ele as ee 


Consequently, one can write lim |a|” = lim e”™!*! = e® =1 
x—0 x—0 
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Example 4-34. Evaluate the limit lim (« + 9)!/"" 
Solution This limit gives the indeterminate form oo°. One can use the identity 


(2 +9) = e™@+% and write 


lim (x +4 g)i/a" aa ext n(x+9) a elima—oo net) 
Apply L’Hopital’s rule to this last limit and show 
l - 1 
lim mets) = lim 2+2 = lim =0 
Therefore 
lim (x + ges = ¢limeroo MS _ 9 1 


a 
Example 4-35. Evaluate the limit lim (2 — Br) 
Solution This limit gives the indeterminate form 1°. Write 
lim (2 — 37)1/* = lim ex 2-3") _ glims +o BGS* 
x—0 «2-0 
Recall that 
d d In3 In3 
EP zin a Zz in sal = x -] 
aa ane e€ n3= 3" -In3 
and consequently when L’Hopital’s rule is applied to the above limit, one finds 
1 (—3?- m3) 
xz - . — . n 
Hy 8) i oes =—I1n3 
z—0 x z—0 1 
Therefore, 
: n(2—3” 1 
lim (2 _ BP ie = clims—o Bees = In3 _ 3-1 = 5 
a 


Modification of a Series 
Let un > 0 for all n and let {v,} denote a bounded sequence satisfying |vn| < K, 


where K is a constant. If the infinite series S- Un 1s a convergent series, then the 


n=1 
co 


series ) UnUn will also be a convergent series. 


n=1 
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This follows from an analysis of the Cauchy condition for convergence. Select an 
integer value N so large that for all integer values n > m > N the Cauchy convergence 
condition satisfies 


n 
|Un — Um| = |thmga + tense tess t+Unl < 55 lui < 
i=m+1 


n n 

S > uvi| < S- |usv;| and since the terms v; are bounded, it follows that 
i=m+1 t=m+1 
jusv;| = uslv;| < uz so that the Cauchy condition for convergence becomes 


n m 
) Uz,Ui ) Uz Ui 
=h al 


so that the infinite series $~ u,v; is convergent. 
i=l 
Conditional Convergence 


then write 


n 


s S Jusvi| < K 3 luil < K (5) =e 


i=m4+1 i=m+1 


An infinite series )>°°_, un is called a conditionally convergent series or semi- 
convergent series, if the given series is convergent but the series of absolute values 
is not convergent. 


As an example, consider the alternating series given by 


This alternating series converges, however it is not absolutely convergent because 
the series of absolute values turns into the harmonic series which diverges. The 
series is therefore said to be conditionally convergent. 

In dealing with an absolutely convergent series, the rearrangement of terms does 
not affect the sum of the series. However, in dealing with a conditionally convergent 
series, the value of the sum can be changed by using some special rearrangement of 
terms and some rearrangements of terms can even make the series diverge. Condi- 
tionally convergent series are very sensitive to any changes made to the summation 


process. 


Algebraic Operations with Series 
Examine the series operations of addition, subtraction and multiplying a series 
by a constant term together with the operation of multiplying two infinite series as 


these are operations that occur quite frequently when dealing with infinite series. 
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Addition and Subtraction 
Two convergent series can be added or subtracted if one is careful to maintain 
parenthesis. That is, given two series A = S°~_)a, and B = 5°, 6, then these series 


can be added or subtracted on a term by term basis to obtain 


S= So an+ S> bn = S—(an + bn) =(a0 + bo) + (aa + b1) + (a2 + b2) + (ag + b3) +° + 
n=0 n=0 n=0 

D= So an — S— bn = So (an — bn) =(ao — bo) + (a1 — 61) + (a2 — be) + (ag — b3) + °° 
n=0 n=0 n=0 


The use of parentheses is important because the b, terms may be negative and 
in such cases the removal of parenthesis is not allowed. That is, the addition or 
subtraction of two infinite series is on a term by term basis with parenthesis being 
used to group terms. The partial sums are given by A, = 7), am and By = 7" 9 bm 


so that the sum S$ and difference D can be expressed 


lim S, = lim SY” (am +m) lim D, = lim S° (an — bn) 
m=0 m=0 
S= lim A, + lim B, D= lim A, — lim B,, 


Multiplication by a Constant 


A series 3>*° 4a, can be multiplied by a nonzero constant c to obtain the series 


lee) lee) 
cS ag= > (Can) = Cag + ca, +cag+ca3+--- 
n=0 n=0 


The multiplication of each term by a nonzero constant does not affect the conver- 
gence or divergence of the series. 
Cauchy Product 


If the infinite series S- Gn =a) +a, + a2 +a3 +--- and the infinite series 
n=0 


Ss" by = bo +b, + bg +63 +++. are multiplied, then the product series can be written 
n=0 


agbo + a9b1 + agb2 + agb3 +-+++aobn +--- 
+ abo + a1by + ayb2 +. a1b3 +--+ + a1bn +--- 
+ agbo + agby + agbz + agb3 +--+ + agbn +--- 
+ azbo + agb1 + a3be + a3b3 +--+ + agbn +--: (4.72) 
carer 
+ Anbo + Andy + Gnb2 + Gnb3 +--+ + anbn +-°° 
Spiticess 


and this result can be grouped into a summation in any convenient way. The Cauchy 
method of grouping is to use a summation of terms on a diagonal starting in the 
upper left corner of the sum given by (4.72) and drawing diagonal lines from column 
n to row n and then summing the results. This gives the elements {c,,} from the 
double array defined as the diagonal elements 

Co =Aagbo 

Cy =a1bo9 + andy 

C2 =A2b9 + a1b1 + agbe 


€3 =a3bo + ab, + a,b2 + agbs 


Cn =Anbo + Qn—161 + Gn—2b2 ++ +++ a1bn—1 + Aobn = S- Abn —i 
i=0 


and consequently the product series, called the Cauchy product, can be represented 


(> | bs | SS ( wi (4.73) 
n=0 n=0 n=0 n=0 \i=0 
The Cauchy product is often used in multiplying power series because the result 
is also a power series. The Cauchy product is just one of several different definitions 
which can be used for the representation of a multiplication of two infinite series. 
If the summation of the series begins with the index 1, instead of 0, then 


[oe) 


n=1 


o27 
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Bernoulli Numbers 
The sequence of numbers {B,,} defined by the coefficients of the Maclaurin series 


expansion 


x = dd 
= ) Bey eles 2a 
= 1? 
1 = n! 


are called Bernoulli’? numbers. Multiply by e? —1 and use the Maclaurin series for 


the exponential function along with the Cauchy product to show 


2 lle Ya. Lae = > Paani Lae 


Now equate coefficients of like powers of x above and show By = 1 and 


n ! n 
nN n 
Bn=> o> Bs =D (5) Bi for n >2 (4.75) 
og)! rae 
I= JF 
Verify that Bo = 1,B, = —4, By = %,B3 = 0,B, = —%,... Alternatively, expand the 
3 4h ‘ 
function a ina vee series about « =0 and show 
e — 
ee ie 1 a? 1 «4 _ i a8 1 28 _ 5 10 691 x}? ; 7Ta!4 3617 «16 43867 «18 
et —] 2° "6 304! 426! 308! 6610! 273012! 614! 510 16! 798 18! 


These expansions produce the Bernoulli numbers 


eA AT EGE OEE te SF 8 


| Bo | 1 | 3 | & | a | | eo | ae | oes | | “Re | 
Here the odd Bernoulli numbers are given by B2,4; =0 for n> 1. 
Euler Numbers 


The sequence of numbers {£,,} defined by the coefficients of the Maclaurin series 


expansion 
TT 
= Boe es 
i= a5 >> lal < 


are called Euler!’ numbers. The function f(x) is an even function of x which implies 
that the odd Euler numbers satisfy F2,., =0 for all n> 0. 


12 Named after Jakob Bernoulli (1654-1705) a Swiss mathematician. Due to scaling, indexing and sign conven- 
tions, there are alternative definitions for the Bernoulli numbers, sometimes denoted B,, (see table of integrals). 


13 Named after Leonhard Euler (1701-1783) a Swiss mathematician. Due to scaling, indexing and sign con- 
ventions, there are alternative definitions for the Euler numbers, sometimes denoted Ey (see table of integrals). 


Consequently, 


Jer 2 ee ee ae 
= = = geche = E,— = Esa 3 
f(a) e& +] e@+e-% ae dX n! Z : (2m)! 


A multiplication by e?” +1 and a Maclaurin series expansion of e?” together with an 


application of the Cauchy product formula demonstrates that 

ys. [ee] [yeas 
n=0 n=0 

By equating like powers of x show Ey = 1 and 


moe" 
Fi =9 E,, forn>1 
24 k(n — ky! a 


QNran 


gn—-ky» 


‘Leg >) ee n! +S 


n=0 k=0 n=0 


n 


Alternatively, expand the function f(x) = in a Maclaurin series and show 


Qe” 
e2@ 141 
2 4 76 78 gO gi2 a i4 
= 5 61 (38h 50521 = 2702765, — 199360981 -— 
F(a) or a at 8! Tila mo, 


These expansions produce the Euler numbers. 


eee esses | 


EC 
Pes et [5 [or [1385 | -soser | 2ro27as | 19035008 [ 


Here the odd Euler numbers are zero and F2,,; = 0 for n =0,1,2,.... 


Example 4-36. Additional Series Expansions 


One can verify the following infinite series expansions. 


tan x =x + e + zh SP eooe zi Colle ee 333 |z| < “ 
3 15 (2n)! 2 
cot x ae za 2a? Bye a leer g 
x 3 45 945 (2n)! 
she i Oe ig PO hes jzi< = 
2 24 (2n)! 2 
Aeieeee in 72° ‘i 312° eae 2 Baa iste Weseped 
zx 6 360 15,120 (2n)! 
fa 2x5 g2n g2n ae B,x?""1 1 
Vn egg aa Eee 
Le ES eae sal Pe ADP eet) Bana 
cothx ae Fp ey ) Si ) +:--- O0<|zt|<a 
sech xz =1 x? , dat 61a? Ene jz) <= 
2 24 720 (2n)! 2 
esha ee i Te = 319° ites saat (—1)"2(2?"-1 —1)B, 2?"-1 ‘pou. cab iea 
By 6 360 15,120 (2n)! 


where B,, are the Bernoulli numbers and £,, are the Euler numbers. 
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Functions Defined by Series 
If {fn(x)} , n =0,1,2,..., denotes an infinite sequence of functions defined over an 
interval [a, bj, then other functions can be constructed from these functions. 


Many functions F(z) are defined by an infinite series having the form 


[oe) 


F@)= 35 g4@) (4.76) 


j=0 


where co, ¢1,¢2,... are constants. To study the convergence or divergence of such 
series one should consider the sequence of finite sums {F,,(x)} where 


n 


Fy (x) = So ej fj (x) = cofo(x) ter fi(w) +--+ + enfn(2) (4.77) 
j=0 
for n = 0,1,2,.... The sequence {F,,(x)} is called the sequence of partial sums asso- 


ciated with the infinite series (4.76). The infinite series is said to converge if the 
sequence of partial sums converges. If the sequence of partial sums diverges, then 
the infinite series (4.76) is said to diverge. 

The sequence is said to converge uniformly on an interval a < x <b to a function 


F(a), if for every « > 0 there exists an integer N such that 
|F, (x) — F(2)| <e, for all n > N and for all x € [a,}] (4.78) 


Example 4-37. 
(a) From the sequence of functions {sinnz} one can define the Fourier sine series 


expansions 


Fa@)= S- by, sin nx (4.79) 
n=1 


where the b,, coefficients are constants. 
(b) From the sequence of functions {cosnz} one can define the Fourier cosine series 
expansions 
G(x) =ao+ > An COS NX (4.80) 
n=1 
where the a, coefficients are constants. The study of Fourier series expansions 


has many applications in advanced mathematics courses. 
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Generating Functions 
Any function g(z,t) which has a power series expansion in the variable t having 


the form 
= oat = go(x) + bi(x) t+ Go(x) #7 +---+bm(x)t™ +-- (4.81) 


is called a generating function which defines the set of functions {¢,()} for the 
values n = 0,1,2,.... In the above definition scaling of the terms sometimes occurs. 


For example, the eietne nc n = 0 can be changed to some other value and 


sometimes t” is replaced by £ or" Some examples of generating functions are the 
following. 
(i) g(z,t) = =e ie 


= 1- fey 7; 
(ii) g(a,t) = Reese S| (cos n6) t 


we tsin : ‘5 
(iii) g(a,t) = i eee S “(sin nd) t 


(iv) g(a,t) = <3 er) t" 


n=0 


(v) ge j= Oot Py = => P,,( Legendre polynomials {P,,(x)} 


(vi) g(x,t) =(1—t)~t exp (= ae ys Lal Laguerre polynomials {L,,(«)} 
There are many other special Fincaone which can be defined by special gener- 


ating functions. 


Functions Defined by Products 
Given a sequence {f,,} of numbers or functions, one can define the finite product 


|| f=fifefs---f, and then the infinite product is written 


wl 


[| f=fifefs--- where TL = lim A= = lim fifo---fn 
i=1 


tT 


if this limit exists. Let S,, denote the finite product S$, = II f; and take the logarithm 
i=l 


of both sides to obtain : : 
nS, =n[ [A= S mf (4.82) 


i=1 
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One can then say that the infinite product II f; is convergent or divergent depending 


7=1 
love) 


upon whether the infinite sum Ss" In f; is convergent or divergent. 
w=1 


Example 4-38. Some examples of infinite products 


(a) The French mathematician and astronomer as Viéte (1540-1603) discov- 


\/ NV 2 2 
ered the representation z =%. Z 2 = a z ee 


(b) The English mathematician J John Wallis (1616- 1703) decavered the representa- 
qm 22 44 6 6 7 8 ‘ 


tion 
whe SiC gs ope te Oe 
(c) The German mathematician Kaa Theodor Wilhelm Weierstrass (1815-1897) rep- 


resented the Gamma function as the infinite product 


ty = 2e" TI [+ 2) ew (-2)] 


where y = 0.577215665...iS known as the Euler-Mascheroni constant. 
(d) Euler represented the function sin@ as the infinite product 


. 6? 6? 6? 
ee ace eee 


[o,e) 


(e) One definition of the Riemann zeta function is ¢(z) = S> Another form 
n=1 
is C(z) = II — where {p,} denotes the sequence of prime numbers. The 
n=1° Pn 


Riemann zeta function has many uses in number theory. 


Continued Fractions 
Continued fractions occasionally arise in the representation of various kinds of 


mathematically quantities. A continued fraction has the form 


by 


f=aot (4.83) 
bo 
ay + 
+ is 
a 
2 es ba 
37 A bs 
uA a5 — Bde 
where the coefficients ao, a1,...,61, b2,... can be real or complex quantities. They can 


be constants or functions of z. 


In general, when using the continued fraction representation“ given by equation 
(4.83) the coefficients ao, {a;} and {b;}, i= 1,2,3,... can be constants or functions of 
x and these coefficients can be finite in number or infinite in number. The pattern 
of numerator over denominator can go on forever or the ratios can terminate after 
a finite number of terms. A finite continued fraction has the form 


fin = a + 1 (4.84) 


b 
ay + a 


az + 


which terminates with the ratio Bn 


Terminology ‘ 
(i) The numbers 04, bz, b3,... are called the partial numerators. 

(ii) The numbers ay, a2, a3,... are called the partial denominators. 

(iii) If the partial numerators 6;, for i = 1,2,3,... are all equal to 1 and all the a; 
coefficients have integer values, then the continued fraction is called a simple or 
regular continued fraction. A simple continued fraction is sometimes represented 
using the shorthand list notation f = [ao; a1, a2,a3,...] where the a;, i = 0,1,2,... 
are called the quotients of the regular continued fraction. 

(iv) The continued fraction is called generalized if the terms a; and 6; for i = 1,2,3,... 
do not have any restrictions as to their form. 

(v) The ratio of terms notation as illustrated by the equations (4.83) and (4.84) is 
awkward and takes up too much space in typesetting and is often abbreviated 


to the shorthand Pringsheim!’ notation 


Spt i ON ve SUN a (4.85) 
2 


for a finite continued fraction terminating with the & term and in the form 


vy 2 


f= ao +) rinatcbsia tr (4.86) 


a2 


14 Take note that the starting index is zero. Some notations use a different starting index which can lead to 
confusion at times. 
15 Alfred Israel Pringsheim (1850-1941) a German mathematician. 
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for an infinite continued fraction. Historically, the shorthand notation originally 
used for representing an infinite continued fraction was of the form 


is SUPE Ube 


= ag + — Sise 
f= a9 a1+ ag+ ag+ 


(4.87) 


where the three dots indicates that the ratios continue on forever. 

(vi) If the continued fraction is truncated after the nth term, the quantity f, is called 
the nth convergent. 

(vii) The continued fraction is called convergent if the sequence of partial convergents 


{fn} converges, otherwise it is called a divergent continued fraction. 


Evaluation of Continued Fractions 
Consider a regular continued fraction which has been truncated after the nth 


ratio 
1| 
lag 


1 | 


[an 


ly 


1 1 
+ Pores (4.88) 


1 
in = 0 + 4 
lay a3 aa 


To evaluate this continued fraction start at the bottom and calculate backwards 


through the continued fraction. For example calculate the sequence of rational 


numbers 
1 1 1 1 
Ty = An-1+—, "2 = An-2+—, +°°,%n-2 = G2+ » Mn-1 = a+ ite Jan =]Ger 
An ry n—-3 Tn-2 Tn-1 
For example, consider the continued fraction 
[ee ea ee ee eee 
eae pall eee ea 
and start at the bottom and calculate the ratios 
1 31 6 130 31 421 
=5+-=—, —4 aay SS eas =3 Same as Mey 
. 6 6 2 =4*ta7= 3p "=" + 739 = To 
9 130 972 421 1393 
Ta. =—2- OOO I re == SS 
i oo a TP 972 972 


Continued fractions have a long history of being used to approximate numbers 
and functions. In 1655 John Wallis discovered an iterative scheme for calculating 
the partial convergents of a continued fraction in the forward direction. His iterative 
scheme can be written as follows. Define 


A_j = 1, Ao = ao, B_y = 0, Bo =1 (4.89) 
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and for j = 1,2,3,4,... define the recursion relations 
A; = G7 A get + b; Aj_2, B; = a;By-1 + b; Bj—2 (4.90) 
or the matrix equivalent 


4.91 
Baas Bj-2 b; ( ) 


Aj-1 oe E 


then the ratio f, = on is the nth partial convergent and represents the continued 


n 


fraction after having been truncated after the ve term. A proof of 

the above assertion is a proof by mathematical induction. For j = 1 one obtains 
Ay =a; Ap + 6; A_1 = aja9 + 04 
B, =a, Bo +6; B_, = a4 

so that the ratio f; is given by 


f= 7 _ aaq + by ys by 
1 ay ay 


Similarly, for 7 = 2 one finds 
Ay =a2A; + By Ao = a2(a1ao0 + b1) + b2a9 
By =a2B, + b2Bo = aga, + be 

so that the second partial convergent is written 


As _ 404142 + agb2 + azb4 aN agby by 
Bo a1A2 + bg 7 a1aq + bg bo 


h= 


Hence, the recursion relations hold for 7 = 1 and j = 2. Assume the recursion relations 
holds for 7 = n such that 
Ay an Anat + bn An—2 


ea 4.92 
f Bn AnBn-1 a bi Baas ( ) 


Observe that the partial convergent for f,.; is obtained from the partial convergent 


n+1 


for f, by replacing a, by a, + . Making this substitution in equation (4.92) one 


: An+1 
obtains 


(an =p Put ) An-1 a bn An—2 An Aga1 sh bn An—2 + cee An-1 


Qn4+1 


(an + Dect ) Bn-1 + b,Bn—2 An Byn—1 + bn Bn—2 + a Basi 


An+1 1 


bya 
_ An + eee An—-1 = dpi Ag Avni Ane - f 
By + Pritt Bhi An41 Bn + Dai Past ee 


Qn4+1 


and so the truth of the nth proposition implies the truth of the (n+1)st proposition. 
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Convergent Continued Fraction 


Examine the sequence of partial convergents fp, = —~ associated with a given 
n 
continued fraction. If the limit lim fn = lim — = f ezists, then the continued 
n—co n—co 


fraction is called convergent. Otherwise, it is called a divergent continued fraction. 
Regular Continued Fractions 
Regular continued fractions of the form 
1 1 1 
rere SEND Sse sel e (4.93) 
lay | az | 


are the easiest to work with and are sometimes represented using the list notation 
f= Obs O13 Gos dst h ll es (4.94) 


Example 4-39. (Continued fraction) 
The representation of a number x as a regular continued fraction of the form 
of equation (4.93) is accomplished using the following algorithm to calculate the 


partial denominators a; for i = 1,2,3,...,n. 


1 
ao =e, r= 
«— ag 
1 
ay =o); r= 
BE ad (4.95) 
1 
an =a In+1 = 
n — an 


where [2] is the greatest integer in x function. For example, to represent the number 
x = 7 = 3.1415926535897932385... as a continued fraction one finds 


1 
dy le] 3, t= a5 = 7.0625133059310457698 . .. 
1 
ay = lal = 7, tg= = 15.9965944066857199... 
17 
Ge =lt5)S 1p; we = 1.0034172310133726... 
v2 — ag 
apa (raat, w= = 292.63459101440... 
23 — a3 


and so one representation of 7 as a continued fraction has the list form given by 
f =7 = [3;7, 15, 1, 292,...] which gives the following rational number approximations 


for x. 
22 333 355 _ 103993 


fi =3, ham fs = 106 fa= Tia) 5 33102” 


Continue the above algorithm and show 
f =n =[3;7, 15, 1, 292, 1,1,1,2,1,3,1,14,..] 


A generalized continued fraction expansion for 7 can be obtained from the arctanz 


function evaluated at «= 1 to obtain the representation 


T 1| 


= 1| 
4 {1 


[3 


4| 
[5 


9| 
[7 


16| 
| 9 


25 | 
[11 


36 
113 


tef4¢S4¢ 40+ ota 


where all the partial numerators after the first term are squares and the partial 
denominators are all odd numbers. 
Other examples of mathematical constants represented by regular continued 


fractions are 
e =(2;1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,..] 


+ =[0;1,1,2,1,2,1,,4,3,13,5,1,1,8,1,2,4,40,1,..] 


Euler’s Theorem for Continued Fractions 
Euler showed that the infinite series U = u; + ug + uz +--- can be represented by 
the continued fraction 


pa | U2 | uUu3 | U2gUa | ugus | UnUnt2 | 
| 1 [uy + ue luz + us |g + wa lug + us [apace thas 


(4.96) 


The convergence or divergence of this continued fraction is then closely related to 

the convergence or divergence of the infinite series which it represents. 

Gauss Representation for the Hypergeometric Function 
Carl Fredrich Gauss (1777-1855) a famous German mathematician showed that 


the hypergeometric function could be represented by the continued fraction 


(a—c)b (b—c—1)(a+1) (a—c—1)(b+1) (b—c—2)(a+2) 
2Fi(a+1,b;e+1;z) _ as (er) *| (eF1)(e+2) i (eF2)(e+3) els. (e+3)(e+4) Laas 
2F\(a,b;c;z) [iy 29a | 1 | 1 | 1 


Representation of Functions 
There are many areas of mathematics where functions f(z) are represented in 


the form of an infinite generalized continued fraction having the form 


f(x) = ao(@) + (4.97) 


a(x) + 
a(x) + 


oT 
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bn+1(2) 


An+1(£) + Pn42(Z) 
more compact form 


where ryii(xz) = 


. This continued fraction is often expressed in the 


I pee (4.98) 


in order to conserve space in typesetting. It is customary to select the functions 
ag(x),a;(2) and b;(x), i = 1,2,3,... as simple functions such as some linear function of 
x or a constant, but this is not a requirement for representing a function. If one 
selects the functions },;(a) and a;(x), for i = 1,2,3,... as polynomials, then whenever 
the continued fraction is truncated, the resulting function f,,(7) becomes a rational 
function of x. The converse of this statement is that if f(x) is a rational function of 
x, then it is always possible to construct an equivalent continued fraction. 
Observe also that the reciprocal function is given by 


1 = 1 |, bdr(e)| , bo(e)| , o3(z)| , Pn) 
Fe) ~ Vaotey * Varta) * Taste) laste) 1° Fan(e) * ie 
Example 4-40. (Arctangent function) 


Assume the function arctanz has the continued fraction expansion 


arctanz = z (4.100) 
ay + 
: a Ax? 
a 
“ Qa? 
a 
7 4 16x? 
a 
25a" 
as + 
ag + sae 
where aj, a2,... are constants to be determined. Note 
ey arctanr 1 
ay x0 x 
and the continued fraction (4.100) has the form 
x x 1 4 
t _ _ 1- 2 ested 
aoe aytry m arctanz 3" 45 % 
x x 4 36 
= ——— = 3 — 2 4 
Pe ei chipe 2 i ae 


Continuing this iterative processes one obtains 


Ag? ae Ag? 59,2 164 % 
r2 = r= = 5x x 
‘ a3 +173 : Ts 7 49 
9x? =a 9x? 7-162 400 4 rf 
r= Tr4= = x x are 
ee ee <a 9 891 
(na)? (na)? (n+1)?_» 
Tn = SS ofan SE Pt 1-1 re -:- 
An+1 + Tn41 oe Tn [2 ee 2(n+1)+1 


Observe that lim, r;(x) =0 so it is possible to calculate the coefficients a;, i= 1,2,3,... 
and show 
(@1, G2, G3, 24, 05,.--,An,---) = (1,3, 5,7,9,...,2n+1,...) 


Evaluating the arctangent function at 2 =1 gives the continued fraction 


T 1 | 


= 1 
Chal | 


[3 


4| 
[5 


9| 
[7 


16 | 
| 9 


25 | 
[11 


36| 


+ 73 


424+ 24+ 54+ 01+ 


given in the previous example 4-29. 


Fourier Series 
Consider two functions f = f(x) and g = g(x) which are continuous over the 
interval a < x <b. The inner product of f and g with respect to a weight function 


r=r(x) >0 is written (f,g) or (g, f) and is defined 


b 
(Ka=@f= i (ce) f(@)g(a) de (4.101) 


The inner product of a function f with itself is called a norm squared and written 


|| f ||?. The norm squared is defined 
b 
IFP=G.= | r@r@d (4.102) 


with norm given by || f |= /(f,f). If the inner product of two functions f and g 
with respect to a weight function r is zero, then the functions f and g are said to be 


orthogonal functions. 
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Example 4-41. The set of functions {1,sinz,cosx} are orthogonal functions over 
the interval (0,7) with respect to the weight functions r = r(x) = 1. This is because 


the various combinations of inner products satisfy 
(13sin gs) = [a)sine ae = '0 
(cosa = fo cosxz dz = 0 
(sinz, cos x) = [ sinxcosxdx = 0 
The given functions have the norm squared values 
(1,1) =I11 [P= f° @)?de = x 


wig 
sin x, sinx) =|| sinz ||?= sin? 2dr = 
(sina, sina) =|] | : 


NIA NIA 


T 
COS XY, COST) =|} COS ZX — cos? « dx = 
(cos x, cosa) =| | 

0 


| 
A set or sequence of functions {f;(x), fo(x),..., fn(a),-.-, fm(x),...} is said to be 
orthogonal over an interval (a,b) with respect to a weight function r(x) > 0 if for all 


integer values of n and m, with n 4m, the inner product of f,, with f, satisfies 


b 
(an eae / +(e) fm(e)falt)de=0 men. (4.103) 


Here the inner product is zero for all combinations of m and n values with m ¥ n. 
If the sequence of functions {f,(x)}, n =0,1,2,... 18 an orthogonal sequence one can 
write for integers m and n that the inner product satisfies the relations 

0, meén 

| fn |l?, man 


b 
(Fm: fa) = (fms fn) = f r(x) fn(@) fm(£) ae { 


This result can be expressed in the more compact form 


0 
(fins fn) = IIfnll?mn = { ie oe mee (4.104) 


m=n 
where ||f,||? is the norm squared and 6,,,, is the Kronecker delta defined to have a 
value of unity when m and n are equal and to have a value of zero when m and n are 


unequal. 
0 
bmn = { wee (4.105) 


1, m=n 
In the special case where ||f,,||? = 1, for all values of n, the sequence of functions 


{fn(x)} is said to be orthonormal over the interval (a, 0). 


Example 4-42. If the set of functions {g,(z)} is an orthogonal set of functions 
over the interval (a,b) with respect to some given weight function r(x) > 0, then the 


set of functions f,,(x) = fut) is an orthonormal set. This result follows since 


1 


7 Po nggy tale), Sal) 
(Fnofin) = mtn) = f eal Waal heal lo 


since the norm squared values are constants. The above inner product representing 
(fn, fm) is zero if m#n and has the value 1 if m =n. 


Example 4-43. Show the set of functions {1, sin "2%, cos 2%} is an orthogonal 
set over the interval —L < x < L with respect to the weight function r= r(x) = 1. 


Solution Using the definition of an inner product one can show 


L 
(1, sin ““*) = sin” dx =0 166 w= 19 3.44. 
L See 


L 
(1, cos =") = eae = 0 for n = 1,2,3,... 
L L 
aS 3 


i 
nx mrx NTL . mra 
i i i i dx = 0 4.106 
(sin TZ sins ) [sin ZT sin de n#zm ( ) 
re 
(cos "F,cos EE) =f cos cos de=0° sem 
E 
(cos “sin ™) = | cos sin dx = 0 for all n,m values. 
=f, 


The given set of functions have the norm-squared values 


L 
(,1)=|fIP=f de= 20 


(sin ——, sin) =|| sin —||? 


L 
7 7 - [sx — x=L for all values of n (4.107) 


L 
) =|| cos —|? = i cos” —= de =L for all values of n 
=f 


Z 
A Fourier’® trigonometric series representation of a function f(x) is expressing 


f(z) in a series having the form 


NTL 


ie) Stak Denes L OT ers where —-L<2<L (4.108) 


16 Jean Baptgiste Joseph Fourier (1768-1830) A French mathematician. 
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with ag and an, b, for n = 1,2,3,... are constants called the Fourier coefficients. If the 
Fourier coefficients are properly defined, then f(x) is said be represented in the form 
of a trigonometric Fourier series expansion over the interval (—L,L). The interval 
(—L,L) is called the full Fourier interval associated with the series expansion. 

One can make use of the orthogonality properties of the set {1, sin 24“, cos ““} to 
obtain formulas for determining the Fourier coefficients of the Fourier trigonometric 
expansion. For example, if one integrates both sides of equation (4.108) from —L to 


L one finds 
[1 d= a5 drt Yom f cos FE d+ Yn f sin de 


and this result can be expressed in terms of inner products as 


TX 
(1, f(x)) = ap || 1 |? + onl (1, ,cos 1+ ota (1 ,cos 
By the above orthogonality properties one finds 


f(a) So. f(e)de 1 = ft 
ie “ a = J a - =5 ie f(x) dx (4.109) 


If one multiplies both sides of equation (4.108) by sin™®* and then integrates 
both sides of the resulting equation from —L to L, the result can be expressed in 


terms of inner products as 


Le ee 
(oe. 


1, Brees 


(f(a), sin 


gin em = _ nme, mnea 
7) + Yo cos I ) + 7 ba(sin =—, sin =—) 


n=1 


and by the orthogonality of these functions one finds the above equation reduces to 


MNT XL ~ MTL 
Tt) = bm [| sin IP 


(f(a), sin 


because the only nonzero inner product occurs when the summation index n takes on 
the value m. This shows that the coefficients b,,, for m = 1,2,3,... can be determined 


from the relations 


es Oe Lf 5 sin de for m = 1,2,3,... (4.110) 


|| sin 2 |/? 


Similarly, if one multiplies both sides of equation (4.108) by cos “2% and then 
integrates both sides of the resulting equation from —L to L, one can make use of 


inner products and orthogonality properties to show 


fa) AP se 


|| cos = ||? 


“dx for m=1,2,3,... (4.111) 


In summary, the sa oie (4.109), (4.110), ae demonstrate that the Fourier 
coefficients can be determined from an appropriate inner product divided by a norm 
squared 

(1, f) _ (cos(*F*), f) (sin(*Z*), f) 


) n NThL ’ by = = NTL (4.112) 
| 11? | cos(#2*) |? || sin(**) [I 


Note that the set of functions {1, sin "2", cos "#“} are periodic functions with period 


ag = 


2L and consequently the Fourier trigonometric series will produce a periodic function 
for all values of x. The notation f(x) is introduced to define the periodic extension 
of f(x) outside the full Fourier interval (—L,L). One can write 

f(a 2) = 09+ Yo 0087 +S nsin where -L<2<L 


or 


f(z) = a9 +S) an cos = + 7 by sin where —coo<2<o 
n= 


The above definitions are introduced due to the fact that f(x) 4 f(z) because the 
original function f(x) need only be defined over the full Fourier interval and f(z) is 
not necessarily a periodic function, whereas the function f(x) is periodic and satisfies 
f(@+2L) = f(a) for all values of «. 


Example 4-44. (Fourier Series. ) 


Represent the sara ie as a Fourier series 
e* =ag+ = (an cos = + bp sin a) over the interval (—L, L) 


Solution 
One must find the Fourier coefficients ao, an, bn, n = 1,2,3,... associated with the 
exponential function e*. The Fourier coefficients are calculated from the relations 
(4.109), (4.110) and (4.111). One finds 
(e7,1).. 4 i E*. 
ao nue 5 cae dx Zz sin 
(e" 60807) =A le ® cog OTE ay = 2L(—1)” sinh L 
an = [[cos =| ae e” COs xe T2 ene 
(e* sin SFE) 1 i: oy OTD —2n7(—1)”" sinh L 
=> e sin => 
|| sin "F* |? LD Jy L [? + n?r? 
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which gives the Fourier trigonometric series representation of e* as 


(4.113) 


~ sinh ie 3 2D(—1)” sinh L cog EE 2nn(—1)”" sinh L sin et 
— _— 1m 
; is P+ nr D D+ ner i 


n=1 


Figure 4-7. 


Fourier trigonometric representation of the function e* compared with e* 


The figure 4-7 illustrates a graphical representation of two curves. The first curve 
plotted illustrates the given function f(x) = e® for all values of « while the second 
curve plotted illustrates f(x) = e*, the Fourier trigonometric series representation. 
Note that because the set of functions {1, sin “#*, cos “7“} are periodic of period 2L the 
Fourier series given by equation (4.113) only represents e* on the interval (—L, L). 
The Fourier series does not represent e” for all values of x. The interval (—L,L) is 
called the full Fourier interval. Outside the full Fourier interval the Fourier series 


gives the periodic extension of the values of f(z) inside the full Fourier interval. 


Properties of the Fourier trigonometric series 

Conditions for the existence of a Fourier series are: (i) f(z) must be single-valued 
and piecewise continuous over the interval (—L, L). (ii) The function f(x) is bounded 
with a finite number of maxima and minima and a finite number of discontinuities 
over the interval (—L,L). (iii) The integrals defining the Fourier coefficients must 
exist. 
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The Fourier series, when it exists, represents f(z) on the interval (—L, L) which is 
called the full Fourier interval. The Fourier series evaluated at points x outside the 
full Fourier interval gives the periodic extension of f(z) defined over the full Fourier 
interval. 

In order for a function f(x) to have a Fourier series representation one must 
be able to calculate the Fourier coefficients ao, an, bn given by the equations (4.109), 
(4.110)and (4.111). Consequently, some functions will not have a Fourier series. 
For example, the functions +, 4 are examples of functions which do not have a 
Fourier trigonometric series representation over the interval (—L, L). Note that these 
functions are unbounded over the interval. 

If the functions f(«) and f’(a) are piecewise continuous over the interval (—L, L) 
then the Fourier series representation for f(x) (a) Converges to f(z) at points where 
f(x) is continuous. (b) Converges to the periodic extension of f(x) if x is outside the 
full Fourier interval (—L,L). (c) At points zo where there is a finite jump discontinu- 
ity, the Fourier trigonometric series converges to $[f(xj) + f(z )| which represents 
the average of the left and right-hand limits associated with the jump discontinuity. 

The function Sy(x) = ao + _, (an cos "** +b, sin “**) is called the Nth partial 
sum associated with the Fourier series and represents a truncation of the series 
after N terms of both the sine and cosine terms are summed. One usually plots 
the approximating function Sy(«) when representing the Fourier series f(«) graph- 
ically. Whenever the function f(z) being approximated has a point where a jump 
discontinuity occurs, then the approximating function Sy(«) has oscillations in the 
neighborhood of the jump discontinuity as well as an “overshoot” of the jump in 
the function. These effects are known as the Gibb’s!” phenomenon. The Gibb’s 
phenomenon always occurs whenever one attempts to use a series of continuous 
functions to represent a discontinuous function. The Gibb’s phenomenon is illus- 
trated in the figure 4-7. These effects are not eliminated by increasing the value of 
N in the partial sum. 

Fourier Series of Odd Functions 

If f(—x) = —f(x) for all values of x, then f(x) is called an odd function of x and 

f(x) is symmetric about the origin. In this special case the Fourier series of f(z) 


reduces to the Fourier sine series 


17 Josiah Willard Gibbs (1839-1903) An American mathematician. 
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F(x) = > ba sin — (4.114) 
n=1 
where 1 
2 
by = al f(x) sin — dx (4.115) 
0 


Fourier Series of Even Functions 
If f(—x) = f(x) for all values of 2, then f(x) is called an even function of x and 
f(z) is symmetric about the y—axis. In this special case the Fourier series of f(z) 


reduces to a Fourier cosine series 


F(a) = a0 + S5 an cos — (4.116) 
n=1 
where 
L 9) L 
ie if ea da. On = if f(z) cos de for n=1,2,3,.... (4.117) 
0 0 
Options 


If you are only interested in the function f(x) defined on the interval 0 < x < L, 
then you can represent this function in three different ways. (1) You can extend 
f(x) to the full Fourier interval by making it into an odd function. This extension 
produces a Fourier sine series. (2) You can extend f(x) to the full Fourier interval by 
making into an even function. This extension produces a Fourier cosine series. (3) 
You can extend f(x) is some arbitrary fashion so f(z) is neither even nor odd, then 
one obtains the full Fourier trigonometric series for the Fourier expansion of f(z). 


Figure 4-8. 


Function f(x) extended as (a) an odd function (b) an even function (c) neither 
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Example 4-45. Given the function f(x) = x for 0 < x < L. Extend this function 
to the full Fourier interval (—L,L) and express f(x) as (i) a Fourier sine series (ii) a 


Fourier cosine series (c) a Fourier trigonometric series. 

Solution 

(a) If f(x) is extended as an odd function, then f(x) =a for -L <x <L so that the 
Fourier trigonometric series 


x = NTE = _ MTL 
fa= wo + Dan cos(>—) +2 ee (4.118) 


reduces to a Fourier sine series since 


i=: 
(coal =f) 1 e Nx 
on = Tomy WE Lt ae 8 
(sin( f° 1 fo. mime L 
I) sin@) |? rf 25m )d a 


This gives the Fourier sine series 
f a) y 2( 1)? in( L. ) 
a n=1 7 


A graph of f,(x) over the interval (—3L,3Z) is illustrated in the following figure. 


Note that f,(z) is periodic and has jump discontinuities at the points —3L, —L, L 
and 3L where the Gibb’s phenomena is readily observed. 
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(b) If f(x) is extended to the full Fourier interval as an even function, then it can be 

vie 0<a<L 
—2, -L<2x<0 
(4.118) reduces to a Fourier cosine series since 


represented as f(x) = { and the Fourier trigonometric series 


+> Sa(-1+ (-1)") cos( =) 


x, O0<a<L 


(c) If f(x) is defined f(r) = {t eee then f(z) is neither an odd nor even 


function and so there results a Fourier trigonometric series with coefficients 


12 22 
(eos(@@),f) 1 7% n L 
= = Se er= een 
ie cos HE) an x cos( 7 ) dx 733 | + (—1)”) 
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A graph of f3(x) over the interval (—3L,3Z) is given in the following figure. 


Note the Gibb’s phenomena results because of the jump discontinuity in the 
periodic extension of the function. Also note that fs(x) = 4 fi(z) + fo(a)|. 


Some Spectacular Results 
1. Summation of positive powers 
For m a positive integer 


moma gma... gym — (Btn tyr Bent 
m+1 
where the right-hand side of the above equation is evaluated as follows. 
(a) Expand (B+n+1)™”*! in a binomial series. 
(b) In the binomial expansion replace B* by the Bernoulli number B, 
2. Summation of negative powers 


For m a positive integer with B2,, a Bernoulli number and ¢(m) the Riemann 


zeta function, then 


= 1 1 1 (—1)™(27)?™ Bom 
—————  _ 1 — —_——— oe a — ———. 2 
2, pam pm + 3am + Bm + 2(2m)! eer) 


Euler showed that 


n nt n° 


¢(2) = G(4) = op» 6(6) = oF 

One just doesn’t sit down and come up with wonderful formulas like the ones 
above. It takes a lot of work to make a discovery. If you don’t have a lot of informa- 
tion about a subject, then you don’t know what questions to ask about the subject. 
Therefore, one can say that the more information you have about different subjects, 
a better understanding of interrelationships between subjects can be developed. Re- 
sults like the above come about by a person getting deeply involved in the subject 
matter and investigating simple ideas which in turn lead to complicated results. 
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Exercises 


p> 4-1. Examine the given sequence {u,,} and determine if it converges or diverges. If 


the sequence converges, then find its limit. 


(4) tn = — 3 (c) un =1+ Gy (ec) m= 
n Inn n 
OY. Use (f) %, = (1 =| 


p 4-2. Examine the given sequence {v,} and determine if it converges or diverges. If 


the sequence converges, then find its limit. 


(a), Aig i = (c) Un, =1+(-1)” (e) Up, =sin(n7/2) 
nom +3n+4 2 thay _ 2" 
(b) vn = (-1) aA se (f) % = an 
p> 4-3. Find the sum of the given series 
50 10 100 
(2) S0(8+5n) (c) So(2+ 7m) (ec) $°(0.02)"" 
n=1 n=1 n=1 
20 3 5 10 10 3_ V2 m1 
b ~+-j d AtS\er? 2+V/2 
® LG Yar Hy Ye v9 (2%) 
p> 4-4. Find the sum of the given geometric series. 


es Nae eaters 
4°8' 16° 32 
Sz =0.6 + 0.06 + 0.006 + 0.0006 + --- 


Ss =(2— V3) + (7— 4V3) + (26 — 15V3) + (97 — 56V3) ++ - 
S,=vV6-V24 =V6 5v? bes 


S = 


p> 4-5. Find the sum of the given series. 
é ae 1 i r 23 i a 1 a 5 = | 1 1 | 
1 NB eT |\3 4 °L4|[nta ntrtl 


EG) s-E[@)-@Q] ska) 


i=1 i=l 
> 4-6. Determine values of x for which the given series converges. 


@ Ys © Y™ CO Y-| 
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>» 4-7. Probability Theory 
Assume that a random variable X can take on any of the values {1,2,3,...,k,...}, 
where k is an integer. If p, is the probability that X takes on the value k, then the 
probabilities p1,p2,...,px,... must be selected such that 


lo@) 


(i) Eachp,>0 and (ii) So pp=1 7(a) 


k=1 


In statistics the quantity E(X) is called the expected value of X and is defined 
B(X) =~ kpe 7(b) 
k=1 


provided the series converges. 
Show that the given probabilities satisfy each of the conditions 7(a) and then 
calculate the expected value given by equation 7(b). 


(i) De= x Cae ; el ia dik (2)' 


> 4-8. For constants a,b and r with a > 0 and b > 0 the given series are known to 
converge. Find their sums and required condition for convergence. 


love) 1 N 


= k 
Sy = 3 al? S3 a ye ar 
= k=0 
asd az? +1 N 
So = se bi S4= > (ar® + bkr*~t) 
i=1 k=0 
p> 4-9. Use partial fractions and convert the given series to telescoping series and 
find their sums. 
a) a cet : + 
We eget Bae toy Qn—DQn+) 
OY eet SE ec — ae 
feo" Pee. osea (n—2)(n—1) 
One ae ee ee eee 
) 327 152 352 (4n2 — 12 
> 4-10. Examine the Nth partial sum associated with the given infinite series and 


determine if the series converge. If the given series converges, find its sum. 


oe) 1 pom is 
CRP Sr cesycesy O- 26 cp 
(°) 2G) (d) 2s meet +3) 


Hint: Use partial fractions. 
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p> 4-11. Use the integral test to determine convergence or divergence of the given 


series. a e = 
@) = Os © >=> 
6) >= (@) () > 


> 4-12. Assume that f(x) is a given function satisfying the following properties. 
(i) The function f(x) is a continuous function such that f(x) > 0 for all values of z. 


(ii) For p>0 the limit lim n’’f(n) exists and the limit is different from zero. 


Show that S- f(n) converges if p > 1 and diverges for 0 < p< 1. 


n=1 
Hint: See modification of a series. 


p 4-13. Use the comparison test to determine convergence or divergence of the given 


series. 
= 1 = 1 O°. cos nt 
(a) Lea eo (¢) 24 34 aVh (¢) Bees 
i oo cS, eS 
= 3+2” 7 3n?2 +2n+1 = n2lnn 
> 4-14. 


(a) Verify that the given series converge. 
(b) Find the sum of the first four terms of each series and give an estimate for the 
error between the exact solution and your calculated value. 
(c) Find the sum of the first eight terms of each series and give an estimate for the 
error between the exact solution and your calculated value. 
, wl a yl ay yl = wag vl 
3: 73 (Gi) So(-1) 73 Gi) SOS (iw) So(-pers 
n=1 n=1 nma1 n=1 
> 4-15. Show that the given series converge and determine which series converges 
at the slower rate. 


> 4-16. Show that the given series diverge and determine which series diverges at 
the slower rate. 


y tangent line 


p> 4-17. Newton’s root finding method ‘To deter- 
mine where a given curve y = f(x) crosses the 
z-axis one can select an initial guess xz» and if 
f(a) # 0 one can then calculate f’(zo). From 


the values f(xo) and f’(zo) one can construct the 


tangent line to the curve y = f(z) at the point y—f(x) 

(zo, f(zo)). This tangent line given by y — f(zo) = f’(z0)(a — 20). 

(a) Show the tangent line intersects the z-axis at the point 21 = xo — f(xo)/f'(xo) 

(b) Form the sequence {z,} where r, = 2,1 — f(@n-1)/f’(@n—1) for n =1,2,3,... 

(c) Give a geometric interpretation to what this sequence is doing. Hint: What has 
been done once can be done again. 

(d) Ify= = 2? —32+1 and 2 = 1, find using a calculator 21, 22,2%3 and x4 

(e) If y= = 2? —32+1 and zo = 2, find using a calculator 21, 22,23 and x4 

(f) ee . curve y = f(x) = x? —32+1 and find the roots of the equation f(x) = 

(g) What happens if the initial guess x9 is bad? Say 2» = 3/2 for the above example. 


x 
n(n + 1) 
(a) Show that S~ f,(9/10) converges. (b) Show that S~ f,(10/9) diverges. 


> 418. Let f,(x) = 


p 4-19. Given the infinite series ey : nnn” , with p> 0. 


(a) Show the series converges for 1 p>1. 
(b) Show the series diverges for p < 1. 
Hint: Let fo(t)=t, Ai@) =Info(t), fo) =Infi(),..-, frit) =In f,(t) and show 


law _ f fin4i(t), p=1 
fo(t) f(t) fo(t) Ee 1(t) Lim)? | Gp ors p#l 


aa => 6 fo(n hte 


and then examine » 


p> 4-20. Show that if the series Un converges, then the series x, — ~ diverges. 
n=1 
p 4-21. If U, =4n? =4n(n+1)(n+2), show AU, = Uns — Ux = (k + I(k +2) aa find 


n-1 


the sum of the series S$, =1-2+2-343-4+4---+n-(n4+1) = S$ (k+1)(k+2) = yh 
k=0 
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p> 4-22. Reversion of series 


(a) Given the series 


(w-1)?  (w@—1)° 


y=y(z) =1- (2-1) +5 3i 


and it is required that you solve for x —1 in terms of y to obtain a series of the 


form 
(x — 1) = Ay(y — 1) + Ao(y — 1)? + Ag(y — 1)° + Aa(y— 1)*4+--- 


where Aj, A», A3, Ay... are constants to be determined. Substitute equation 22(b) 
into equation 22(a) and expand all terms. Equate like powers of (y—1) and 


obtain a system of equations from which the constants A;, Az, A3, Aa,... 


determined. 


(b) If the original series in part(a) is y= e~“~» and the series obtained by reversion 


is the function (x —1) = —Iny, expanded in a series about y = 1, then examine 


the approximation for x—1 by truncation of your series after the A, term. Let 


E = E(y) denote the error in using this truncated series to solve for —1. Plot a 


graph of the error E = E(y) for 1< y < 2. 


p> 4-23. Examine the given alternating series to determine if they converge. 


fore) 1 co _] n—1 eo) 4) n+l 
©) Lor (c) sy : (©) Sy ; 
ovr @ Vor wm yo 


p 4-24. Use the root test to determine if the given series converge. 


(a) Sine (c) ae (c) ae 
(0) ae © O(a) (f) ae 


p 4-25. Test the following series to determine convergence or divergence. 


@) () Ssn/s) OE 
ee 10 So) n °° 3n 


p> 4-26. Determine whether the given series converge or diverge. 
ly Be ee tice +: 
ca ae Ge ae: n+1 
3 5) 7 2n+1 
(6) 19 3554.” ? Tenet 
(c)  sin(1) + 2sin(1/2) + 3sin(1/3) + ---+nsin(1/n) + 
(d) ncos(—) 
n=1 
2 
(e) = 
nr 
n=1 
p> 4-27. Determine the convergence or divergence of the given series. 
on “1 “Od 
(a) 2 n+1 (c) 2 P (e) ree 
(nt)? ae od 2% 


p 4-28. Determine if the given series is (a) conditionally convergent, (b) absolutely 
convergent or (c) divergent. 


@ VF oy «© yee 
yo oe @ Le ow YS 


p 4-29. Determine if the given series is (a) conditionally convergent, (b) absolutely 
convergent or (c) divergent. 


(a) Dy can (c) 3 a (e) yen oF 

() yy Anas a Yet -  f) yen ae 
> 4-30. Find the interval where the power series converges absolutely. 

(a) » ae (c) 3 ne (e) Be Te 

® Yeyrs2" A are 

n=1 n=1 n=l 
p> 4-31. Let y= f(r) = + + +2 +--- and show that 
e-f@anty ttyl 


Hint: Show that y = —— 
1l+y 
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p 4-32. Explain the difference between (a) the limit of a sequence and (b) the limit 


point of a sequence. 


p> 4-33. Examine the binomial series for the expansion of (a+b)" when n is an integer. 


(n=) n-ne, Mn - I R-2) 


non n-1 n 
(a+ b)” =a” + na” "b+ ry 3) 


n _{™)_ nz0 MV n-1pl MV n-172 4... ue 1pn-1 MY) Onn 
(a+b) =(f)ars+ (T)a 4 (2)a bv + +(,",)a% + (“)aY 33(a) 


Geb? ae Se" 


ror Ss (jer 
j=0 
ni < 
where (") = { mi (n—m)! m= ‘are the binomial coefficients. 
m 0, m>n 
a) Show that (a+ 0b)” = (5) Jp) = (5) Jpr—J 
(a) aor = 3 (Marv = ("\a 


j=0 j=0 
(b) Newton generalized the binomial expansion to 


(a+b)" = s (;,) a” kok 


-1 —1)(r-2 
(ab) Sa" tra’ b+ wr) ) ray + hese 2) Jr ) ar 3y3 pts 


33(b) 


where r represents an arbitrary real number. 

(i) Show that when r is a nonnegative integer, the equation 33(b) reduces to 
equation 33(a). 

(ii) (Difficult problem) Write equation 33(b) in the form a’(1+.2)’ where zx = b/a. 
Examine the series expansion for f(x) = (1+2)". Then use the Lagrange and 
Cauchy forms of the remainder R,, to show the equation 33(b) converges if 


|a| > |b| and diverges if |a| < |b|, where x = b/a. 


p> 4-34. Let y=g()=2+-1+ 14-14. and show that 
AER oy ered edged eee Hint: Show that y=2+ 
dx |2 | ax | x lax y 


> 4-35. Let y=A(z) = os + + + +... and show that 


dy h!(2) (1+ y)cosx+ysina 

a Pes 

dz 14+ 2y+cosx —sinzx 
Hint: Show that y = [one 


> 4-36. The continued fraction function 


pei So ae Se al 
yy Qn(e) laa | tae lan la 
where ag, a1, Q2,...,@, are constants, represents a rational function of z. 
dy1 _ 1 
(a) Show that de = aa 
YQ = 
(b) Show that de = (ata 
Y3 
(c) Show that dz = Qal®p . 
(d) Can you show that in general i. = (-1)” CRONE 


SOT 


g\* g\* 0 \? 
> 4-37. Euler used the product formula sin@ = 6 c - (<) | c — (=) | _ c - (=) | ves 
1 20 nT 


1 


to represent sine of 6. Differentiate this relation and show @ cot 6 = 1426? 5 ee 
— N° 7 
n=1 


p> 4-38. Assume that Sou, and >> v, are two infinite series of positive terms and that 
there exists an integer N such that for all n > N the inequality u, < Kv, for some 
positive constant K. 
(i) If the series 3> v, converges, prove the series > u, converges. 


(ii) If the series }>u, diverges, prove the series > v, diverges. 


> 4-39. Show that the alternating p-series ors converges if p > 0. 


n=1 

: : ; 1 

p> 4-40. Consider the geometric series fae git 2g24...42%4... where 
= % 
z=re®, |z| <1 and i? =—1. Show that by equating real and imaginary parts 
1- 7 
= ent pe =1+rcos0+r?cos20+---+r"cosnf+--- 
rsin@ 


i=Sread ae =rsinf+r?sin20+---+r"sinn@+--- 


Hint: Use Euler identity e* = cos@ +i sind 


> 4-41. 
(a) Show {sinnz}, n = 1,2,3,...is an orthogonal sequence over the interval (0,7) with 
respect to the weight function r = 1. 
(b) Scale the above sequence to construct an orthonormal sequence over the given 


interval. 
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p> 4-42. Calculate the inner products and norm squared values associated with the 
given sequence of functions { f,,(x)} using the given interval (a,b) and weight function 
re) tor t= 1,9 38 
(a) {fn} ={sin =}, 0,1), r=1 
(6) {fo, fn} = {1,008}, (0,1), r=1 
€). <4 Jordiay daar 1h es —,sin = 
dy: dS forfictsh = 11 = ae? = he + Oh, Os 00) HSE 


( }, (-£,5), r=1 
( 
> 4-43. Even and Odd Functions ' 
(a) If G.(—«) =—G,(zx) for all values of z, show that i G(x) dx = 0 
—L 


(b) If G.(—x) = G.(z) for all values of x, show that iE G.(x) dx = of G(x) dx 
(c) Let F(x) denote an odd function of x and Bley denote an eee function of zx. 
Similarly, let G,(x) denote an odd function of x and G.(x) denote an even function 
of x, show that 
(i) H(x) = F.(x)G,(x) is an even function of z 
(ii) H(x) = F,(z)G.(zx) is an odd function of x 
(iii) H(x) = F.(a)G.(x) is an even function of x 
(d) Determine which functions are even or odd. 


(i) F.(x) cos(—) (ii) Fox) cos(—) 


(ce) Use the above properties to simplify the Fourier series representation of f(x) over 
the interval (—L,L), as given by equation (4.108), if 
(i) The function f(z) is an even function. 


(ii) The function f(x) is an odd function. 


p 4-44, (Newton’s method for nonlinear system) 


To solve the system of simultaneous nonlinear equations 


f(z, y) = 0, g(x,y) =0 


in the two unknowns z and y, one can use Newton’s method which is described as 


follows. 
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Start with an initial guess of the solution and call it xo and yo. Now expand f 
and g in Taylor series expansions about the point (x9, yo). These expansions can be 


written afl afl 
Xo, Yo Xo, Yo 
Ox we Oy 


1 


Og(%0, Yo), , 99(xo; yo) 
Dx A+ Dy k 


1 
F oN [Giearl + 2gayhk te Haak aie vyenee 


Usually the initial guess (xo, yo) is such that f(xo, yo) and g(xo, yo) are not zero. It is 
desired to find values h and k such that the equations 


f(to +h, yo +k) = f (0, Yo) + k 


g(Xo +h, yo +k) = 9(Xo, Yo) + 


f(to +h, yo +k) =0 and g(a#o +h, yo + k) =0 


are satisfied simultaneously. Now assume that the values h and k to be selected are 
small corrections to 29 and yo so that second-order terms h?, hk, k?, and higher order 
product terms are small and can consequently be neglected in the above Taylor 
series expansion. These assumptions produce the linear system of equations 


f(%0, Yo) + Of (Bo: Yo) » OF (%o, Yo) ;, 


Ox Oy =u 
Og(Zo, Og(Zo, 

9(t0,¥0) + g (Xo YO) g (Xo Yo), 9 
Ox Oy 


which can then be solved to determine the correction terms h and k. 
(a) Show by letting h = a; — x and k = y, — yo that an improved estimate for the 


solution to the simultaneous equations f(x,y) =0 and g(x,y) = 0, is given by 


a 
%=%+h=2+— 


A 
B 
= k= ie 
Yi =Yorr=Yor 7s 
where . | | | 
—f (Xo, yo) oP oYo/ Of (xo,yo) aif ie: 
= Boe Bnd B= Nae f (xo, yo) 
—9(%0, Yo) =a dalto¥0) — _ G(a29, yo) 


Of(xo,yo) Af (xo,¥o) 
and A is the determinant of the coefficients given by A = 2 


Ox ry 
89(eo,¥0) 8a(Fo,¥o) 
x y 
(b) Illustrate Newton’s method by solving the nonlinear system of equations 

f(x,y) = 2x2? — 3y +1=0 g(x,y) = 8a +11 — 3y? =0 


Hint: Nonlinear equations may have multiple solutions, a unique solution, or 


no solutions at all. Sometimes a graph is helpful in estimating a solution if one 


exists. 
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p> 4-45. 
Verify the Fourier series representation for the functions illustrated. In each 
graph assume the maximum amplitude of each function is +1 and the minimum 


amplitude of each function is either zero or -1 depending upon the graph. 


love) a 2a 
7 4 1 (Qn + 1)rax f(x) 
=2 S (-1)” NTL f(x . 2a 
@) se) = SO sin [ @ 
- a 2a : 
(©) Fe) = Sy FS sin) sin) (e) a 
n=1 a a a 
2 


p> 4-46. Show the Fourier trigonometric series 


Fla) = a9 + Yan 008 + Yasin where —-L<2<L 


can also be expressed in the form f(z) = a9 + Ss" Cn sin(—— + 8,) by finding the values 
n=1 


Co and G,,. 


p> 4-47. Let f(r) ~ > + Ss" (an cos ae + by, sin ) denote the Fourier series repre- 


sentation of f(x) over the full Fourier interval (—L, L). 


(a) Use the Euler formulas 


einna/L 


= COS a 2 Sin at e i L 
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and show 


innra/L _ ,—innae/L 


nrr einna/L ae entinna/L bed _ nre e e 
COs = sin = 
L 2 L 2% 


(b) Define Co = %, Ch = 4$(an — ibn), Cn = $(an + %b,) and show the Fourier series can 


be represent in the complex form 


f(a) ~ Das Cren™/= where C,= of i fae Ody 

p 4-48. You are sick and your doctor prescribes medication XYZ to be taken r-times 
a day based upon the concentration of XYZ. Find r. First get over the shock of 
being asked such a question. To solve the problem you must make some assumptions 
such as the following. 
(i) At time r =0 you take medication XYZ and this produces a concentration Co of 

XYZ in your blood stream. 

(ii) The concentration Cy decays exponentially with time so that after a time 7 


the concentration of XYZ in your blood is Cye~*” 


, where k is called the decay 
constant. 
(iii) At times 7, 27, 37,...,n7 you take the medication XYZ and consequently you build 


up a certain residual concentration of XYZ in your blood stream given by 
Coe? 4 Cer +4 Ceo eee Chet 


(a) If you continue the prescribed dosage forever, then the residual concentration 


would be 2 aa 
C= Ss" Cae = Chere > (e-hry" 
m=1 m=0 


Sum this series and determine the residual concentration C. 
(b) If C, denotes the maximum safe concentration of XYZ that the human body can 


stand, then show that 7 must be selected to satisfy 
e7 kt 
Co+ C=O (1+) S20, 
Lek? 


(c) Assume k, Co, C, are known values and solve for 7. 
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p> 4-49. 


(a) Verify the well known result = SVStAP aR ae Se eae aes 


ee 


and memorize this result. 


(b) Assume y = f(x) = tan7+ a = a9 +ayx + ax? + azz? + agx* +--- where ag, a4, a2,... are 


constants to be determined. Show 


= a, + 2agx + 3agx7 + 4agn? +--- 


dx He Age 


(c) Use the well known result from part (a) to expand f’(x) = — and compare the 


expansion in part (b) with the expansion in part (c) to determine the coefficients 


1,42, 43,--- 


(d) Pick a particular value of z whereby you can determine ap and then give the 


series expansion for tan7! x 


> 4-50. Apply the method outlined in the previous problem to determine the series 


1 


expansion for sin™? «. 


> 4-51. Show that 


ae x? 
a” =1+2lna+ 5 (na) + 3y (Ina)” +++: 
2 3 4 
(b)  Vath=Va+ 7 — ss — — zl 
p> 4-52. 
(a) Assume the series expansion y =a” = ag +12 + aoz? + a3x? + agzt+--- 52-(a 
and show ow =a" Ina = a, + 2agx + 3a3x7 + 4aga? +--- 52-(b 


(b) Substitute equation 52-(a) into equation 52-(b) and compare coefficients to show 


> 4-53. Ify= ie ee show that ou ao 


2 3 4 5 


‘2 x x x x 
a” =1+alna+ 5y (ina)” + 3y (Ina) + qq (ina) + 5 (ina)? fees 


x 2y—1 
xsin x 2 1 4 1 6 
> 4-54. Show that e =14+a*+ i2*+—-2°+-.-- 
3 120 
1 1 11 1 61 
4-55. how th OORT 4 2 3 4 5 6 .. 
p> 4-55 Show that e e+ 5% gt 54 ze + yag% + 
xtanaz 2 9) 4 19 6 
> 4-56. Show that e =ltat+—a*t+—e2+-- 


Chapter 5 
Applications of Calculus 


Selected problems from various areas of physics, chemistry, engineering and the 
sciences are presented to illustrate applications of the differential and integral calcu- 
lus. Many of these selected topics require knowledge of basic background material, 
such as terminology and fundamentals, associated with the area of application. Con- 
sequently, much of this chapter gives a presentation of selected basic material from 
areas of engineering, physics, chemistry and the sciences which is required knowledge 
for the understanding of many scientific applications of the differential and integral 
calculus. 

Related Rates 

The rate of change of a quantity Q = Q(t) with respect to time t is denoted by the 
derivative Problems which involve rates of change of two or more time dependent 
variables are referred to as “related rate problems”. The general procedure for 
solving related rate problems is something like the following. 

1. If necessary, define the variables of the problem and make note of the units of 
measurement being used. For example, one could write [Q] = cubic centimeters 
which is read! “The dimension of Q is cubic centimeters”. 

2. Find how the variables of the problem are related for all values of time t being 
considered. 

3. Determine if the variables of the problem, or their derivatives, have known values 
at some particular instant of time. 

4. Find the rate of change relation between the variables by differentiating the 
relation or relations found in step 2 above. 


5. Evaluate the results in step 4 at the particular instant of time specified. 


Example 5-1. Consider a large inverted right circular cone with altitude H 
and base radius R where water runs into the cone at the rate of 3 cubic feet per 
second. How fast is the water level rising when the water level, as measured from 
the vertex of the cone, is 4 feet? Here the base radius R and height H of the cone 
are considered as fixed constants. 


! Notation introduced by J.B.J. Fourier, theorie analytique de la chaleur, Paris 1822. 
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Solution Let r = r(t), [r] = feet, denote the radius of the water level at time ¢ and let 
h = h(t), [h] = feet, denote the height of the water level at time ¢, [t] = minutes. One 
can then express the volume V of water in the cone at time t as 


Va=Vn= oh, [V] = cubic feet (5.1) 


Using similar triangles one finds that there is 
a relation between the variables r and h given by 
r R R 


7 


The given problem states that sad = 3, where 


(S = ft? /min and it is required to find ale when 


h = 4 feet. Differentiating equation (5.1) with 
respect to time t gives 


dV __m| gdh dr 
Ta: [+ a er | (5.3) 
and differentiating equation (5.2) with respect to t gives 
dr - Kah 
alee A 
dt 4H dt Of) 


since R and H are constants. Substituting the results from the equations (5.2) and 
(5.4) into the equation (5.3) gives 


dV a [(R? .5\ dh R.\ (Rdh 
= 2 
dt 3 (Fz) dt? (F") (F a) A| 


which simplifies to 


dV —_—~R2_ gdh 
a ae ae a 
Now one can evaluate the equation (5.5) when h = 4 to obtain 
R2odh dh 3 =H dh 
= 773 (4) ie or ae ae FE = ft/min (5.6) 
Alternatively, one could have substituted the equation (5.2) into the equation (5.1) 
to obtain ; 
_u ,; 
Vartan (5.7) 


and then differentiate the equation (5.7) with respect to time ¢ to obtain 


dV on R? (sna) 


dt 3H? 
and evaluating this last equation when h = 4 gives the same result as equation (5.6). 
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Example 5-2. Two roads intersect at point 0 at an angle of 60 degrees. Assume 
car A moves away from 0 on one road at a speed of 50 miles per hour and a second 
car B moves away from point 0 at 60 miles per hour on the other road. Let a denote 
the distance from point 0 for car A and let b denote the distance from point 0 for 
car B. How fast is the distance between the cars changing when a= 1 mile and b = 2 


miles. 


Solution 


Let r denote the distance between the cars A and B 


and use the law of cosines to show 


r? = a? +b? — 2abcosé 


Differentiate this relation with respect to time t and show 


dr da db 
er =e, ae 


db da : 
2 c it — Ti | cos 6, 7 is a constant 


and then solve for the rate of change to obtain 


da n a db da , 9 
dr de dt [at * ae | 
dt Va? + b? — 2abcos6 
Substitute into this equation the values 
a=1mi b=2 mi 
d db d=7 
a . . 
— = — 3 
ai 50 mi/hr a 60 mi/hr 
and show =30V3 miles per hour. 


Example 5-3.  Boyle’s? law resulted from a study of an ideal compressed gas 
at a constant temperature. Boyle discovered the relation PV = C = constant, where P 
represents pressure, [P] = Pascal, abbreviated Pa, and V represents volume, [V] = cm? 
and C is a constant. If at some instant the pressure is Py and the volume of the gas 
has the value Vo and the pressure is increasing at the rate ro, [ro] = Pa/min, then at 
what rate is the volume decreasing at this instant? 


2 Robert Boyle (1627-1691) an Irish born chemist/mathematician. 
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Solution Here Boyle’s law is PV = PyVo = constant, where the pressure and volume 
are changing with respect to time. Differentiating this relation with respect to time 


t gives the relation 


dV dP d 
Po + GV = | (Pov) =0 (5.8) 


Evaluating the equation (5.8) at the instant where = =ro, P= Py and V = W, one 
finds 


dV 
Py — Vo = 0 or aS 
ae ee de Ps 


The minus sign indicates that the volume is decreasing and the volume rate of change 
has dimension, ( =cm?/min. 

Note that Boyle’s law is a special case of the more general gas law given by 
PV 


aH = C = Constant relating pressure P, volume V and temperature T all having 


appropriate units of measurements. 


Newton’s Laws 
Isaac Newton used his new mathematical knowledge of calculus to formulate 
basic principles of physics in studying the motion of objects and particles. The 
following are known as Newton’s laws of motion. 
(i) Newton’s First Law 
A body at rest tends to stay at rest or a body in a uniform straight line 
motion tends to stay in motion unless acted upon by an external force. 
(ii) Newton’s Second Law 
The time rate of change of momentum? of a body is proportional to the 
resultant force that acts upon it. 
(iii) Newton’s Third Law 
For every action there is an equal and opposite reaction. 


In the following discussions the symbols F, z,v,a,m,p,t are used to denote force, 
distance, velocity, acceleration, mass, momentum and time. Time t is measured 
in units of seconds, abbreviated (s). The symbol F is to denote force, measured 
in units of Newton’s abbreviated‘ (N). The quantity x denotes distance, measured 
in meters, abbreviated (m). The velocity is denoted v = “ and represents the 


3 Momentum is defined as mass times velocity. 


4 Tf a unit of measurement is named after a person, then the unit is capitalized, otherwise it is lower case. 


change in distance with respect to time. The velocity is measured in units of meters 
d*x du 


per second, abbreviated (m/s). The second derivative of distance We ae = oO 
derivative of the velocity with respect to time t, is called the acceleration, which is 
measured in units (m/s?). The symbol m denotes the mass® of a body, measured in 
units called kilograms, abbreviated (kg) and the momentum p = mv is defined as the 
mass times the velocity and is measured in units (kg -m/s). 

The first law concerns the inertia of a body. A body at rest, unless acted upon 
by an external force, will remain at rest. In terms of the above symbols one can 
write the first law as F = 0 or Av=0. That is, if the body is at rest, then it has no 
forces acting on it and if the body is in a state of uniform motion, then there is no 
change in the velocity. An external force is required to change the state of rest or 
uniform motion. 

The momentum p of a body is defined as the mass times the velocity and written 
p = mv. Consequently, the second law can be expressed F =x < (mv), where « is a 
proportionality sign. The units of measurement for force, mass, distance, velocity 
and time are selected to make the proportionality constant unity so that one can 


write Newton’s second law as 
F = —(mv) = m— + v— (5.9) 


If the mass is constant and does not change with time, then the second law can be 


expressed 
dv da 
F ma = May = ma (5.10) 


The units of measurement used for the representation of Newton’s laws are either the 


meter-kilogram-second system (MKS), the centimeter-gram-second system (CGS) or 


the foot-pound-second system (FPS) where 


MKS FPS CGS 
FinN F in lb F in dynes 
m in kg m in slugs m in gm 
a inm/s? a inft/s? a incm/s? 


> Note the subtle distinction between the notation used to denote mass (7m) and meters (m). 


367 


368 


1 N =10° dynes = 0.2248 lbs-force 
1 Kg =6.852 (10)~?slugs = 1000gm 
9.807 m/s” = 32.17 ft/s? = 980.7 cm/s? 

Here F denotes a summation of the forces acting in the direction of motion. 
Note that if the sum of the forces or resultant force is zero, then the object is said 
to be in translational equilibrium. If the velocity of a body is constant, but its mass 
is changing, then the equation of motion (5.9) becomes 


dm 


Pap 
"lt 


(5.11) 


In terms of symbols, the third law can be expressed by examining two bodies, 
call them body A and body B. If body A exerts a force F4z on body B, then body 
B exerts a force Fg4 on body A and the third law requires that Fag = —Fpga, that is 


the forces are equal and opposite. 
Newton’s Law of Gravitation 


Newton’s law of gravitation states that the cen- 
ters of mass associated with two solids m, and mz 
experience an inverse square law force F of attrac- 


tion given by 


(5.12) 


where r is the distance between the centers of mass and G = 6.673 10~'! m3/kg - s? is 
a proportionality constant called the gravitational constant. 

If m; = m. is the mass of the Earth and mz = m is the mass of an object at 
a height h above the surface of the Earth, then the force of gravity between these 


masses is given by 


Gmem _ Gme 
= Gare” [Gore oe 
where r. denotes the radius of the Earth®. Write the quantity in brackets as 
Gme Gme h aa Gme 
amo a) a 


© The radius of the Earth is approximately 6400 kmx4000 mi and the mass of the Earth is approximately 
6.035 (10)?4 kg. 
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since h is much less than the radius of the Earth r.. The equation (5.14) can be used 
to define the following terms. 


The acceleration of gravity g is defined 


GmMe 
ne (5.15) 
and the weight W of an object of mass m due to gravity is defined 
Wa Fy = ig (5.16) 


That is, the weight of an object is the force (force of gravity), by which an 
object of mass m is pulled vertically downward toward the center of the Earth. 
The dimensions of g and W are given by [g] = m/s”, and [|W] =kg-m/s* = N. The 
acceleration of gravity varies slightly over the surface of the Earth because the 
radius of the Earth is not constant everywhere. If r. is assumed to be constant, 
then the acceleration of gravity is found to have the following values in the MKS, 
FPS and CGS system of units 


g = 9.807 m/s?, g = 32.17 ft/s’, g = 980.7 cm/s” (5.17) 


Example 5-4. Approximating Value of Escape Velocity 

A rocket launched straight upward from the surface of the Earth will fall back 
down if it doesn’t achieve the correct velocity. Let r = r(t) denote the distance of 
the rocket measured from the center of the Earth and let m = m(t) denote the mass 
of the rocket which changes with time. The forces acting on the rocket as it moves 
upward are the thrust from the engines, the pull of gravity and resistance due to air 


friction called a drag force. By Newton’s second law one can write 


d d d 
qn) = di (m=) = PF iotal = PF igust — Porauaty _ Farag (5.18) 
where v = v(t) = oe is the velocity of the rocket. This is an equation, called a 


differential equation, which describes the motion of the rocket. When you learn 
more about aerodynamics you will learn how to represent the thrust force and drag 
forces on the rocket and then you can solve the resulting differential equation. 

Instead, let us solve a much simpler problem created by making assumptions 
which will reduce the equation (5.18) to a form which is tractable’ 


” When confronted with a very difficult problem to solve, one can always make assumptions to simplify the 
problem to a form which can be solved. Many times an analysis of the simplified solution produces an incite into 


how to go about solving the more difficult original problem. 
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(i) Neglect the thrust force and drag force and consider only the gravitational force. 
(ii) Assume the mass of the rocket remains constant. 
(iii) Assume that at time ¢ = 0, the initial velocity of the rocket is vp and the position 
of the rocket is given by r(0) =r., where r, is the radius of the Earth. 
These assumptions greatly simplify the differential equation (5.18) to the form 


du _Gmem dv dvdr __ dv 


aa WHE. ae = ae ge ane Oa) 
and one obtains after simplification the differential equation 
dv GmMe 
cet Ps = ro) (5.20) 


One can separate the variables and express equation (5.20) in the form 
vdv = -Gme> (5.21) 


An integration of both sides of this separated equation gives the result 
dr v? GmMe 
[va =-em. [ S = = ran (5.22) 
where C is a constant of integration. The constant C is selected such that the initial 
conditions are satisfied. This requires 
ve Gme 0; - Gme 


O- "ig = cH2 


2 fe 2 te 


(5.23) 


Substitute this value for C into the equation (5.22) and simplify the result to obtain 


1 1 
uv? = ue +2Gm, (+ — ~) (5.24) 
In equation (5.24) the term 2Gine is always positive so that if it is required that 
w 7 2Gm, >0 
Te 


then one can say that the velocity of the rocket will always be positive. This condi- 


tion can be written 


2GmMe GmMe ne : 
vo > = (2 re) = \/2gr- = 11200m/s ~ 7miles per second 
Te 


GmMe 
re 


where g = is the acceleration of gravity. This value is a good approximation of 
the velocity necessary to overcome the gravitational forces pulling the rocket back 


to Earth. This velocity is called the escape velocity. 


Work 


Let W denote the work done by a constant force F, which has moved an object 
in a straight line a distance x in the direction of the force. Here W is defined® as the 
scalar quantity 


Work = Force times distance W=Fr (5.25) 


If the force F = F(x) varies continuously as the distance x changes, then if the 
object is moved in a straight line an increment dz, the increment of work done dW 
is expressed 

dW = F(a) dz 


and the total work done in moving an object from zx, to x2 in a straight line is given 
by the integral " 
W = / F(a) dx (5.26) 


The equation (5.26) tells us that the work done is nothing more than the area under 


the curve F = F(x) between the values x; and 72. 


Example 5-5. 


If the constant force F acts at an angle to 
the direction of motion, then the component of 
force in the direction of motion is Fcos@ and the 


work done in moving an object is the component 
of force in direction of the displacement times the displacement or W = (F cos) s 

If the force F = F(s) varies as a function of displacement s, then the increment 
of work done in moving an object the incremented distance ds is 


dW = (F(s) cos 6) ds 
and the total work done moving an object from s; to s2 is 


W= / F(s) cos@ ds 


8 If there are many discrete forces acting on a body at different times, then one can define the work as the 
average force times the displacement. 
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Recall that force is measured in units called Newtons, where 1N = 1kg-m/s?. Dis- 
placement is measured in meters (m) so that work is force times distance and is 
measured in units of Newton-meters or (N-m) and one can write [W] = N-m, which 
is read, “The dimension of work is Newton-meter”. By definition 1N- m= 1Joule, 
where Joule is abbreviated (J). 

Energy 

In the language of science the term energy is a scalar measure of a physical 
systems ability to do work. There are many different kinds of energy. A few selected 
types of energy you might have heard of are chemical energy, kinetic energy, various 
kinds of potential energy, internal energy, elastic energy due to stretching or twisting, 
heat energy, light energy and nuclear energy. 

Kinetic Energy E;, 

The energy associated with a body in motion is called kinetic energy and is 
denoted by E,. The kinetic energy is defined EF, = sme’, where m is the mass of 
the body, [m] = kg and v is the velocity of the body, [v] = m/s. Kinetic energy is a 
positive scalar quantity measured in the same units as work. One can verify that 
[By] =ke- mm? /s? = (ke: mi/s?)-m =N- mJ 


Example 5-6. The work done by a constant force F moving an object in a 
straight line through a distance s during a time t is given by the integral 


w= | F ds (O27) 
0 


Let s denote distance traveled during a time ¢ with e =v denoting the velocity 


and a= - = denoting the acceleration. Using Newton’s second law of motion 
one can write 
dv d*s ds d?s du 
F ma Me herr where ag =U and de = dt =a (5.28) 


Substituting the equation (5.28) into the equation (5.27) gives 


W= [(m =) ds = [mG o= fm Sat (5.29) 


Observe the equation (5.29) is written as an integration with respect to time by 


2 
using the relations v = e and ° = a If the object has an initial velocity vp at 
time ¢ = 0, then the integration (5.29) can be expressed in the form 
t 
ay TB Ng 6 a pe ae 
W= [ons m = vdt = mf a(5e ) = 5mv ee simu" — smu (5.30) 


The equation (5.30) is a representation of the work-energy relation 


“'The work done by forces acting on a body 


equals the change in kinetic energy of the body” 


Potential Energy E, 

The energy associated with a body as a result of its position with respect to 
some reference line is called the potential energy and is defined E, = mgh, where m 
is the mass of the body, [m] = kg, g is the acceleration of gravity, [g] = m/s? and h 
is the height of the body above the reference line, [h] =m. The potential energy is 
sometimes called the gravitational potential energy. The potential energy is measured 
in units of kg-m/s?. m=N-m= J and has the same units of measurement as work. 
The work done against gravity in lifting a weight from a height h; to a height hz is 
given by 

he he he 
W= . =f,40= 7 —mg dz = —mgaz , = —(mgh2 —mgh,) = —AE, 
where —F, = —W is the weight acting downward. One can say the work done equals 
the change in potential energy. 


Example 5-7. Consider a ball of mass m which is thrown vertically 
upward with an initial velocity v9. Neglect air resistance 
so that the only force acting on the ball is the force due 
to gravity and construct a coordinate system with the 
origin placed at the point where the ball is released. 
Here the upward direction is taken as positive and by 


Newton’s second law one can write 


du 
—_— = 5.31 
m2 = —mg (5.31) 


since the weight of the ball is mg and this force is acting downward. Separate the 
variables in equation (5.31) and then integrate to obtain 


v t 
ih mdv = -mg | dt or mu — mvp = —mgt (5.32) 
vO 10) 


Copyright 2012 J.H. Heinbockel. All rights reserved 


373 


374 


If y denotes the distance of the ball above the reference axis, then the velocity of 
dy 


the ball is given by v = a The equation (5.32) can now be expressed in the form 
d 
mo = Mvo — mgt (5.33) 


since the velocity v = dy represents the change in the height of the ball as a function 
of time. Multiply equation (5.33) by dt and integrate to obtain 


y t 1 
m | dy = | [mug — mgt] dt or my = muot — singe (5.34) 
0 0 


Solve equation (5.32) for the variable t and substitute for t in equation (5.34) and 
then simplify to show 
sm +mgy = seg (5.35) 


which can be interpreted as stating that the sum of the kinetic energy plus the 
potential energy of the ball always has a constant value. Note that when the ball 
reaches its maximum height, where y = h, the velocity of the ball is zero, and at this 
time the equation (5.35) shows that the initial kinetic energy of the ball equals the 
potential energy of the ball at its maximum height. 
| 

There are many more types of energy and all these energy types obey the law 
of conservation of energy which states that there is no change in the total energy in 
the Universe. Another way of saying this is to state that energy can be transformed, 
but it cannot be created or destroyed. 
First Moments and Center of Gravity 

Consider a force F acting perpendicular to a 
plane containing a line 0—0. The first moment 


of a force F, also called a torque, is defined 
Moment =(Force)(Lever arm distance) 
(5.36) 
M=Feé 


where the lever arm ¢ is understood to represent 


the shortest perpendicular distance from the line 
e force F. ‘The moment is a measure of the ability of 
the force to produce a rotation about the line 0—0. In general a quantity times a 
distance to a point, or times a distance to a line, or times a distance to a plane, is 
called a moment of that quantity with respect to a point, line or plane. 
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Centroid and Center of Mass 

In the figure 5-1 the z-axis is considered as a see-saw with weights W, and 
W, placed at the positions (2,0) and (a2,0) respectively. Consider the problem of 
determining where one would place a fulcrum so that the see-saw would balance. 

Let (z,0) denote the point where the fulcrum is placed and let ¢2 = x2 —z denote 
a lever arm associated with the weight W2 and let ¢; = z— x, denote the lever arm 
associated with the weight W,. The see-saw will balance if is selected such that 
the sum of the moments® about the fulcrum equals zero. This requires that 


M, = 0, W, = l2We = Me or (2 _ x1)W, = (xo _ £) Wo (5.37) 


Figure 5-1. Balancing of weights using moments. 


Another way to express the balancing of the see-saw is to examine the distances 
%—a, and — 22. One distance is positive and the other is negative and the product 
( — x,)W, gives a positive moment and the product (#— x2)W2 gives a negative 
moment. One can then say that the moments produced by the weights balance if z 
is selected such that the sum of the moments is zero or 
_ —  Wy21+ Wo22 
\(@-2)Wi=0 or f= Wea, (5.38) 


i=1 


The point (z,0) is then called the center of gravity or centroid of the system. 


2 By placing the fingers of the right-hand in the direction of the force and letting the fingers move in the direction 
of rotation produced by the force, then the thumb points in a positive or negative direction. If the Z-axis comes 
out of the page toward you, then this is the positive direction assigned to the moment. The moment M, = ¢, W, 
is then said to be a positive moment and the moment My = f2 W) is called a negative moment. The sum of the 
moments equal to zero is then written —loWa + ey W, =0. 
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If there are n-weights W,, W2,...,W, placed at the positions (71,0), (x2, 0),..., (an, 0) 
respectively, then the centroid of the system is defined as that point (z,0) where the 


sum of the moments produces zero or 


Wyo, + Wore +-+-+Wrtn — iL Wiai 


~—2,)W; =0 or T= = = 
2 He i Wi+Wo+---+Wr ea 


(5.39) 


If W = 3°"_, W; is the total sum of the weights, then equation (5.39) can be written 
as 
Wi= Wix1 + Woxo+- --+Wrtn (5.40) 


and this equation has the following interpretation. Imagine a three-dimensional 
right-handed xyz Cartesian system of axes with the z-axis in figure 5-1 coming out 
of the page. Each weight W; then produces a moment M; = W;2; about the z-axis. 
That is, for each value i = 1,2,...,n, the distance x; denotes the lever arm and W, 
denotes the force. The total sum of these moments gives the right-hand side of 
equation (5.40). The left-hand side of equation (5.40) is then interpreted as stating 
that if the sum of the weights W was placed at the position (z,0), it would create 
a moment M =Wz2z equivalent to summing each individual moment produced by all 
the weights. The position z is then called the center of gravity or centroid of the 
system. Another interpretation given to equation (5.39) is that the numerator is a 
weighted sum of the z-values and the denominator is the sum of the weights so that 
z is then a weighted average of the z-values. 

One can generalize the definition of a first moment by defining a first moment 


associated with just about any quantity. For example, one can define first moments 


such as 
My =(force)(lever arm) M, =(volume) (lever arm) 
Mm =(mass) (lever arm) (5.41) 
M, =(area)(lever arm) M, =(quantity) (lever arm) 


where the lever arm is understood to represent the shortest perpendicular distance 
from some reference point, line or plane to the quantity. 


Example 5-8. Let m,m,...,m, denote n point masses located respectively at 
the points (a1, 1), (v2, y2),.--,;(@n, Yn). Find the center of mass (z,y) of this system of 
masses. 


37 


Use the x and y-axes as the lines about which 


Solution 


one can take first moments associated with the 
given point masses. If m = >>;_,m, is the total 
sum of all the point masses, then if this mass 
were placed at the point (z,y¥) it would produce 
first moments about these axes given by 


M, =my and M, = mz 


These moments must be equivalent to the sum of the first moments produced by 


each individual mass so that one can write 


n n 
M, =mz = So maxi and M, =my= So mii 
i=1 


8 

SI 
q 
=a 
[@) 
it 
ie) 


The center of mass of the system then has the coordinates 


mM MX; M, 
o= dict — = —4 and g= SS 
ia Mi m ini Mi m 


Here the center of mass of the system of masses has coordinates (z,y) where z is a 
weighted sum of the 2; values and 7 is a weighted sum of the y; values for positions 


ranging from i =1,2,...,n 


Centroid of an Area 

Moments can be used to find the centroid of an area bounded by the curve 
y = f(x) > 0, the z-axis and the lines x =a and x= b. Partition the interval [a,b] into 
n equal parts with 


b— 
a@=29, 21 =x%j+Az, t2=2%)+2Az,...,2, =X%o9 +nAc=b where Azr= 2 


n 


Consider the center of the rectangular element of area illustrated in the figure 5-2 
which has the coordinates (é;,y;), where € = 2;-1 + 4% and y; = }f(&). The center of 
this element of area has a first moment about the y-axis given by 


AM, = (lever arm) (area) = (&)| f(g) Az; 
and it also has a first moment about the z-axis given by 


AM, = (lever arm)(area) = (516)) [f(&) Aas] 
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A summation of the first moments associated with each rectangle produces a sum 
from 1 to n giving the total moments 


M, => &f(G)Ax, My = >> SIG) Ax, 


i=l t=] 


Figure 5-2. Moments for Centroid of an area. 


Neglecting infinitesimals of higher order and using the fundamental theorem of in- 
tegral calculus one finds that in the limit as Az; — 0, the above sums become the 
definite integrals 


b b 
M, = f ier M, = [ slf(a))? da (5.42) 


The total area under the curve y = f(x) is given by the definite integral 


A= s@)a 


and if this total area were concentrated and placed at the point (z, 7) it would produce 
moments about the z and y-axes given by M, = Ay and M, = Az. The centroid is 
that point (z,7) where 


b b 
M, =4y= | sli @))? de and M, =Az= | xf (a) dx (5.43) 
; _ : _ _ Mz _ MM, 
from which one can solve for z and y to obtain 7 = 7 and z= 7 


In a similar fashion one can use the fundamental theorem of integral calculus 
to show the lever arms associated with the first moments of the center point of an 
element of area can be expressed in terms of the « and y coordinates associated 
with the element of area. One can then verify the following lever arm equations 
associated with the elements of area illustrated. 
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1.) For the center point of the element of area 
dA = ydz 
lever arm to y-axis is x 
lever arm to z-axis is y/2 
2.) For the center point of the element of area 
dA = (y2—y1) dx 
lever arm to y-axis is x 
lever arm to x-axis is $(y1 + y2) 
3.) For the center point of the element of area 
dA = xdy 
lever arm to y-axis is x/2 
lever arm to z-axis is y 
4.) For the center point of the element of area 
dA = (x2 — 41) dy 
lever arm to y-axis is $(2 + x2) 


lever arm to z-axis is y 


Note that in determining the above lever arm distances the infinitesimals of 
higher order have been neglected. 

For example, associated with the last figure there is an element of area given by 
dA = (x2 — x1) dy = [g(y) — f(y)| dy and the total area is given by 

d 
A= | (ov) - Flay 
This element of area has a moment about the z-axis given by 
dM, = (lever arm)(area) = ydA = y[g(y) — f(y)] dy 


and a moment about the y-axis given by 


dM, = (lever arm)(area) = slo(w) + f(yllg(y) — f(y) dy = ; [9?(y) — f7(y)] dy 


Summing these moments one finds 


d d 
Ms =f vloty)-Fu)dy and My = fu) - PON ay 


with the centroid (z,7) found from the relations 


M. M, 
f= We 
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Symmetry 


If an object has an axis of symmetry, then 
the centroid of the object must lie on this line. 
For example, if an area has a line of symmetry, 
then when the area is rotated 180° about this 
line the area has its same shape. Examine the 


rectangle when rotated about a line through its center and find out the rectangle is 
unchanged. One can say the centroid for the rectangle is at its geometric center. 


Example 5-9. Use the equations (5.43) and find the centroid of a rectangle of 
height h and base b. 


Solution 


Here y = f(x) = h is a constant and so one 


can write 


b b 
1 
M, =f xf(e)dx = [ whda = shb° 
0 


0 
a ae 1 
aa i Bg 2 
M =| 5 lf (2)] dx | 5h dx 5 oh 


The total area of the rectangle is A = bh and so the centroid (z,7) is determined by 
the equations 
M, M, ih 


a ae = aD . 


Example 5-10. Find the centroid of the area bounded by the z-axis, the y- 
axis and the ellipse defined by the parametric equations x = acos@, y = bsin@, for 
0<0@<7/2 anda>b>0 constants. 


Solution 


The area to be inves- 
tigated is the upper quad- 
rant of an ellipse. Move out 


a distance x from the origin 
and construct an element of area dA = ydz. and substitute y = bsin@, x = acosé with 
dx = —asin@ dé and show the total area is 


a 0 m/2 
a= | yar = | bsind (asin é) dé = ab [ sin? 6 dO 
0 m/2 0 


m/2 1 T 
A =ab | =[1 — cos 26] dO = —ab 
i o 4 
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The element of area dA has a moment about the y-axis given by 


a 0 a [2 1 
M, = i xy dz = / (acos 6)(bsin6)(—asin@) dO = ab | sin? 6 cos 0.d0 = oP 
0 m/2 0 
The element of area has a moment about the z-axis given by 


a 1 0 1 
M, =i suly dx) = / _p? sin2 0 (-—a sin 0) dé 
0 7 


/2 
2 pr/2 2 pr/2 { { 
M, -= | sin? 649 = | 2 ie sind do = —ab? 
ian Bide ia 4 3 
Sat oy Sect ps _ M, 4a _ M, 46 
The centroid (z, 7) is given by ar ta and aay ea s 


Example 5-11. Find the centroid of the triangle with vertices (0,0), (b,0), (c,h) 


The equation of the line ¢, with slope h/c is 
given by y = (h/c)z. The equation of the line ¢, 
with slope h/(c—b) is given by y = [h/(c — b)] (x—b) 
Construct a horizontal element of area 


dA = (x2 — x41) dy 


and show 
_ (c — b) c 7 b 
dA » + , UY dy b ny dy 


and after summing these elements of area one finds 


h 
b 1 
A= = = 
J, |e as] oo= 


This element of area has a moment about the z-axis given by 


Me= [ b : re 


and moment about the y-axis given by 


h 
1 
m= [5 
¥y ee 


The centroid for the given triangle is (z,y) where 


=. \" ca il 
(s+ AY 7a dy = Ghb(b + ¢) 


_ M, 1 _ Mz oh 
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Table 5-1 Centroids of Some Simple Shapes 


Triangle 


Rectangle 


Quadrant 
of circle 


Quadrant 
of ellipse 
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Centroids of composite shapes 

If an area is composed of some combination of simple shapes such as triangles, 
rectangles, circles or some other shapes where the centroids of each shape have 
known centroids, then the resultant moment about an axis is the algebraic sum of 


the moments of the component shapes and the centroid of the composite shape is 


given by = “« and g = “, where 4 is the total area of the composite shape. 


Whenever the centroids of all the individual shapes which make up the total shape 


are known, then integration is not required. 


Example 5-12. Ifthe composite shape is composed of n known shapes having 
area A, with centroid (71,41) 


area Ay with centroid (Zo, y) 


area A, with centroid (Zn, Yn) 
then the total area of the composite shape is 
A=A,+Ag+Ag+---+An 

The total moment produced about the y—axis from each area is 
My = A1%1 + Ao¥2 + AgE3 +--+ + AnEn 

The total moment produced about the x—axis from each area is 
Mz = Ai + Aye + Azyg +--+ AnGn 

The centroid of the composite shape is therefore 

y Mz 


Page SANG. 


Centroid for Solid of Revolution 

Consider the area bounded by the curve y = f(x) > 0 and the lines x =a, r=b>a 
and the z-axis which is revolved about the z-axis to form a solid of revolution. One 
can construct an element of volume dV for this solid using the disk generated when 


dA is rotated about the z-axis. The volume element associated with this disk is 


b 
dV = ny" dx with a i ny? dx 
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where the integral represents a summation of the volume elements. The moment of 
the disk about the plane perpendicular to the axis of rotation which passes through 
the origin is 

dM =adV = ary’ dx and a= Pray? de 
where zx is the lever arm distance from the plane to the volume element and M isa 
summation of these moments. The above integral is called the first moment of the 


solid of revolution with respect to the plane through the origin and perpendicular 
to the axis of rotation. The centroid z is then defined as 


z= = (5.44) 


and by symmetry the position of z is on the axis of rotation. 
Centroid for Curve 


Let y = f(x) define a smooth continuous 
curve for a < « < b. At the position (z,y) on 
the curve construct the element of arc length 
ds = \/dx? + dy?. 


The first moments about the x and y-axes associated with the curve 


C={ yy) | y=sfe) asesh} 


are defined as a summation of the first moments associated with the element of arc 


length ds. One can define 


dM, = (lever arm)(element of arc length) = yds 


dM, = (lever arm)(element of arc length) = rds 


A summation of these first moments gives 


b b 
M, = | yds and M, = [ x ds 


If the given curve C has an arc length s given by 


b 2 
| dy 
= 1 a7 
s | + (+) dz, 
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then the centroid of the curve C is defined as the point (z,7) where 


M, 
cS" and —— (5.45) 
s s 


That is, if the arc length s could be concentrated and placed at a point (z, 7) called 
the centroid, then the centroid is selected so that the first moment zs is the same 
as that produced by the summation of individual moments about the y-axis and 
the first moment 7s is the same as that produced by the summation of individual 
moments about the z-axis. 


Example 5-13. Consider the arc of a circle which lies in the first quadrant. 
This curve is defined C = { (x,y) | 2 =rcosé, y=rsin0, 0<6< 7/2} where r is the 
radius of the circle. Find the centroid associated with this curve. 


Solution 


The element of arc length squared is given 
by ds? = dx? + dy? so that one can write 


m/2 m/2 dx 2 dy 2 
v= fe an= f[(#) +(2) 
[ 0 dé dé 
n/2 n/2 m/2 
aaa. as= | rd0=ré0 

0 0 


=-7r 
Use the equations (5.45) and calculate the first moments of the curve about the 


0 


x and y-axes to obtain 


m/2 m/2 n/2 
M, = | yds =f rsin@rd@ = r?(— cos) =r? 
0 0 0 
m/2 m/2 n/2 
M, = | vds= | rcos@rd@ = r?(sin@) =r? 
0 0 0 
The centroid (z,¥) is then r= wu 7 *, and y= “* = *, 


Higher Order Moments 
The various first moments defined by the relation (5.41) can be further general- 
ized to second moments by replacing the lever arm by the lever arm squared. Second 
moments about a line @ are denoted Ip and one can write 
Iee =(force) (lever arm)? Igg =(volume) (lever arm)? 
Ing =(mass) (lever arm)? : : (5.46) 
2 


Tee =(area) (lever arm)” Ig =(quantity)(lever arm) 
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where the lever arm is understood to represent a perpendicular distance from some 
reference line ¢. Second moments are referred to as moments of inertia. In the 
study of rotational motion of rigid bodies it is found that the moment of inertia is 
a measure of how mass distribution affects changes to the angular motion of a body 
as it rotates about an axis. 

Third order moments would involve the lever arm cubed and nth order moments 
would involve the lever arm raised to the nth power. Third order and higher order 
moments arise in the study of statistics, mechanics and physics. 


Example 5-14. 


Given a region R one can construct at a general 
point (z,y) € R an element of area dA. This element 
of area has a second moment of inertia about the 
y-axis given by 

gy = dA 


and summing these second moments of inertia over 
the region R gives the total second moment about 
the y-axis as 


t=] x dA 
R 


In a similar fashion, the second moment of inertia of the element dA about the 2—axis 
is given by 
dIee = y? dA 


and a summation of these second moments over the region R gives the total second 


i y' dA 
R 


If the moment axis is perpendicular to the plane in which the region R lies, say 


moment about the z-axis as 


a line through the origin and perpendicular to the z and y axes, then the second 


moment with respect to this line is called a polar moment of inertia and is written 


Joo = ff dam ff @+y)da= ff vaa+ ff y? dA = Iyy + Ine 
R R R R 


which shows the polar moment of inertia about the line through the origin is the 
sum of the moments of inertia about the x and y axes. 
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An examination of the Figure 5-3 shows that if @, is the line x = zo parallel to 
the y—axis, then an element of area dA has a second moment with respect to the 


Ie, 0, = ff le-soPaa= ff (e—a0)?aA (5.47) 


If ¢, is the line y = yo which is parallel to the r—axis, then the element of area dA 


line @, given by 


has the second moment with respect to line @, given by 


T,0, = ff w—wiaa= ff w—w)Paa (5.48) 


Figure 5-3. 


Second moments with respect to lines parallel to the x and y axes. 


Expanding equation (5.47) one finds 
Ie, 0, =|} (a? — 2rr9 + 22) dA 
R 
-/f vdA~20 ff wdA+a3 [f aA (5.49) 
R R R 
Ie,0, =Lyy — 2aoMy + t3A 


Similarly, if one expands the equation (5.48) one finds that 


een 


The results given by the equations (5.49) and (5.50) are known as the basic equations 
for representing the parallel axes theorem from mechanics. This theorem states that 
if you know the area of a region and the first and second moments of the region 
about one of the coordinate axes, then you can find the second moment about any 
axis parallel to the coordinate axes by using one of the above results. 
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Example 5-15. Let dr = drdydz denote an element of volume and pdr = dm 
denote an element of mass, where p is the density of the solid. The second moments 
of mass with respect to the z, y and z axes are given by 


Ave tax ff for +2000 
i [f{f@ + 2*)\odr 
he= ferro 


where integrations are over the volume defining the solid. 


Consider a particle P with constant mass m 
rotating in a circle of radius r about the origin 
having a tangential force F producing the mo- 
tion. Let @ denote the angular displacement of 
the particle, w = “ the angular velocity of the 
particle, “ — st =a, the angular acceleration 
of the particle. Newton’s second law of motion 


can then be expressed F = m - 


If s = ré is the distance traveled by the particle, then . =v=r—=rw is the 


change in distance with respect to time or speed! of the particle, so that Newton’s 
second law can be expressed 


a) = mr (5.51) 
Note that if F is the tangential force acting on the particle, then M = Fr is the torque 
or first moment of the force about the origin. Consequently, multiplying equation 
(5.51) on both sides by r one finds Fr = mr? a Here Fr = M is the first moment or 
torque about the origin, mr? = I is the mass times the lever arm squared or moment 
of inertia of the mass about the origin. The Newton’s law for rotational motion can 
therefore be expressed in the form 


M=Ia or M=I— (5.52) 
| 


0 Speed is a scalar quantity representing the magnitude of velocity which is a vector quantity. 
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Example 5-17. Find the centroid and moments of inertia about the « and y— 
axes associated with the semi-circle x? + y? = R? for x > 0. 


Solution The area inside the semi-circle is A = $R?. At 
a general point (x,y) within the semi-circle construct an 
element of area dA = drdy, then the first moment about the 
y-axis is given by 


dM, =xdA = xdxdy 


and a summation over all elements dA within the semi-circle gives the first moment 


y=VR2—a? R 
as ea x dydx M, = | Qa R2 — x? dx 
Sag VR2—22 10) 
Make the substitution u = R? — 2? with du = —2xdz and show the integration 
produces the result M, = 2 Rs so that 7 = My ee By symmetry, the 
a A wR? /2 9 3a j 


centroid must lie on the line y = 0 so that the centroid of the semi-circle lies at the 
point (#,9) = (<,0). 
3m 


The second moments of the area element about the 2 and y—axes gives 
d1nn = y? dA= y? dy dx and dy = vdA=x°* dx dy 


A summation over the area of the semi-circle gives the integrals 


y=V R?2—2? D) R a 
Loa = —_— Yy ? dy dx = al (Ge = ead ta dz = gk 
z= 0 


_~J/R2—22 3 
y=V R2-2? R Pe 
Leg = a? dydx = 2x7(R? — x?)!/? dx = —R* 
ve VR2—22 VR2—22 0 8 


where the substitution z = Rsiné@ can be used to aid in evaluating the above integrals. 
Let J.- denote the moment of inertia about the line x = x = # through the 


centroid. The parallel axis theorem shows that [.. = € - =) if. 
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Example 5-18. Find the centroid and moments of inertia about the x and 
y—axes associated with the circular sector bounded by the rays @ = —6) and @ = 6 


and the circle r = R. 


Solution The area inside the circular sector is given by 
A= 06)R?. Move to a general point (z,y) within the sector 
and construct an element of area dA = rdrd@. The x and y 
lever arms are given by « = rcos@ and y=rsin@. The first 
moment of this area element about the y—axis is given by 


dM, = «dA = (rcos @)r drdé 


and a summation of these elements over the area of the sector gives 


r=R 90 y) 
M, = / cos @ d0 r? dr = =R? sin 05 
r=0 —6o 3 


The z value for this area is given by z = = = peo. By symmetry, the 
0 


centroid lies on the ray 6 = 0 where (#, 9) = (3 R24, 0). 


The elements for the second moments about the x and y—axes are given by 
dIzq = y? dA = (r? sin? 6) rdrdé and dly, = x? dA = (r? cos* 6) r drdé 
and summing these elements over the area of the sector gives the moments of inertia 


R 80 R*4 
_—— / / r? sin? 0d0 dr = (269 — sin 209) — 
0 —O9 8 


r 90 R*4 
154.= / r® cos? 6d dr = (209 + sin 209) — 
0 —Oo9 8 


Moment of Inertia of an Area 


The moment of inertia of a general plane area 
with respect to an axis can be calculated as fol- 
lows. Construct elements of area dA all in the 
shape of a rectangle within the plane area and 
which are parallel to the axis not passing through 
the area. By definition, the element of moment 
of inertia associated with an element of area dA 
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Table 5-2 Moments of Inertia of Some Simple Shapes 


— 


Quadrant 
of circle 


Quadrant 
of ellipse 


r rt 
(205 — sin 260) 8 (205 + sin 290) 
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is the lever arm squared times the element of area or dl, = €? dA, where € represents 
the distance from the axis to an element of area dA. The total moment of inertia is 
then a summation over all rectangular elements. If a and 3 are values denoting the 
extreme distances of the plane area from the axis, then the moment of inertia of the 
plane area is determined by evaluating the integral 


é=6 
I = i, e'dA (5.53) 


=a 


Here it is assumed that the element of area dA can be expressed in terms of the 
distance €. 
Moment of Inertia of a Solid 


In the study of mechanics one fre- 
quently encounters the necessity to cal- 
culate the moment of inertia of a solid 
which is generated by revolving a plane 
area about an axis. If a rectangular ele- 
ment of area is construct within the plane 
area and is rotated about an axis ¢ not 
passing through the area, then a cylindrical shell shaped volume element dV is 
generated. Multiplying this volume element by the density p of the solid creates an 
element of mass dm = pdV. The element of the moment of inertia is then given by 


dIyg = &? dm = €? pdV (5.54) 


where € is the distance of dm from the axis of rotation. If the extreme distances 
of the plane area from the axis of rotation have the values a and b, then the total 
moment of inertia about the rotation axis is 


E=b E=b 
Ie = i edm= €? pdV (5.55) 
=a €é=a 
If the solid is homogeneous, then the density p is a constant so that the moment of 

inertia can be expressed 


=b 
Iu =p | &' dv (5.56) 


=a 
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Moment of Inertia of Composite Shapes 

To calculate the moment of inertia of a composite area about a selected axis 
(i) Calculate the moment of inertia of each component about the selected axis. 

(ii) Next one need only sum the moments of inertia calculated in step (i) to calculate 
the moment of inertia of the given composite area. 

That is, the moment of inertia of a composite area about an axis is equal to the 
sum of the moments of the component areas with respect to the same axis. Note that 
if a component of the shape is removed, then this places a hole in the composite 
shape and in this case the moment of inertia of the component removed is then 
subtracted from the total sum. 

Pressure 

The average density p of a substance is defined as its mass m divided by its 
volume V or p= %, where [p] = kg/m’, [m] = kg, [V] = m*. The relative density of a 
substance is defined as the ratio of density of substance divided by the density of 
water. Pressure is a scalar quantity defined as the average force per unit of area and 
its unit of measurement is the Pascal, abbreviated (Pa), where 1Pa = 1Nm-~?. 
Liquid Pressure 

Integration can be used to determine the forces acting on submerged objects. 
im OF and represents a derivative of the force with 
respect to area. An area submerged in water experiences only a pressure normal to 


Pressure at a point is p = lim 


its surface and there are no forces parallel to the area. This is known as Pascal’s 
law. Knowing the pressure at a point, one can use integration to calculate the total 
force acting on a submerged object. The pressure p representing force per unit of 
area must be known when constructing water-towers, dams, locks, reservoirs, ships, 
submarines, under-water vessels as the total force acting on a submerged object 
must be known for certain design considerations. 

Consider two points P, and P, beneath a fluid having a constant density p. If 
Ah = |P; — P2| is the distance between the points and p is the constant density of the 


liquid, then the change in pressure between the points P, and P, is given by 
Ap = pgAh (5.57) 


where h, [h] = m, is measured positive in the downward direction, p, [p] = kg/m°, 
is the density and g, |g] = m/s? is the acceleration of gravity so that [p| = N/m?. 
Defining w = pg, [w] = N/m? as the weight of the liquid per unit volume, one can 
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write Ap = wAh. Note the pressure increases with depth and depends only on the 
quantities vertical distance, density and acceleration of gravity. The pressure is then 
the same at all points of a submerged area lying on a horizontal line of constant 
depth within the liquid. 


Consider a vertical plane area submerged in 
a liquid. Using the fact that the pressure is 
the same at all point lying on a horizontal 
line at constant depth, one can construct an 
element of area dA = ¢(h) dh on the submerged 
area as illustrated, where ¢ = ¢(h) is the hor- 


izontal dimension of the element of area. 
The element of force exerted by the liquid on one side of the submerged element 
of area is given by 
dF =pdA =whdA =whl(h) dh 


and so the total force acting on the submerged area is given by the summation of 
forces 


a)  whiean (5.58) 
hi 


The representation for the total force given by equation (5.58) assumes that the 
element of area can be expressed in terms of the depth h. If one selects a different 
way of representing the position of the submerged object, say by constructing an 
x, y-axes somewhere, then the above quantities have to be modified accordingly. 
Gas Pressure 

The equation (5.57) is valid for the change in gas pressure between two points P; 
and P, for small volumes. However, for small volumes the gas pressure is very small 
and Ap remains small unless h is very large. One usually makes use of the fact that 
the gas pressure is essentially constant at all points within a volume of reasonable 
size. When dealing with volumes of a very large size, like the Earth’s atmosphere, 
the equation (5.57) is no longer valid. Instead, one usually uses the fact that (i) 
the pressure decreases as the height h above the Earth increases and (ii) the density 
of the air varies widely over the surface of the Earth. Under these conditions one 
uses the approximate relation that the change in pressure with respect to height is 
proportional to pg and one writes 


dp 
a ee (5.59) 
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The negative sign indicating that the pressure decreases with height. Note that the 
pressure has a wide range of values over the Earth’s surface, varying with tempera- 
ture, humidity, molar mass of dry air and sea level pressure. The average sea level 
pressure being 101.325kPa or 760 mmHg. One can find various empirical formulas 
for variations of the density p determined by analyzing weather data. 
Chemical Kinetics 

In chemistry a chemical reaction describing how hydrogen (Hz) and oxygen (Oz) 


combine to form water is given by 
2H. +O,  2H2O 


This reaction is a special case of a more general chemical reaction having the form 
a 
nA, + ngAg+n3A3+--- ; mB, +m2Bo+m3B3+-::: (5.60) 
where Aj, Ao, A3,... represent molecules of the reacting substances, called reactants 
and B,, Bo, B3,... represent molecules formed during the reaction, called product el- 
ements of the reaction. The coefficients n1,n2,ng,... and m,,m2,m3,... are either 
positive integers, zero or they have a fractional value. These values indicate the 
proportion of molecules involved in the reaction or proportions involved when the 
reactants combine. These coefficients are referred to as stoichiometric coefficients. 
The constants ky and k, are positive constants called the forward and reverse re- 
action rate coefficients. If k, = 0, then the reaction goes in only one direction. 
The stoichiometric representation of a reaction gives only the net result of a re- 
action and does not go into details about how the reaction is taking place. Other 
schemes for representing a reaction are used for more complicated reactions. One 
part of chemistry is the development of mathematical models which better describe 
the mechanisms of how elements and compounds react and involves the study of re- 
action dynamics of chemicals. This sometimes requires research involving extensive 
experimental and theoretical background work in order to completely understand all 
the bonding and subreactions which occur simultaneously during a given reaction. 
Simple chemical reactions can be described using our basic knowledge of calculus. 
Rates of Reactions 
A reaction is called a simple reaction if there are no intermediate reactions or 


processes taking place behind the scenes. For example, a simple reaction such as 


ny, Ay + no Ag x mB, + m2 Bo (5.61) 
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states that n; molecules of A; and nz molecules of A; combined to form m,; molecules 
of B, and mz molecules of By. Let [A], [Ae], [Bi], [B2] denote respectively the concen- 
trations of the molecules A, A2, B,, By with the concentration measured in units of 
moles/liter. The stoichiometric reaction (5.61) states that as the concentrations of 
A, and A», decrease, then the concentrations of B, and Bz increase. It is assumed 


that A, and A, decrease at the same rate so that 


1 d[Ai] 1 d[ Ag] 


n, dt > nz dt cp02) 
and the concentrations of B, and By, increase at the same rate so that 
1 d{Bi] 1 d{ Bg] 
M1, dt > ms dt (5:09) 
Equating the equations (5.62) and (5.63) gives 
1 d[Ai]_ 1 d[As] _ 1 {B,J _ 1 {Ba es 
ny dt ng dt My dt mg, dt 


Here a standard rate of reaction is achieved by taking the rate of change of each 
substance and dividing by its stoichiometric coefficient. Also note that the minus 
signs are used to denote a decrease in concentration and a plus sign is used to denote 
an increase in concentration. 
The Law of Mass Action 

There are numerous and sometimes complicated rate laws for describing the 
chemical kinetics of a reaction. These complicated rate laws are avoided in presenting 
this introduction to chemical kinetics. For simple chemical reactions at a constant 
temperature which have the form of equation (5.60), let « = x(t) denote the number 
of molecules per liter which have reacted after a time t. Many of these simple 
equations obey the law of mass action which states that the rate of change of x = x(t) 
with respect to time t can be represented 


oo = hlAL]™[Aa]”2[As}"* ed 


Each of the superscripts n1,n2,n3,... have known values and & is a rate or velocity 
coefficient having units of 1/time. The order of the chemical reaction is represented 
by the sum n, + no +n3+--- of these exponents. If the sum is one, the reaction is 
called a first-order reaction or unimolecular reaction. If the sum is two, the reaction 


is called a second-order reaction or bimolecular. If the sum is three, the reaction is 


called a third-order reaction or trimolecular, etc. Note that trimolecular and higher 
order reactions are rare. 

An example of a unimolecular reaction is a substance disintegrating and this 
type of reaction can be represented 


d[ A] 


-SS =H, (ALS 1ANO (5.66) 


and this equation is a way of stating that the rate of change of a decaying substance 
is proportional to the amount present. The proportionality constant k being called 
the rate coefficient. Separate the variables in equation (5.66) and write Ty = —kdt 
and then integrate both sides from 0 to t, assuming that at time t = 0, [A](0) = [Alo 


is the initial concentration. One can then write 


(af 


and then these equations can be integrated to obtain 
In[A] —In[A]o =—kt => [A]=[A](t) = [A]oe7* (5.67) 


where the reaction rate k has dimensions of 1/time. Use equation (5.67) and plot 
[A](t) versus t one finds the result is a straight line on semi-log paper. A second-order 
reaction or bimolecular reaction has the form 


k 
a 


Aas Ao Ty (5.68) 

ky 
and represents a reversible bimolecular reaction. Here ky is the forward rate constant 
and k, is the reverse rate constant. One can alternatively write the forward and 
reverse reactions as two separate equations. If k, = 0, then there is no reverse 
reaction. Apply the law of mass action to the stoichiometric reaction (5.68) gives 


the differential equations 


_ =k, [By] — kg [Ai] [Ao] 
da) _ 4,154] — kyl ALLA ie 
d[By] _ 

BT Bel Bil + kelAil al 


Note that the rate coefficients k, and kr can have very large differences in magnitudes 


thus driving the reaction more in one direction than the other and for the reaction 
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(5.68) the rate coefficients ky and k, do not have the same units of measurements. 
To show this one should perform a dimensional analysis on each of the terms in the 
equations (5.69). Each group of terms in equation (5.69) must have the same units of 
measurements so that by examining the dimensions of each term in a group one can 
show the reaction rates ky and k, do not have the same dimensions. For example, if 
the concentrations are measured in units of mol/liter, then the terms on the left-hand 
side of the equations (5.69) all have units of mol/liter per second and consequently 
each group of terms on the right-hand side of the equations (5.69) must also have this 


same unit of measurement. This requires that k, have units of 1/second and ky have 
1 


- second 


units of . If different units of measurement are used one must perform 


mol 


liter 
a similar type of analysis of the dimensions associated with each group of terms. 


The requirement that each group of terms have the same dimensions is known as 
requiring that the equations be homogeneous in their dimensions. If an equation is 
not dimensionally homogeneous, then you know it is wrong. 

In the equations (5.69) let k, =0 to obtain 


WEne ks[Ai] [Aa] 
d[ Az] _ 

aoe k [Ay] [Ag] (5.70) 
d[Bi] _ 

a kg [Ai] [Ae] 


Let y = y(t) = [B,| denote the concentration of B, as a function of time ¢. If at time 
= 0 the concentrations of A; and A, are denoted by [Ai]o and [Ag]o, then after a 


time ¢t one can express the amount of A; and A» by using the equations 
[Ar] = [Ai] (@) = [AiJo —y and [Az] = [Aa] (¢) = [Aa]o — y 


Substituting these values into the last of the equations (5.70) gives the result 


d 
ot = key([Ailo — 9)((Aalo = 9) (5.71) 
Let a1 = [AiJo and ag = [A2]o and assume a; # a2 so that equation (5.71) can be 


expressed in the form 
dy 


(a1 — y)(@2 — y) 


= ky dt (5.72) 
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where the variables have been separated. Use partial fractions and write 


1 A B 


a 
(a1 — y)(a2 —y) a1—Y ag2—-Yy 


and show A = —+— and B = —1~ = —A. The equation (5.72) can then be expressed 


the following form 
Ady Ady 


a1—-Yy a2g2—-Y 


= kr dt, a1 x ag (5.73) 


which is easily integrated to obtain 
—Aln|a; —y|+ Alnjag —y| =kyt+C 


where C is a constant of integration. Solving for y gives 


Al et =kyt+C 
Qa, — 
In| 22 u =ks(az —a1)t+C*, where C* = C(a2 — a1) (5.74) 
1—Y 


O2 74 _ieks(o2-™)t where K = eC” is some new constant. 
a1—Y 
Evaluate equation (5.74) at time t = 0 with y(0) = 0 to show K = &. Substituting 


this value into the last equation in (5.74) and using algebra to solve for y one finds 
that 


[i eks(a2—a2)t) 


y = y(t) = ayag A ages aaa (5.75) 
In the special case a; = a2, the equation (5.72) takes on the form 
dy 
——_. = ky dt 5.76 
(aq —y? 7 He) 
As an exercise integrate both sides of this equation and show 
= y(t) = ake (5.77) 
0 UNE Te oi Nea 
Differential Equations 
Equations which contain derivatives which are of the form 
dy d™—ly d?y dy - 
L(y) do(&) = ay (©) act Oa Gn—2(&) 5 t Gn—1(%) 5 + an(x)y = 0 (5.78) 
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where ao, a1,...,@, are constants or functions of x, are called linear nth order homo- 
geneous differential equations and linear differential equations of the form 
d™—ly d?y 


“ag +++: + an—2(2) 5 + n—1(2) 2 + an(a)y = Fla) (5.79) 


are called linear nth order nonhomogeneous differential equations. The symbol L is 
a shorthand notation to denote the linear differential operator 
d*() d(_) 


Tx “ Gn—1(t) + an(x)( ) (5.80) 


d"() 


dx” 


PA) 


1) = ao(x) ian 


+ a; (x) +++++Gn_2(x) 


An operator L is called a linear differential operator when it satisfies the conditions 


L(y + y2) =L(y1) + L(y2) 


5.81 
L(ay) =aL(y) a 


where a is a constant. The first condition is satisfied because a derivative of sum is 
the sum of the derivatives and the second condition is satisfied because the derivative 
of a constant times a function is the constant times the derivative of the function. 
Differential equations with ordinary derivatives, not having the forms of equations 
(5.78) or (5.79) , are called nonlinear differential equations. In general, linear differ- 
ential equations are easier to solve than nonlinear differential equations. 

A solution of the differential equation (5.78) is any continuous function y = y(z) 
which can be differentiated n-times and one can show that when the function y = y(z) 
and its derivatives are substituted into the equation (5.78) then an identity results. 
The function y = y(x) is then said to have satisfied the conditions specified by the 
differential equation. The differential equation (5.78) has a nth derivative term and 
consequently it would require n-integrations to obtain the solution. The general 
solution will therefore contain n arbitrary constants. Sometimes it is possible to 
integrate the differential equation and determine the solution by integration meth- 
ods. Sometimes the given differential equation has a special form where short cut 
methods have been developed for obtaining a solution. 

The general procedure to solve the linear nth order nonhomogeneous equation 
(5.79) is to first solve the homogeneous differential equation (5.78) by finding n 
linearly independent solutions {y;(x), y2(x),-.-,Yn(x)}, called a fundamental set of so- 
lutions, where each function y;(x) satisfies L(y;(2)) = 0 for i= 1,2,...,n. The general 


solution of the linear homogeneous differential equation (5.78) is then any linear 


combination of the functions in the fundamental set. The general solution of the 


linear homogeneous equation can be expressed 


Yo = C1y1(@) + e2yo(x) +--+ + CnYn(Z) (5.82) 


where c1,¢2,...,¢n are constants and y, is called a complementary solution. After 
determining the complementary solution one then tries to find any function y, which 
satisfies L(y») = F(x). The function y, is then called a particular solution of the 
nonhomogeneous linear differential equation (5.79). The general solution to the linear 
nonhomogeneous differential equation (5.79) is written 


which represents a sum of the complementary and particular solutions. 
Spring-mass System 

Consider a vertical spring which is suspended from a support as illustrated in 
figure 5-4(a). Consider what happens when a weight W is attached to a linear spring, 
and the spring stretches some distance sj, and the weight remains at rest in an 
equilibrium position as illustrated in the figure 5-4(b). The weight is in equilibrium 
because the downward force W is offset by the upward spring restoring force and 
these forces must be equal and in opposite directions. If the weight is displaced 
from this equilibrium position and then released, it undergoes a vibratory motion 
with respect to a set of reference axes constructed at the equilibrium position as 
illustrated in figure 5-4(c). 


In order to model the above problem, the following assumptions are made: 


(a) No motion exists in the horizontal direction. 
(b) A downward displacement is considered as positive. 
(c) The spring is a linear spring and obeys Hooke’s'! law which states that the 


restoring force of the spring is proportional to the spring displacement. 


Using Hooke’s law the spring force holding the weight in equilibrium can be 
calculated. In figure 5-4(b), there is no motion because the weight W acting down 
is offset by the spring force acting upward. Let f, denote the spring force illustrated 
in figure 5-4(d). Using Hooke’s law, the spring force f, is proportional to the dis- 
placement s and is written f, = Ks, where K is the proportionality constant called 


11 Robert Hooke (1635-1703) English physicist. 
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the spring constant. The graph of f, versus displacement s is therefore a straight 


line with slope K. 
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Figure 5-4. Spring-mass system. 


Summation of the forces in equilibrium is represented in figure 5-4(b) which illus- 
trates the spring force equal to the weight acting down or f, = Kso = W. This 
determines the spring constant K as 


K= (5.84) 


. 
50 

In figure 5-4(c), the spring force acting on the weight is given by f, = K(so+y) where 
y is the displacement from the equilibrium position. The vibratory motion can be 
describe by using Newton’s second law that the sum of the forces acting on the mass 
must equal the mass times acceleration. The motion of the weight is thus modeled 
by summing the forces in the y direction and writing Newton’s second law as 


a Waa yaa, or ao (5.85) 
dt2 oS 0 Y= Y, dt2 Y= © 


or 
d’y 2 2 
qt’ y=0, w* = Kk/m (5.86) 
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Here the substitution w? = K/m or w = \/K/m has been made to simply the 
representation of the differential equation describing the motion of the spring-mass 
system. The quantity w is called the natural frequency of the undamped system. 


Simple Harmonic Motion 
Consider the spring illustrated which is stretched 


ww tt 


4 Saerolelelelelelerelslele) ae : 


a distance y. Hooke’s law states the for a linear 
spring, the restoring force F, is proportional to the 


displacement y and one can write F, = —Ky, where K 
is the proportionality constant called the spring constant. The negative sign indicat- 
ing that the restoring force is in the opposite direction of the spring displacement. 


The elastic potential energy of the spring is defined as follows. The work done 
in stretching a spring a distance y is given by 


W =(average force)(displacement) 


=i) _1y 2 
W= (xu) (y)=5ky 
In stretching the spring using a force Ky, the spring exerts an opposite force —Ky 
which does negative work. This negative work is called the elastic potential energy 


of the spring and it is denoted by 


Multiply equation (5.85) by at to obtain 


dy d?y dy 
ne. Ru d= . 
mM ap dt+ ky di dt = 0 (5.87) 


Note that the integration of each term in equation (5.87) is of the form f udu for 
an appropriate value of u. One can verify that an integration of equation (5.87) 
produces the result that the kinetic energy plus spring potential energy is a constant 
and represented 


1 (dy\* 1, 9_ 
sm (St) + 5Ky E (5.88) 
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where E is a constant of integration. Observe that the terms in equation (5.88) 
represent 


2 
Ex =5mv? = _m ($) = Kinetic energy of system 


Ep =5 Ky = Spring potential energy 
E =Total energy of the system 
Equation (5.88) can be integrated to obtain the displacement y = y(t) as a function 


of time ¢. Write equation (5.88) as 


2 
2F UK 2 K 
ONE y? =u (A?—y"), where A? = —~ and w? = — (5.89) 
dt m m K m 


Take the square root of both sides to obtain the differential equation 


This is a differential equation where the variables can be separated to obtain 


dy 


= =uwit 
A — y? 


and then integrated by making the substitution 


. Acos 
y = Asin8@, dy = Acos@d@ to obtain ECOG pase 
Acos@ 
where another integration produces 
ee ek ee _ = : 
6=wt+ or 6@=sin (4) =wt+6 or y=vy(t) = Asin(wt+ 6) (5.90) 


where 6) is a constant of integration. Any periodic motion y = y(t) represented by 


either of the equations 
y = Asin(wt + 9) or y = Acos(wt + 60) (5.91) 


is said to be a simple harmonic motion with amplitude A. The period P associated 
with the oscillation is the time taken to complete one oscillation. The period of 
the motion described by equation (5.90) or (5.91) is P = 2%. The frequency of the 
motion is f = 7 = * and represents the number of oscillation performed in one 
second, where 1 unit cycle per second is called a Hertz. The angle 6) in equation 
(5.91) is called the phase angle or phase shift associated with the oscillations. 


Note that equations (5.91) differ only by a phase constant, since one can write 


Asin(wt + 09) =Acos(wt + 69 — 1/2) = Acos(wt + ¢o), do = 9% — 1/2 
Acos(wt + 69) =Asin(wt + 09 + 7/2) = Asin(wt + Yo), Yo = % 4+ 7/2 


In general, given an equation of the form 
y = y(t) = A, coswt + Ag sinwt 


one can multiply both the numerator and denominator by \/A? + 43 to obtain 


Ay Ay 
y = y(t) =f A? + Az | —=+— — 
«) tT? | [Ar + AP \/ A? + AB 


so that the oscillatory motion can be expressed in the following form. 


cos wt + sin wt 


A=./A?4 Az 
; — : : 
af A2+A2 sin.do= \/aitae y =y(t) = A [sin 0 cos wt + cos Op sin wt] 
A 
+ cos @9= Az 


\/ a2 az y =y(t) = Asin(wt + 60) 


Az 


2 
Simple harmonic motion can be characterized by observing that the acceleration ct 
satisfies the conditions : 

(i) It is always proportional to its distance from a fixed point ot =—=w*y . 


(ii) It is always directed toward the fixed point. 


Damping Forces 

Observe the sign of the spring force in equation (5.85). If y > 0, the restoring force 
is in the negative direction. If y < 0, the restoring force is in the positive direction. 
The directions of the forces are important because forces are vector quantities and 
must have both a magnitude and a direction. The direction of the forces is one check 
that the problem is correctly modeled. 

If additional forces are added to the spring mass system, such as damping forces 
and external forces, then equation (5.85) must be modified to include these addi- 
tional forces. In figure 5-5, assume a damper and an external force are attached to 


the spring as illustrated. 
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Figure 5-5. Spring mass system with additional forces. 


If there is a damping force Fp which opposes the motion of the mass and the 
magnitude of the damping force is proportional to the velocity'”, then this can be 


represented by 
dy 


dt 
where 6 >0 is the proportionality constant called the damping coefficient. The sign 


Fp =-8 (5.92) 


of the damping force is determined by the sign of the derivative as Note that if y 
is increasing and # > 0, the damping force is in the negative direction, whereas, if y 
is decreasing and # <0, the damping force acts in the positive direction. In figure 
5-5, the quantity F(t) denotes an external force applied to drive the mass. 

The use of Newton’s second law of motion, together with the summation of 
forces, one can construct a mathematical model describing the motion of the spring 
mass system with damping and external force. The illustration in the figure 5-5 can 
be used as an aid to understanding the following equation 


d?y dy 
ee Sey ee 
mot = — Ky— pO + FW) (5.93) 
z . a ree 
or my + By + Ky = Fit) sere = (5.94) 


where the right-hand side of equation (5.93) represents a summation of the forces 
acting on the spring-mass system. Each term in equation (5.94) represents a force 


12 Various assumptions can be made to model other types of damping. 


term and for the equation to be dimensionally homogeneous, every term must have 
dimensions of force. The quantity mi is called the inertial force, 3y is the damping 


force, Ky is the spring force and F(t) is an external force. Here m, 6 and K are all 
[w] lbs _ _lbs _ lbs |; 

~ Isl ~~ ftysec2’ al ft/sec’ Cae ft with 

y and t having the dimensions [y] = ft and [t] = seconds. It is left as an exercise to 


positive constants with dimensions [m] 


verify that the equation (5.94) is dimensionally homogeneous.'? 
To solve the differential equation (5.94) one first solves the homogeneous equa- 
tion : 
mot +624 Ky=0 (5.95) 
by finding a set of two independent solutions {y;(t), yo(t)} called a fundamental set 
of solutions to the homogeneous differential equation. The general solution to the 
homogeneous differential equation is then any linear combination of the solutions 


from the fundamental set. The general solution to equation (5.95) can be expressed 
Yo = cryi(t) + coy2(t) where c,, c2 are arbitrary constants. (5.96) 


This general solution is called the complementary solution and is usually denoted 
using the notation y... Any solution of the nonhomogeneous differential equation 
(5.94) is denoted using the notation y, and is called a particular solution. The general 
solution to the differential equation (5.94) can then be expressed as y = yc + yp. 

If the homogeneous differential equation has constant coefficients, one can assume 
an exponential solution y = exp(yt) = e”, 7 constant, to obtain the fundamental set 
of solutions. 

2 


Example 5-19. Solve the differential equation “ ~ 3 + 2y = 2e7* 


Solution Assume an exponential solution y = e% to the homogeneous differential 


equation 
d’y dy 
2y= : 
wa t 3a tv =0 (5.97) 
and substitute y =e”, & = ye dy —_ ~2e7 into the homogeneous differential equa- 


ae 
tion (5.97) to obtain the algebraic equation 


y+ 3y+2= (y+ ly+1) =0 (9:06) 


13 The word homogeneous is used quite frequently in the study of differential equations and its meaning depends 


upon the context in which it is used. 
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called the characteristic equation. The roots of this equation y = —2 and y = —-1 
are called the characteristic roots. Substituting these characteristic roots into the 
assumed solution produces the fundamental set {e~”’, e~‘}. The complementary solu- 
tion is then a linear combination of the functions in the fundamental set. This gives 
the complementary solution 

Ye = c1e + cpe* (5.99) 


where c,,c2 are arbitrary constants. 

The right-hand side of the given nonhomogeneous equation is an exponen- 
tial function and since it is known that derivatives of exponential functions give 
exponential functions, one can assume that a particular solution y, must have 
the form y, = Ae~*' where A is a constant to be determined. The processes of 
examining the derivatives of the right-hand side of the nonhomogeneous equa- 
tion and forming a linear combination of the basic terms associated with the 
right-hand side function and all its derivatives, is called the method of undeter- 
mined coefficients for obtaining a particular solution. Substituting the functions 
te= Ae, Wp = =8Ae-*. dup = 9Ae~** into the given nonhomogeneous differential 
equation one finds 

Ae = 0Ae-* pA Soe % (5.100) 


Simplify equation (5.100) and solving for the constant A one finds A = 1, so that 
Yp =e ** is a particular solution. The general solution is then given by 


fae tp See Pee” he (5.101) 
a 


Example 5-20. (Representation of solution) 


Obtain a general solution to the linear homogeneous differential equation 


a . 

7 +w’y=0, w is a constant (5.159) 
which represents simple harmonic motion. 
Solution When dealing with homogeneous linear differential equations with constant 


coefficients one should assume an exponential solution y = e” having derivatives 
d d? : : ; ; 
= = ye” and ot = 7°e". Substitute the assumed exponential solution into the 


given differential equation to obtain the characteristic equation 


Pertwre®=-0 = xy 4+u? =(y-iw)(y+iw) =0 (5.104) 


The characteristic roots are the complex numbers y = iw and y = —iw, where i is an 
imaginary unit satisfying i? = —-1. These characteristic roots are substituted back 


into the assumed exponential solution to produce the fundamental set of solutions 
fee ert (5.104) 


Observe that any linear combination of the solutions from the fundamental set is also 
a solution of the differential equation (5.159), so that one can express the general 


solution to the homogeneous differential equation as! 
y=ce?* + ee t?? (5.105) 


where c;,c) are arbitrary constants. | Use Euler’s identity e’? = cos@+isin@ and 
consider the following special cases of equation (5.105). 
(i) Ife = 4 and ec: = 3, the general solution becomes the real solution 


1 twt 


(t) Sf 1 —twt t 
= = -e =€E = COS W 
w= Y1 5 5 


(ii) If ce; = 4 and c = 5}, the general solution becomes the real solution 


(t) 1; 1 —iwt : t 
= = e e€ = sINnW 
ete 2 Di 


The functions coswt and sinwt are real linearly independent solutions to the 


differential equation (5.159) and consequently one can state that the set of solutions 
{coswt, sinwt } (5.106) 

is a fundamental set of solutions to the equation (5.159), and 
y = ky coswt + ko sinwt (5.107) 


is a general solution! to the given differential equation (5.159), where k, and ky are 
arbitrary constants. 
Multiply and divide equation (5.107) by /k? +3 to obtain 


ky ko ; 
y= 4/ke2 +k (ee cos wt + are) (5.108) 


14 Plectrical engineers prefer to use this form for the solution. 


15 Mechanical engineers prefer this form for the solution. 


409 


410 


The substitutions 


: ky ko 
— ,/p2 2 _ _ 
A= /ki+ks5, sin@ = B @ cos 6) = Jet 


allow one to express the general solution in the form 


ka 


y = Asin(wt + 9) 


The substitutions 


, ko ky 
A= k? + k2, sin a —————— COs a —— 
YR erage OE a 
allows one to express the general solution in the form 
y = Acos(wt — ¢o) 


This example illustrates that one has many options available in representing the 
form for the general solution to a linear homogeneous differential equation with 
constant coefficients. The resulting form is closely associated with the selection of 


the two independent functions which make up the fundamental set of solutions. 


i 
Example 5-21. (Representation of solution) 
Solve the linear homogeneous differential equation 
d?y 9 : 
qe Bey =0, 81s a constant (5.109) 


Solution The given differential equation is a linear homogeneous second order dif- 
ferential equation with constant coefficients and so one can assume an exponential 
solution of the form y = y(t) = e7’ which has the derivatives ou = ye’ and at 
Substitute the assumed solution and its derivatives into the above differential equa- 


= yer", 


tion to obtain the characteristic equation 
Aer? Belt = = y —- 8 =(y- A)(y+ B) =0 (5.110) 


giving the characteristic roots y = 6 and y = —@ from which one can construct the 
fundamental set of solutions 
{eF?, eft} (5.111) 


A general solution is then any linear combination of the functions in the fundamental 


set and so can be represented in the form 
y = y(t) = cre?* + ee" (5.112) 


where c;,c, are arbitrary constants. A special case of equation (5.112) occurs when 


c, = and co = § and one finds the special solution 


1 1 
yi = y(t) = Be 4 so = cosh Gt (5.113) 
The special case where c; = $ and c, = —} produces the solution 
1 1 
(= yslt)= ae — ao = sinh ft (5.114) 


The functions cosh Gt and sinh(t are linearly independent solutions to the differential 
equation (5.109) and therefore one can construct the fundamental set of solutions 


{ cosh Gt, sinh Gt } (5.115) 
and from this fundamental set one can construct the general solution in the form 
y = y(t) = ky cosh Gt + ke sinh St (5.116) 


where k; and ky are arbitrary constants. 


If one selects the constants k; and ky such that 
k, = A cosh Bto and ky = —Asinh Bto to iS a constant 

then the general solution can be expressed in the form 

y = y(t) = A( cosh Bt cosh Btp — sinh Gt sinh Bty) = A cosh B(t — to) 
Alternatively, one can select the constants 

ky =—AsinhGtp and ky = AcoshPto 

and express the general solution in the alternative form 

y = y(t) = A(sinh Bt cosh Btg — cosh Bt sinh Gty) = A sinh A(t — to) 


This is another example, where the form selected for the fundamental set of 
solutions can lead to representing the general solution to the differential equation 
in a variety of forms. In selecting a particular form for representing the solution 
one should select a form where the representation of the solution and any required 


auxiliary conditions are easily handled. 
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Mechanical Resonance 
In equation (5.94), let F(t) = FocosAt, with \ is a constant, and then construct 


the general solution to equation (5.94) for this special case. To solve 
L(y) = mij + By + Ky = Fy cost (5.117) 
it is customary to first solve the homogeneous equation 
Ly) = mj + By + Ky =0. (5.118) 


This is an ordinary differential equation with constant coefficients and this type of 
equation can be solved by assuming an exponential solution y = exp(yt) = e%. Sub- 
stituting this assumed value for y into the differential equation (5.118) one obtains 
an equation for determining the constant(s) y. This resulting equation is called the 
characteristic equation associated with the homogeneous differential equation and 
the roots of this equation are called the characteristic roots. One finds the charac- 
teristic equation 
my’? + by+K =0 


with characteristic roots 


/ 2 
2m m 


(i) If the characteristic roots are denoted by 7, 72 and these roots are distinct, 
then the set of solutions {e%*, e?2*} is called a fundamental set of solutions to the 
homogeneous differential equation and the general solution is denoted by the 


linear combination 
y = cye™* + ee", C1, C2 are arbitrary constants (5.120) 


(ii) If the characteristic roots are equal and y = 72, then one member of the funda- 
mental set is e%*. It has been found that each time a characteristic root repeats 
itself, then one must multiply the first solution by t. This rule gives the sec- 
ond member of the fundamental set as te?’ The fundamental set is then given 
by {e%*, te} and produces the general solution as a linear combination of the 
solutions in the fundamental set. The general solution can be written 


y = ce" + cote, €1, ¢2 are arbitrary constants. (5.121) 


(iii) If the characteristic roots are imaginary and of the form 7, = a+i@ and 72 = a-i 8, 
then one can use the Euler formula e’* = cosz +i sing to express the general 
solution in either of the forms 

y =cyelOt* Pt 4. eyelet AE complex form for the solution 
y =e™ (C1 cos Bt + C2 sin ft) , real form for the solution aes 
where c1, ¢2, C1, Cz represent arbitrary constants. 

The general solution to the homogeneous differential equation (5.118) is called 
the complementary solution. In equation (5.119), the discriminant (8/2m)?— K/m > 0, 
determines the type of motion that results. The following cases are considered. 
CASE I (Homogeneous Equation and Overdamping) 

If (3/2m)?— K/m > 0, equation (5.119) has two distinct roots y, and y2 where both 
y, and 7 are negative, then the corresponding complementary solution of equation 
(5.118) has transient terms ce?’ and e7?' and the general solution is of the form 


Yo = ce! + ene", 9, <0, 2 <0 (5.123) 


where ¢,,c) are arbitrary constants. This type of solution illustrates that if the 
damping constant 6 is too large, then no oscillatory motion can exist. In such a 
situation, the system is said to be overdamped. 
CASE II (Homogeneous equation and underdamping) 

For the condition (8/2m)? — K/m < 0, let w = K/m—(@/2m)? and obtain from the 
characteristic equation (5.119) the two complex characteristic roots 


1 =—B/2n+iwg and y= —8/2m— iu. 
These characteristic roots produce a complementary solution of the form 
Yo =e At/2m (c1 sin wot + cz Cos wot) 


or 
Yo = 1/ 2 + Be Ft/2™ cos(wot — ) (5.124) 


with c,,co arbitrary constants. Here wo represents the damped natural frequency of 


the system. If 3 is small, wo is approximately the natural frequency of the undamped 
system given by w = ./K/m. 


A413 


A414 


The solution equation (5.124) denotes a 
damped oscillatory solution which can be vi- 


sualized by plotting the curves 


ma=yarge Pm and yw=-y 


as envelopes of the oscillation cos(wot — ¢) as 
is illustrated in figure 5-6. The term —6/2m 
is called the damping constant or damping 


factor. Figure 5-6. Damped oscillations. 


CASE III (Homogeneous equation and critical damping) If (6/2m)?—_K/m = 0, equation 
(5.119) has the repeated roots 71 = y2 = —@/2m which produces the solution 


Yo = (c1 + cat)e F4/2™. (5.125) 


By reducing the damping constant 3 one gets to a point where oscillations begin 
to occur. The motion is then said to be critically damped. The critical value for 
the damping constant 3 in this case is denoted by 6, and is determined by setting 
the discriminant equal to zero to obtain 6. = 2mw where w = \/K/m is the natural 
frequency of the undamped system. 
Particular Solution 

Associated with the complementary solution from one of the cases I, IH, or III, 
is the particular solution of the nonhomogeneous equation (5.117). The particular 
solution can be determined by the method of undetermined coefficients. Examine the 
function(s) on the right-hand side of the differential equation and all the derivatives 
associated with these function(s). Select the basic terms which keep occurring in the 
function and all of its derivatives and form a linear combination of these basic terms. 
For the equation (5.117) the basic terms which occur by continued differentiation 
of the right-hand side are the functions {cos At, sin At} multiplied by some constant. 
One can then assume that the particular solution is of the form 


Yp = AcosAt + Bsin At (5.126) 


with A and B unknown constants to be determined. Substituting this assumed par- 
ticular solution into the differential equation (5.117) produces the equation 


[(K — md?)A + BAB] cos At + [—BAA + (K — md?) B] sin At = Fo cos At (5.127) 
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Now equate the coefficients of like terms to obtain the system of equations 


(K — m\”)A+ BAB = Fo 
(5.128) 
—B\A+ (K — m)B =0, 


which are equations used to determine the constants A and B. Solving equations 


(5.128) gives 


K- mA?) Fo 


nN and B= A (5.129) 
where 
A) es 
The particular solution!® can then be expressed as 
= (K — md?) Fo BAFo . a Fo ; 
Wp = —— x ©08 At + A Sin N= on cos(At — ¢) (5.130) 


where ¢ is a phase angle defined by tan¢@ = 8\/(K — mi?) for md? 4 K. The general 
solution to equation (5.119) can then be written y = y.+y,. In the general solution, 
the complementary solutions are transient solutions, and the particular solution rep- 
resents the steady state oscillations. The amplitude of the steady state oscillations 


is given by 


HDS Fo = Fo (5.131) 
VA /(K = md?)? + B70? my/(w? — 0?)? + 4? w?(B/80)? . 


Amp = 


where w is the natural frequency of the undamped system and 3, = 2mw is the critical 
value of the damping. For 6 = 0 (no damping), the denominator in equation (5.131) 
becomes m|w?—A?| and approaches zero as \ tends toward w. Thus, with no damping, 
as the angular frequency \ of the forcing term approaches the natural frequency w 
of the system, the denominator in equation (5.119) approaches zero, which in turn 
causes the amplitude of the oscillations to increase without bound. This is known 
as the phenomenon of resonance. For 6 4 0, there can still be a resonance-type 
behavior whereby the amplitude of the oscillations become large for some specific 
value of the forcing frequency  . 

Define the resonance frequency as the value of \) which produces the maximum 
amplitude of the oscillation, if an oscillation exists. 


cos At 4 


sinAt| = VA? + B? cos(At — ¢) 


16 Recall that Acos At + Bsin \t — /A2 + B2 


A B 
V/ A24+ B2 / A2+ B2 
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Figure 5-7. Amplitude versus frequency for a forced system. 


This amplitude, given by equation (5.131), has a maximum value when the 


denominator is a minimum. Let 
H = (w* — 0”)? + 407w? (8/8)? 


denote this denominator. The quantity H has a minimum value with respect to 
when the derivative of H with respect to \ is zero. Calculating this derivative gives 


dH 


eo 2(w? — d”)(—22) + 8rw? (8/8)? = 0 


when 
NM = w* [1 — 2(8/8,)?] - Gaby) 


The phenomenon of resonance is illustrated graphically in figure 5-7 by plotting the 
amplitude, as given by equation (5.131), versus A for various values of the ratio 3/(.. 


In practical problems, it is important to be able to design vibratory structures to 
avoid resonance. For example, printing presses vibrating at the correct frequency can 
act as forcing functions to cause large vibrations and even collapse of the supporting 
floor. High winds can act as forcing functions to cause resonance oscillations of 
structures. Flutter of aircraft wings, if not controlled properly, can result in dynamic 
instability of an aircraft. 
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Resonance can also be a desired phenomenon such as in tuning an electrical 
circuit for a maximum response of a voltage of a specified frequency. In the study 
of electrical circuits where frequency is a variable, it is desirable to have frequency 
response characteristics for the circuit in a graphical form similar to figure 5-7. 

Train yourself to look for curves which have shapes similar to those of the curves 
in figure 5-7. Chances are some kind of resonance phenomenon is taking place. 
Curves similar to the curves of figure 5-7 usually result from vibration models used 
to study a wide variety of subjects and are the design basis of a large number of 
measuring devices. The following is a brief list of subject areas where it is possible to 
find additional applications of the basic equations of vibratory phenomena and res- 
onance. Examine topics listed under mechanical vibrations, earthquake modeling, 
atomic vibrations, atomic cross sections, vibrations of atoms in crystals, scattering 
of atoms, particles, and waves from crystal surfaces, sound waves, string instru- 
ments, tidal motions, lasers, electron spin resonance, nuclear magnetic resonance, 
and behavior of viscoelastic materials. 

Torsional Vibrations 

Torsional vibrations are similar in form to the spring mass system and the dif- 

ferential equation of the motion can be obtained from the example 5-15 presented 


earlier. From this example the relation 


2 
> Torques = M = Ia =1° dl 


dt? 
is employed from equation (5.52) where 6 denotes the angular displacement, J is the 
2 


(5.133) 


moment of inertia of the body, and a = 6 = _ is the angular acceleration. Consider 


a disk attached to a fixed rod as in figure 5-8. 


If the disk is rotated through an angle 0, 
there is a restoring moment M produced by 
the rod. Hooke’s law states that the restor- 
ing moment is proportional to the angular 
displacement and 


M=-Kyr0 (5.134) 


where Kr is called the spring constant of the 


Figure 5-8. Torsional vibrations. 


shaft and is the proportionality constant as- 
sociated with the angular displacement 0. 
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From the relation in equation (5.133) there results 


26 26 
M=-Kr0=I5, or Iz, +Kr0=0 (5.135) 


as the equation of motion describing the angular displacement 0. 

By adding a linear damper and external force to equation (5.135), a more general 
equation results ; 

rome + ss + Kr0 = F(t). (5.136) 

From strength of materials, the constant Kr is given by the relation Kp = GJ/L, 
where G is called the shearing modulus of the rod material, J is the polar moment 
of inertia of the rod cross section, and L is the length of the shaft. 

The simple pendulum 
For the pendulum illustrated the forces about 0 are the weight 
of the mass and the radial force along the string. The radial 
force passes through the origin and so does not produce a mo- 
ment about the origin. The moment of inertia of the mass m 
about 0 is given by J = mé@? and the torque about 0 is given by 
T = —(mg)(€sin@é)and consequently the equation of motion can 


2 
be expressed T = —mgésin@ = mé? — 


Simplification reduces the equation of motion to the form 


29 
2 oy 2_ 9 
qt’ sin? = 0, Ww =F 


For small oscillations one can make the approximation sin@ ~ @ and write the equation 
for the oscillating pendulum in the form 


PO 4 
qa t 6=0 


which is the equation of a simple harmonic oscillator. 


Electrical Circuits 
The basic elements needed to study electrical circuits are as follows: 


(a) Resistance R is denoted by the symbol ~WW\- 


The dimension of resistance is ohms?’ and written [R] = ohms. 


a0 George Simon Ohm (1787-1854), German physicist. 
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(b) Inductance L is denoted by the symbol 09909, 
The dimension of inductance is henries!* and written [L] = henries. 


(c) Capacitance C denoted by the symbol as 
The dimension of capacitance is farads!® and written [C] = farads. 


(d) Electromotive force (emf) E or V denoted by the symbols or hth 
The dimensions of electromotive force is volts?° and written [E] = [V] = volts. 


(e) Current J is a function of time, denoted J = /(t), with dimensions of amperes?! 
and written [J] = amperes. 
(f) Charge Q on the capacitance is a function of time and written Q = Q(t), 
with dimensions [Q] = coulombs. 
The basic laws associated with electrical circuits are as follows: The current is 
the time rate of change of charge. This can be represented with the above notation 


as 
[ e— “ with [J] = amperes, (=) = coulombs/second (5.137) 
000000 
Figure 5-9. Figure 5-10. 
Voltage drop Vz across a resistor. Voltage drop Vz; across inductor. 


The voltage drop Vp across a resistance, see figure 5-9, is proportional to the 
current through the resistance. This is known as Ohm’s law. The proportionality 


te Joseph Henry (1797-1878), American physicist. 

19 Michael Faraday (1791— 1867) English physicist. 

20 Alessandro Volta (1745-1827) Italian scientist. 

21 André Marie Ampé€re (1775-1836) French physicist. 
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constant is called the resistance R. In symbols this can be represented as Vz = RI 
where 
[Vr] = volts = [R][Z] = (ohm) (ampere) (5.138) 


The voltage drop Vz, across an inductance, see figure 5-10, is proportional to the 
time rate of change of current through the inductance. The proportionality constant 
is called the inductance L. In symbols this can be represented as 


Vi = Le where [V;] = volts = [L] (sl = (henry)(ampere/second) (5.139) 


The voltage drop Vo across a capacitance, see 
& figure 5-11, is proportional to the charge Q of 
the capacitance. The proportionality constant 
is denoted 1/C. In symbols this is represented 
as 


(5.140) 


Figure 5-11. 
Voltage drop Vo across capacitor.| where [Vo] = volts = 2] [Q] = coulombs/farad 


The Kirchoff laws for an electric circuit are. 


Kirchhoff’s?? first law : 

The sum of the voltage drops around a closed circuit must equal zero. 

Kirchhoff’s second law: 

The amount of current into a junction must equal the current leaving the junc- 
tion. 


The place in an electrical circuit where two or more circuit elements are joined 
together is called a junction. A closed circuit or loop occurs whenever a path con- 
structed through connected elements within a circuit closes upon itself. Voltage 
drops are selected as positive, whereas voltage rises are selected as negative. 


Example 5-22. For the RC-circuit illustrated in figure 5-12, set up the differ- 
ential equation describing the rate of change of the charge Q on the capacitor. Make 
the assumption that Q(0) = 0. 


22 Gustav Robert Kirchhoff (1924-1887) German physicist. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


Figure 5-12. An RC-series circuit. 


Solution For a path around the circuit illustrated in figure 5-12, the Kirchhoff’s 
voltage law would be written 
Vrt+Vo-—-E=0. 


Let I = I(t) = “2 denote the current in the circuit at any time t. By Kirchhoff’s first 


law: 
ee a) ie ( Voltage = _ a) 
across R across C > emf 
R Ba Ve = E 
RI + ra = E. 


This gives the differential equation 


pos ee 
L(Q) =R + 5Q=E (5.141) 


where R,C and E are constants. The solution of the homogeneous differential equa- 


tion 
dQ oi] 
R= + aQ=0 
can be determined by separating the variables and integrating to obtain 


dQ -1 dQ_f-l _ -t 
@ ~ Ro" and [3 Jat InQ note 


where a is a constant of integration. Solving for Q one finds is Q. = c, exp(—t/RC) 


where c, = e® is just some new constant. Since the right-hand side of the nonho- 
mogeneous differential equation is a constant, one can assume a particular solution 
of the form Q, = c2E where cz is a constant to be determined. Substituting this 
assumed solution into the nonhomogeneous differential equation and solving for c2 
one finds cp = C and so the particular solution can be written Q, = CE. The general 
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solution of equation (5.141) is represented by the sum Q = Q.+Q, and the solution 
satisfying Q(0) =0 is given by 


Q = Q(t) = EC(1— e~*/F°) (5.142) 


The relation (5.142) is employed to determine the current J and voltages Vc and Vp 


as iQ EB 
T=I(t)=— = =e t/ke 
ag ee 
a x = E(1— e7"/FC) (5.143) 


Va= RPS ee Pe 
In equations (5.142) and (5.143) the term exp(—t/RC) is called a transient term 
and the constant t = RC is called the time constant for the circuit. In general, 
terms of the form exp(—t/a) are transient terms, and such terms are short lived and 
quickly or slowly decay, depending upon the magnitude of the time constant 7 = a. 
The following table illustrates values of exp(—t/a) for t equal to various values of the 


time constant. 


Time t exp(—t/a) 
a 0.3679 
2a 0.1353 
3a 0.0498 
4a 0.0183 
5a 0.0067 


The values in the above table gives us valuable information concerning equations 
such as (5.142) and (5.143). The table shows that decaying exponential terms are es- 
sentially zero after five time constants. This is because the values of the exponential 


terms are less than 1 percent of their initial values. 


Solutions to circuit problems are usually divided into two parts, called transient 
terms and steady state terms. Transient terms eventually decay and disappear and 
do not contribute to the solution after about 5 time constants. The steady state 
terms are the part of the solution which remains after the transient terms become 


negligible. 


Example 5-23. For the parallel circuit illustrated in figure 5-13, apply Kirch- 
hoff’s first law to each of the three closed circuits. 


Figure 5-13. A parallel circuit. 


Note that each closed circuit has the same voltage drop. This produces the 
following equations. 


E=Ri, 
dl, 
a (5.144) 


Kirchhoff’s second law applied to the given circuit tells us 
l=h+h+4h. (5.145) 


If the impressed current J is given, the above four equations can be reduced to one 
ordinary differential equation from which the impressed voltage E can be found. 
Write equation (5.145) in the form 


Et dE 
called a differential-integral equation. By differentiation of this equation there re- 


sults an ordinary linear second-order differential equation 


dI _ ldE EL (E 
dt Rdt = L dt? ’ 


where E is the dependent variable to be determined. 
Conversely, if £ is given and 7 is unknown, then equations (5.144) give us I, Is, 
and J;, and equation (5.145) can be used to determine the current J. 
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Thermodynamics 

Experiments on a fixed mass of gas has established the following gas laws which 
relate the pressure P, volume V and absolute temperature T. 

Boyle’s Law If T is held constant, then pV = constant. 

Charles’s Law If P is held constant, then 7 = constant. 


‘ P 
Gay-Lussac Law If V is held constant, then a constant. 


These laws are summarized using the gas equation 


DiVa. 2 Pots 


T, T> 


where pressure P can be measured in units [N/m?], volume V can be measured in 
units [m°] and absolute temperature T is measured in units [K]. 

The ideal gas absolute temperature is defined using Boyles law which states 
PV « T which produces the equation of state for an ideal gas, which can be expressed 


in the form 


where n is the number of moles of gas and R = 8.314472 [—4-] is the ideal gas constant 
or universal molar gas constant. Note that real gases may or may not obey the ideal 
gas law. For gases which are imperfect, there are many other proposed equations of 
state. Some of these proposed equations are valid over selected ranges and conditions 
and can be found under such names as Van der Waals equation, Berthelot equation, 
Dieterici equation, Beattie-Bridgeman equation, Virial equation. 

The zeroth law of thermodynamics states that if two bodies are in thermal equi- 
librium with a third body, then the two bodies must be in thermal equilibrium with 
each other. The zeroth law is used to develop the concept of temperature. Here 
thermodynamic equilibrium infers that the system is (i) in chemical equilibrium and 
(ii) there are no pressure or temperature gradients which would cause the system 
to change with time. ‘The first law of thermodynamics is an energy conservation 
principle which can be expressed dQ = dU + dW where dQ is the heat supplied to 
a gas, dU is the change in internal energy of the gas and dW is the external work 
done. ‘The second law of thermodynamics examines processes that can happen in 
an isolated system and states that the only processes which can occur are those for 


which the entropy either increases or remains constant. Here entropy S is related 


to the ability or inability of a systems energy to do work. The change in entropy is 
defined as dS = dQ/T where dQ is the heat absorbed in an isothermal and reversible 
process and T denotes the absolute temperature. 

Recall that the ability of gases to change when subjected to pressure and tem- 
perature variations can be described by the equation of state of an ideal gas 


PV =nRT, (5.146) 


where P is the pressure [N/m?], V is the volume [m3], n is the amount of gas [moles], R 
is the universal gas constant [J/mol-K], and T is the temperature [K]. For an ideal 
gas, the gas constant R can also be expressed in terms of the specific heat at constant 
pressure C,, [J/mol-K] and the specific heat at constant volume C,, [J/mol-K] by 
Mayer’s equation R = C,—C,. Equation (5.146) is illustrated in the pressure-volume 
diagram of figure 5-14. 

The curves where T is a constant are called isothermal curves and are the hy- 
perbolas labeled (b) and (c) illustrated in figure 5-14. These curves correspond to 
the temperature values T; and 72. When a gas undergoes changes of state it can do 
so by an isobaric process (P is a constant) illustrated by line (a) in figure 5-14, an 
isovolumetric process (V is a constant) illustrated by the line (e) in figure 5-14, an 
isothermal process (T is a constant) illustrated by the hyperbolas with T = T; and 
T =T» in figure 5-14, or an adiabatic process (no heat is transferred) represented by 
the curve (d) in figure 5-14. 


Figure 5-14. Pressure-Volume diagram. 
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The first law of thermodynamics states that when a gas undergoes a change, 
the equation dU = dQ+dW must be satisfied, where dU is the change in internal 
energy, dQ is the change in heat supplied to the gas, and dW is the work done. An 
adiabatic process is one in which dQ = 0. For an adiabatic process, the first law 
of thermodynamics requires dU = dW. The work done dW is related to the volume 
change by the relation dW = —PadV, and the change in internal energy is related to 
the temperature change by the relation dU = yC,dT. For an adiabatic process 

ote =0 (5.147) 
Integrate the equations (5.147) and show the adiabatic curve (d) in figure 5-14 can 
be described by any of the equations 


TV’-! =Constant, TP =Constant, or PV? = Constant, 


where y = C,/C, is the ratio of the specific heat at constant pressure to the specific 
heat at constant volume. Also note that during an adiabatic process dQ = 0 so that 
the work done by the system undergoing a change in volume is given by the integral 
of dW which is represented by the shaded area in the figure 5-14. This shaded area 
is represented by the integral 


work done = i 7 PdV 

Radioactive Decay 

The periodic table of the chemical elements lists all 118 known chemical elements 
using the notation ¢A, where A represents a shorthand notation used to signify the 
name of an element, a is the atomic mass number or total number of protons and 
neutrons in the nucleus of the element and 7 is the atomic number or number of 
protons in the nucleus of the element. Isotopes of an element all have the same 
number of protons in the nucleus, but a different number of neutrons. For example, 
carbon is denoted }?C and the elements }°C, }4C are isotopes of carbon. Many of the 
isotopes experience a process known as nuclear decay or radioactive decay, where an 
isotope will emit some particles in a continuous way and lose some of its mass over 
time. 

Let A denote the quantity of a radioactive substance, measured in grams, with 

aA 


the derivative “+ denoting the rate of disintegration or amount of mass lost as a 


function of time t. In general, the amount of mass lost during radioactive decay is 
proportional to the amount present and so can be represented by the mathematical 
statement 


dA 
eS eh 14 
dt one) 


where k is a proportionality constant and the minus sign indicates mass being lost. 
The proportionality constant k is referred to as the decay constant. 

If A = Ap at time ¢ = 0 one can separate the variables in equation (5.148) and 
write 


dA 
= what (5.149) 


Integrate both sides of equation (5.149) and show 


A i 
| a =-i[ dt (5.150) 
Ao 0 


Here the limits of integration indicate that at time t=0, A= Ap and at time t, then 
A= A(t). After integrating equation (5.150) one obtains 


A 
= —kt 
Ao 


t 


InA 


== la ( =) —kt A= Age** (5.151) 
Ao 


0 


If, by experiment, it is found that p percent of Aj disappears in T years, then 


(1 — ;4,) Ao is the amount remaining after T years and so this information can be 


used to determine the decay constant k. At time T one has the equation 


aaa saa = Age *T 
(1 a) A= Bee (5.152) 
which implies In (1 - =) = —kT and so one can solve for the decay constant k and 
find 
oe p 
k=-7ln (1 a) (5.153) 


The half-life of a radioactive material is the time 7 it takes for 50-percent of the 
material to disappear. Consequently, if A= $49 at time t= 7, the equation (5.151) 


requires that 


5 Ao =Age* In (5) —kr F : In(2) (5.154) 


The table below gives the half-life of some selected elements from the periodic table. 
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Using the results from equa- 
tion (5.154) one can express the Silver (Ag) 
radioactive decay curve given by P| Ag | 745 days | 
equation (5.151) in the form | | Ag | 44 seconds | 

Go 


t/t 
Be ee=(3) eas [Todi 
The figure 5-15 is a sketch of po Bours 

y= = versus x = t/t. Examine PB days | 

this ane and note the values of Cesium (Ce) 

A for the values t = 7, 27, 37,47,.... Uranium (U) 4.46 (10)? years 

One can then construct the table | Thorium (Th) 14.05 (10)° years 

of values illustrated. 

The figure 5-15 illustrates that after a time of one half-life, then one-half of the 
material is gone. After another time span of one half-life, half of the remaining 


material is gone. 


Figure 5-15. Radioactive decay curve A= Age~"?) */7 


The reduction in the amount of material by one-half is 
illustrated by the scaling of the A and t axis of the radioac- 
tive decay curve given by equation (5.155). If one uses the 
axes A/Ay and t/r, then for each span of one half-life there 
is a decrease in the amount of material by one-half. 

Different radioactive substances are used for scientific 
research in many disciplines. For example, archaeology uses 
M4C for dating of ancient artifacts. 


Carbon-12 is a stable element and its isotope carbon-14 is radioactive with a 
half-life of 5730 years. All living organisms contain both ’C and “C in known 
ratios. However, after an organism dies, the carbon-12 amount remains the same 
but the carbon-14 begins to decay. By measuring the proportions of *C and C in 
dead organisms one can estimate the elapsed time since death. 

Geologist use ?°°5U, 2°°Pb, 732Th, and ?°°Pb to determine the age of rocks. They 
measure the relative amounts of these radioactive substances and compare ratios of 
these amounts with rocks from an earlier age. 

Radioactive substances are used for tracers and imaging in chemistry, biology 


and medicine. 


Economics 

Suppose that it cost C = C(€) dollars to produce € number of units of a certain 
product. The function C(z) is called the cost function for production of x items. Let 
r = r(x) denote the price received from the sale of 1 unit of the item and let P = P(z) 


denote the profit from the sale of x items. This profit can be represented 


P = P(x) =(number of items sold) (selling price of 1 unit) — cost of production 


P= P(a£) =a-r(x)— C(x) 


where the function x -r(zx) is called the revenue function. 
As a first approximation for the representations of r(x) and C(x) one can assume 


that they are linear functions of x and one can write 
r=a— er and C(z) =a+bz 


These assumptions have the following interpretations for a, 3,a,b all constants. 
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(i) The minus sign in the representation for r indicates that an increase in the 
selling price will cause a decrease in sales. This can be seen by plotting the 
curve x = §—4r versus r which is a straight line with slope —1/3. This line tells 
one that as r increases (price increases), then the number of sales x decreases. 

(ii) The constant a has to be large enough such that a — 6x remains positive as you 
don’t want to give away the product. 

(iii) In the cost function, the constant a represents the overhead for the maintenance 
of the production facilities and the variable term bz represent the additional cost 
of production associated with producing x units. The units of measurements for 
each term must be in dollars so [a] = $ and [b] =$/unit and [2] = number of units. 


Hence, one can interpret b as the cost to produce 1 unit. 
Using the above assumptions the profit from the sale of x items is given by 
P= P(x) = x(a — Bx) — (a+ bz) 


and if a profit is to be made from the sale of just one item, then it is required that 


a> 6+a+tb. The derivative of the profit with respect to z is 


dP 


— = a(—8) + (a— Bx) -b 


e is a critical point to be investi- 


The profit is a maximum when < =0ora = —— 
4 

gated. The second derivative gives — = —23 < 0 indicating that the critical point 
OF 


produces a maximum value. These results are interpreted 
‘ a—b 
OS 


(ii) The sale price for each item should be r= ave dollars per unit. 


items should be produced for a maximum profit. 


In economics the term R(x) = x-r(zx) is called the revenue function and its deriva- 


tive 22 is called the marginal revenue. The term P(z) is called the profit function 


dx 
and its derivative “ is called the marginal profit. The term C(z) is called the cost 
function and its derivative 4¢ is called the marginal cost function. 
By collecting data from production costs and sales over a period of time one can 
construct better approximations for the price function and cost function and other 


models similar to the above can be constructed and analyzed. 


Population Models 

Mathematical modeling is used to study the growth and/or decay of a pop- 
ulation. The population under study can be human populations subjected to a 
spreading disease, insect populations which can affect crops, bacteria growth or cell 
growth in the study of the spread of a disease or cancer cell growth. Predator-prey 
models are used to study the advance and decline of populations based upon food 
supplies. The effect of a certain type of medicine on the spread of bacteria or virus 
growth is still another example of population changes which can be studied using 
mathematics. 

One begins by making some assumptions and starting with a simple model which 
is easy to solve. By adding perturbations to the simple model it can be made more 
complex and applicable to the type of problem one is trying to model. This type of 
modeling has produced many extremely accurate results and the models predictive 
capability has given much incite into the study of population growth or decay. 

For example, an over simplified population growth model for say predicting 
census changes is to let N denote the current population number and then assume 
that the rate of change of a population is proportional to the number present. The 
resulting model is represented 

dt 
Here a > 0 is a proportionality constant. The conditions that at time t = 0 the 
population is No can be used as an initial condition that the model must satisfy. 
This model is simple and easy to solve. The variables can be separated and the 


result integrated giving 


N t 
[ Fafet = my 
No N 0 


This result states that there is an exponential increase in the population with time. 


N 
=at 
No 


t 
=> N = Noe 


0 


One immediate method to modify the model is to investigate what happens if a is 


allowed to change with time. If a = a(t) then the above integrations become 


N t 
[ Sa fewa ss San 
N a] 0 


Whenever the exponent of e gets too cumbersome it is sometimes convenient to 


N t t 
=a a(t)dt = N = Noedo 
No 0 


a(t) dt 


represent the solution in the form 


i SNe [few a| 
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To try and make the census population model more accurate one can make 
assumptions that include the rate of births and rate of deaths associated with the 
current population. If one makes the assumptions that the birth rate is proportional 
to N, say BN and the death rate is proportional to N?, say 6 N?, where @ and 6 are 
positive constants. The population model then has the form 


- = BN —5N? =(8-45N)N (5.156) 


which states the rate of change of the population with time is determine by the birth 
rate minus the death rate. Analyze this differential equation to see if it makes sense 
by 


(i) Determining conditions for when 4% 


sy > 0 which would indicate the population is 
increasing. 


aN 


“+ <0 which would indicate the population is 


(ii) Determining conditions for when 


decreasing. 


aN 


“+ = 0 which would indicate no change in the 


(iii) Determining conditions for when 
population. 

Setting the equation (5.156) equal to zero, implies that N = N(t) is a constant, 
since 4“ = 0. One finds the constant solutions N = N(t) = 0 and N = N(t) = B/6, are 
constant solutions for all values of time ¢. These solutions are called steady-state 
solutions and they do not change with time. 

In order for 4¥ > 0, one must require that N >0 and (8—6N) >0 or B/6>N. In 


order for 4¥ < 0, one must require that either N < 0 and (@—6N) > 0 or N > 0 and 
(3—6N) <0 as these conditions would indicate the population was decreasing. 

One can add additional assumptions such as (i) N is never zero and (ii) either 
No < N < 6/6 for t > 0 producing an increasing population or my) No > N > 6/6 
producing a decreasing population. In either of the cases where “4 is different from 


zero, one can separate the variables in equation (5.156) and Gaile. 


dN 


G-ony © 


An integration of this equation gives 


[er 5N)N - [a 
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To integrate the left-hand side of the above equation use partial fractions and show 
the above integral reduces to 


I aa t NW an = | dt 


Scaling the integral properly, one can integrate this equation to obtain 


N N 
Is szow],. 7% 


Solving for N gives the solution 


t No 


=> In B—5No 


=Bt 


| 


pate —_— 
B—6N 


0 


BNoet = aie (5.157) 


N=N®) = 5—5Ny +dNoe ~ 5Ny + (8 —ENo)e-* 


The equation (5.156) is called the logistic equation. The solution of this equation is 
given by equation (5.157) which gives the limiting value Jim N(t) = 8/6. A graphical 
representation of the logistic equation solutions are given in the figure 5-16. 


Figure 5-16. Solutions to the logistic equation. 


There are many more population models which are much more complicated than 
the simple ones considered in this introduction. 


Approximations 

If the Greek letter epsilon ¢ is positive and very small, then this is expressed by 
writing 0 < |e| << 1. For very small « one can truncate certain Taylor series expan- 
sions to obtain the following formulas to approximate f(a) + «). These approximate 
expansions are denoted using the symbol x to represent approximation. 
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(lt+6)"= 1l+ne SIE Em a’ 1+elna 
x1- a 
i € cose 1 ewlt+e 
i oe ee a In(a + €) & Ina += 
1l+e 2 ME ett = 


It is left as an exercise to verify the above approximations. 


Partial Differential Equations 

Examples of partial differential equations can be found in just about all of the 
scientific disciplines. For example, partial differential equations are employed to 
describe such things as fluid motion, quantum mechanical interactions, diffusion 
processes, wave motion and electric and magnetic phenomena. The following are 
some examples of partial differential equations. The derivation of these well known 


partial differential equations are presented in more advanced courses. 


The vibrating string 


Let u = u(x,t) denote the displacement of a 
string at position x and time t, where the string 
is stretched between the points (0,0) and (ZL, 0). 
The assumption that T, the tension in the string, 


is much greater than the weight of the string, 

produces the equation describing the vibrations of the string. The partial differential 
equation describing the vibrations of the string is given by 

Ou O7u 

a t= ule; 4), Ww ep. 
where T is the string tension, g the acceleration of gravity and p is the weight per 
unit length of string. This equation is called the one-dimensional wave equation and 
is subject to boundary conditions u(0,t) = 0 and u(ZL,t) =0 and initial conditions 


u(x,0) =f(x) = the initial shape of the string 
Ou(x, 0) 
ot 
The above quantities have the following dimensions [z] = cm, [t] = s, [u] = cm, 


and =g(x) = the initial velocity of the string 


[P| = gm/cm, [T] = dynes/cm and [g] = cm/sec?. 
The above one-dimensional wave equation is a special case of a more general 


three-dimensional wave equation. 
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One-dimensional heat flow 

The partial differential equation describing the one-dimensional heat flow in a 
rod along the z-axis is given by 

er = po, fi Aa 

where T = T(z,t) is the temperature at position x and time ¢ in an insulated rod of 
length L, where k is called the thermal conductivity of the solid, p is the volume 
density of the solid and ¢ is the specific heat of the solid. The above quantities have 
the following dimensions [z] = cm, [ft] =s, [T] =°C, [ce] =cal/gm°C , [p] = gm/cm? and 
[k] = cal/seccm? °C/cm. 

The one-dimensional heat equation is a special case of the more general three- 
dimensional diffusion equation. 
Easy to Solve Partial Differential Equations 

Partial differential equations of the form 


Ou 


can be integrated partially with respect to x to obtain 


sede = f H(e,y) dr => u(e,y) = f Flew) dx + (y) 


Here, y is held constant during the integration process and so the constant of inte- 
gration can be any arbitrary function of y, represented here by ¢(y). 
Similarly, the partial differential equation 


Ou 
on g(x, y) 


can be integrated partially with respect to y to obtain 
Ou 
Se ty= foley = ule,y) = f eu) dy +) 


Here x is held constant during the integration process and so any arbitrary func- 
tion of x is considered as a constant of integration. This constant of integration is 


represented by w(z). 
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Partial differential equations of the form 


O7u 
Son h(x, y) 


can be integrated with respect to y to obtain 


Ou 

an = f r(x.v) dy + W(x) 
where y(z) is an arbitrary function of « representing the constant of integration 
during a partial integration with respect to y. One can then integrate with respect 


to « and obtain the solution in the form 


ule.) = ff ro,yayae + [ v(v) de + 6) 


where ¢(y) is the constant of integration associated with a partial integration with 
respect to z. Note if (2) is arbitrary, then f(x) dz is just some new arbitrary 
function of «. 

If you use partial differentiation to differentiate each of the above solutions, 
holding the appropriate variables constant, you wind up with the integrand that 
you started with. These partial differentiations are left as an exercise. 


Example 5-24. Determine by integration the solution u = u(«,y) of the given 
partial differential equations. Remember, that when dealing with functions of more 
than one variable, you are going to be holding one of the variables constant during 
a partial differentiation or partial integration. 
(i) The solution to the partial differential equation $4 = 0 is 
u=u(2,y) = o(y) where ¢(y) is an arbitrary function of y. 
(ii) The solution to the partial differential equation oe =0is u=u(z,y) = (x) where 
w(x) is an arbitrary function of z. 
(iii) The solution to the partial differential equation $4 = x+y is given by 
u=u(z,y) = x +ay+¢(y) where ¢(y) is an arbitrary function of y. 
(iv) The solution to the partial differential equation 5“ = x+y is given by 
u=u(a,y) =a2y+ we +(x) where w(x) is an arbitrary function of z. 
Note that if a variable is held constant during a partial integration, then an 


arbitrary function of that variable can be considered as a constant of integration. 
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Example 5-25. Show that for f,g arbitrary functions which are continuous 
and differential, then the function u = u(a,t) = f(x — ct) + g(@+ct) is a solution to the 


one-dimensional wave equation 


O7u O7u 4 
a = CoS u=u(a,t), c¢ is a constant 
x 


Solution Use the chain rule for differentiation and show 


a = f'(x — ct)(—c) + g(x + ct)(c) 
OB gy 2 " 2 
ae = f" (xz — ct)(c*) + g(a + ct)(c’) 
= = f'(w — et) + g!(a + ct) 

2 

Ot = s"(0—et) + 9"e tet 


Substitute the derivatives in the one-dimensional wave equation and obtain the 
identity 
oe ie + cg" = ae i + cg" 


Maximum and Minimum for Functions of Two Variables 

Finding the maximum and minimum values associated with a function z = f(z, y), 
which is defined and continuous over a domain D, is similar to what has been done for 
functions of one variable. A function z = f(x,y) is said to have a relative maximum 
value at a point (a0, yo) € D if f(x,y) < f(xo, yo) 18 satisfied for all points (x,y) in some 
6-neighborhood of the point (xo, yo). Here a d-neighborhood of the point (29, yo) is 
defined at the set of points 


Ns ={(a,y)|(x— 20)? + (y— yo)? < 57} (5.158) 


A function z = f(z,y) is said to have a relative minimum at a point (zo, yo) if the 
condition f(x,y) > f(xo,yo) is satisfied for all (x,y) in some 6-neighborhood of the 
point (ao, yo). If (vo, yo) is a critical point to be tested for a relative maximum or 
minimum point, then one can reduce the test to a study of one-dimensional problems. 
Construct the three-dimensional curves 


z= f(x,y) and z= f(x, yo) 
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This is equivalent to letting the plane x = x9 cut the surface z = f(x,y) in the curve 
z = f(xo,y) and then letting the plane y = yo cut the surface z = f(a,y) to produce 
the curve z = f(a,yo). If the curve z = f(o,y) has a relative maximum or minimum 
value, then ge = 0. If the curve z = f(z,yo) has a relative maximum or minimum 
value, then 2 =0. Hence, a necessary condition that the point (zo, yo) have relative 


maximum or minimum value is for 


oS 0 and oe 0 simultaneously (5.159) 
Ox Oy 


Note that if one of the functions f(o,y) or f(x,y) has a maximum at (29, yo) 
and the other function has a minimum at the point (zo, yo), then the point (zo, yo) 
is called a saddle point. A surface with saddle point is illustrated in the following 
figure. 


Figure 5-17. Surface in the shape of a saddle. 


The study of maximum and minimum values are investigated in more detail in 


the next volume. 
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Exercises 


pm 5-1. Consider a spherical balloon at the instant when the radius of the balloon is 
ro [cm]. If air is entering the balloon at the rate of a [cm?/s], then at what rate is 
the radius of the balloon changing at this instant? 


p> 5-2. Air expands adiabatically (no heat loss or gain) according to the gas law 
pv'* = constant, where p is the pressure [dyne/cm?] and v is the volume [cm’}. 
(a) If the volume is increasing at a rate a [cm*/s], then find the corresponding rate 
of change in pressure. 
(b) If the pressure is decreasing at a rate 6 [dyne/cm?s] then find the corresponding 
rate of change in the volume. 


p> 5-3. A women who is 5.5 feet tall walks away from a street lamp, where the lamp 
is 10 feet above the ground. She walks at a rate of 4 ft/s 
(a) At what rate is her shadow changing when she is 4 feet from the lamp post? 
(b) Is the length of shadow increasing or decreasing as she walks away from the 
lamp? 
(c) At what instant is the shadow 5.5 feet long? 


> 5-4. For a thin lens in air, let x denote the distance of the object from the lens 
and let y denote the distance of the image from the lens. The distances x and y are 
related by the thin lens formula a+ = ; where f is a constant representing the 


focal length of the lens. 


(a) Show the thin lens formula can be written 
in the Newtonian form $52 = f? where 
S,=a—f>0and S,=y-—f>0. 

(b) If « changes at a rate “ =ro, then find a 


formula for the rate of change of y. 


p> 5-5. The sides of an equilateral triangle increase at the rate of ro cm/hr. Find a 
formula for the rate of change of the area of an equilateral triangle when the length 


of a side is xp cm. 
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> 5-6. A meteorologist, at a secret location, collects data and comes up with an 

atmospheric pressure formula p = po e~°°” where [p] = lbs/ft”, h has dimensions of feet 

and represents the altitude above sea-level. In the atmospheric pressure formula the 

quantities py and ag are known constants. 

(a) Find the dimensions of the constants pp and ap. 

(b) If the meteorologist gets into a balloon which rises at a rate of 10 ft/s, then find 
a formula representing the rate of change in the pressure when the altitude is ho 
feet. 


> 5-7. Given the parabola y — yo = —(x — 29)? where x9, yo 

are known constants. 

(a) At the point (€,7) on the curve a tangent line is 
constructed. Find the equation of the tangent 
line. 

(b) The tangent line makes an angle 6 with the «z- 

axis as illustrated. If € changes at the rate of 1/2 


cm/s, then at what rate does @ change? 


p> 5-8. Charles” law, sometimes referred to as the law of volumes, states that at a 

constant pressure the volume V of a gas and gas temperature T satisfy the relation 
EZ C = constant, where V is the volume of the gas in cubic centimeters and T 
is the absolute temperature in degrees Kelvin. If at a certain instant when V has 
the volume Vp and T has the temperature 7, it is know that the volume of gas is 


changing at the rate _ =ro, then find how the temperature is changing. 


> 5-9. The Gay-Lussac™ law states that if the mass and volume of an ideal gas 
are held constant, then the pressure of the gas varies directly with the gas absolute 
temperature. If P denotes pressure measured in Pascals and T is the absolute temper- 
ature in degrees Kelvin, then the Gay-Lussac law can be expressed = = C = constant. 
If at some instant when P has the value Py and T has the value Tp, it is known that 
the temperature is change at the rate ; = ro, then find how the pressure is changing 
at this instant. 


sd Jacques Charles (1746-1823) French physicist and physical chemist as well as a balloonist. 
ae Joseph Louis Gay-Lussac (1778-1850) A French chemist who studied the expansion of gases. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


> 5-10. A rock is thrown off a cliff so that after a time t its height above the ground 
is h = h(t) = 200 — 1622. 
(a) Find a formula representing the velocity of the rock. 
(b) Find a formula representing the acceleration of the rock. 
(c) What is the rocks velocity when it hits the ground? 


> 5-11. 


A spherical water tank has a radius of r = 12 feet. As- 
sume h = h(t) is the depth of the water in the spherical 
tank. The empty space above the water level inside 
the tank defines a spherical cap whose volume is given 
bY Vee = sr h)?(r +h) 

(a) Show the volume of water in the spherical tank is given by V = V(h) = $(3rh?—h?) 


(b) If water is entering the tank at 10 gallons per minute, then how fast is the water 
level rising when h = 10 feet? Hint: Use 1 gallon =0.1336 cubic feet. 


p> 5-12. A spherical water tank has radius of r = 12 feet. Assume that h = h(t) is the 
depth of the water in the spherical water tank and R = R(t) is the radius of the top 
surface of the water. Find a relationship between 4 and @. 


p> 5-13. A ball is shot from an air gun inclined at an angle 6 with the horizontal. 
The height of the ball as a function of time is given by y = y(t) = —16¢? + 50/3t and 
the horizontal distance traveled is given by x = x(t) = 50¢. 
Answer the following questions. 

(a) Find the maximum height of the ball. 

(b) Find the time when the maximum height is achieved. 

(c) Find the time when the ball hits the ground. 

(d) Find the x position where the maximum height is achieved. 

(ce) Eliminate time ¢ from x = 2(t) and y = y(t) to obtain y as a function of z. 


> 5-14. Empirical data obtained by shooting bullets into maple wood blocks pro- 
duces the formula 
v =v(r) = KV1— 22, 0<2<1/2, (K is a constant ) 


for the speed [ft/s] of the bullet after it has penetrated the wood a distance z feet. 
Find the rate at which the speed of the bullet is decreasing after it enters the wood. 
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p> 5-15. Use the results from table 5-1 to find the centroid of the given composite 
shapes. 


> 5-16. Find the centroid of the area bounded by the curves 
(a) The parabola y = 2? and the line y = yp > 0 
(b) The parabola y = x? and the lines x = 2) > 0 and y=0 
(c) The parabola y = x? and the lines x = 29 > 0, r=21 > 2p >0 and y=0 


> 5-17. Find the centroid of the area bounded by the curves 
(a) The parabola x = 6y— y? and the line x =0 
(b) The parabola x = 6y—y? and the line z=1 
(c) The parabola z = 6y — y? and the line 2y+ 2 =0 


p> 5-18. Find the centroid of the solid produced by rotation of the given area about 
the axis specified. 


po Area defined by bounding curves | Axis of rotation 


by-—ha=0, «x=b, y= x-aX1S 
by-—ha=0, «x=b, y=0 
by-—ha=0, «x=b, y=0 


oe xc=0, Y=yo>09 


, £=0, y=y>O0 The line x = —1 


b,h, yo are all positive constants. 


> 5-19. The curve y =4- 27, 0< 2 < 2, is revolved about the y-axis to form a solid 


of revolution. Find the centroid of this solid. 
(a) Use disk shaped volume elements. 
(b) Us cylindrical shell shaped volume elements. 
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p> 5-20. Newton’s law of cooling states that the temperature T of a body cools with 
time ¢ at a rate proportional to the temperature difference T—T.,, between the body 
temperature T and the temperature of the environment T.,,._ Newton’s law of cooling 
can therefore be expressed by the differential equation - = —k(T — Tenv), where 
k >0 is a proportionality constant and the negative sign indicates the temperature 
is decreasing. (a) Use integration techniques to obtain the general solution to this 
differential equation. (b) If the body initially has a temperature T = 100°C and is 
cooling in an environment at 0°C, find T = T(t). (c) If the body cools to 80°C in 
20 minutes, find the proportionality constant k. (d) Find the time it takes for the 
body to cool from 90° C to 70°C. (e) Give units of measurement for each term in the 
solution to part (a). 


> 5-21. It has been found that under certain conditions, the number density N 
(#/em°) of a certain bacteria increases at a rate proportional to the amount N 
present. If at time t = 0, N = No is the initial number of bacteria per cubic centimeter 
and if after 5 hours, the value of N has been found to increase to 3No, then find the 
equation representing N = N(t) as a function of time ¢. Give units of measurement 


for all terms in your equation. 


> 5-22. Pappus’s Theorem 


Pappus’s*® theorem states that if a region 
R is rotated about a line which does not pass 
through the region, then the volume of the solid 
of revolution equals the area of the region R mul- 
tiplied by the distance traveled by the centroid 
of the region R. Assume the region R illustrated 


is rotated about the y-axis. 
(a) Show the volume of the solid formed is V = 27 / th(x) dx 


ax 
ax 


(b) Show the «-position of the centroid is z = = th(x) dx, where A is the area of 


AJ gas 
the region R. 
(c) Prove Pappus’s theorem. 


(d) Prove Pappus’s theorem if the region R is rotated about the z-axis. 


25 Pappus of Alexandria (290-350) A Greek geometer. 
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p> 5-23. Use the Pappus theorem from the previous example 
(a) to find the volume of a right circular cone obtained by revolving the line y = £2, 
0<a<h about the z-axis 
(b) to find the volume of a sphere obtained by revolving the semi-circle 2? + y? = r? 
—r<a<r,y>0 about the z-axis. 


> 5-24. Solve the given differential equations using integration techniques. 


dy dy dy 

(a) 7 =0 (d) 7 =e (9) ae=y 
dy dy dy : 
SS 1 — «=> —S = 

(b) ae (e) a (h) 7 ne 
dy _ d?y _ dy : dy _ 

(©) dx” f) dx2— dx ) de °°" 


pm 5-25. Solve each of the given differential equations by separating the variables 
and applying integration techniques. 


dy 1l+z 
dx l1+y 


dy  1+2? 
dx 1+y? 


dy 1+2° 
dx 1+y3 


(a) (0) (¢) 


> 5-26. 
2 
(a) Solve the differential equation ot +w’y = cosAt, where w and ) are constants. 
(b) For what value A does resonance occur? 


> 5-27. 
Use a plane to cut the regular pyramid with height h and 


square base having sides of length b and form an element of 


volume which can then be summed to determine the volume 


of the pyramid. (a) Find the volume of this pyramid. (b) Find 


icc 


the volume of a frustum of this pyramid. 


p> 5-28. A piece of cardboard having length ¢ = $(15+ V33) and width w = $(15— V33) 
is to be made into a box by cutting squares of length x from each corner and then 
turning up the sides followed by reinforcing the sides with tape. Find the box that 


can be constructed which has the maximum volume. 
p> 5-29. Find the centroid of the region bounded by the following curves. 


(a) y=ax? andy =22 (b) y=a2? andy=mz, m>0 (c) y? =a andy =2(r—-1) 
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> 5-30. 


The face of a dam is a rectangular plate of 
width w and length ¢. The plate is inclined at 


an angle @ so that the longer side is at the water 
level. Let p = 62.4lbs/ft® denote the water density and construct an z, y-axis lying 
on the plate with origin at one corner as illustrated in the sketch. 

(i) Show the distance y along the plate, measured from the water surface, corre- 

sponds to a water depth h = ysin@ 

(ii) Show a rectangular element of area dA on the plate is given by dA = ¢dy 
(iii) At depth h, the pressure p acting on the element of area dA is given by p = ph. 
(iv) Show the element of force dF acting on the element of area is dF = pdA = pldy 

) 


(v) Find the total force acting normal to the face of the dam. 


> 5-31. Assume a body falls from rest from a height of 100 meters in air and the 
body experiences a drag force proportional to its velocity. 
(i) Show that Newton’s law of motion is represented 


where k is a proportionality constant. 

(ii) Separate the variables and then integrate to determine the velocity as a function 
of time. 

(iii) When does the body hit the ground? What is its velocity when is hits the 
ground. 

(iv) Give units of measurement for all terms in the equations you used to obtain your 
answer. 


p> 5-32. For each of the given differential equations assume an exponential solution 
e? and find 


(a) The characteristic equation (c) A fundamental set of solutions 
(b) The characteristic roots (d) The general solution 
dy _ dy dy 7 
(a) ip U8 (d) ee a ae 
ay og dy dy 
(0) ae C= (e) ae dg + OY 0 
yy d°y  .d’y y 
(c) FaTw y= (f) sat6 ati +6y= 
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For the RLC circuit illustrated Kirchhoff’s 
law produces the differential equation 
di _ dq 


: qd ‘ 
eg eee = 
FT aie’ 6 ak ‘at 


(a) Set L=O0andi= a and then solve the initial-value problem that ¢ = 0 when t = 0 


and show q= q(t) =CE (1 = ae and then find the current 7 in the circuit. 
(b) Set £ =0, R=0 to find the discharge of a condenser through an inductance L. 
Assume the initial-values q¢ = q. and i =0 at time t = 0 


Scag : . dq : d?q di di dq - di 
Hint: One method is to let i = 5! and write 3 o aa la and then 


separate variables. 

(c) Set C=0, E =0 to find the decay of current in the circuit containing a resistance 
and inductance. Assume the initial-value i = ip at time t = 0 and show the 
current decays according to the law i = ige~‘*/""*. Find the current at the times 
t= L/R¢=2L/R,t=3L/R,t=4/R and t=5L/R 


> 5-34. A Paradox 

The curve y = - for 1<a<T is revolved about the z-axis to form a surface. 
(a) Find the volume V = V(T) bounded by the surface and the planes x = 1 and 
«=T. (b) Find the surface area S$ = $(T) and show S(T) > 27InT. (c) Show that in 
the limit as T — oo that V(T) is finite, but $(7) becomes infinite. 

The above results shows that you can take paint and fill up the infinite volume, 
but you can’t paint the surface of this volume. Question: If you fill up the volume 
with paint and then pour it out, does this count as painting the outside surface? 


> 5-35. Assume y = yi(x) is a solution of the differential equation 


What condition must u = u(x) satisfy, if yo(7) = u(x)y:(x) is also a solution to the 
same differential equation? 


(a) Determine the general solution to the differential equation S + re +y=0 
if it is known that y, = y:(x) = e7* is a solution of this equation. 

(b) Determine the general solution to the differential equation 
x - 20 +2y = 0 if it is know that y, = y,(x) = z is a solution of this 


equation. 
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p> 5-36. Use partial integration to solve the given partial differential equations for 


the most general representation of the unknown function u = u(z, y). 


Ou 2 O 
(0) ey +usyte (e) ae tty (h) ae ey 
Ou 2 O7u 
Hee he aed Ou Ou, as 
(c) Yay U=@rry (f) ara aa =lt+y (2) ee ry 


Hint for (f): After one integration, multiply through by e*. 


p> 5-37. Assume f(x + iy) = u(z,y)+iv(a,y) is such that u = u(z,y) and v = v(a,y) are 
real continuous functions with partial derivatives of the first and second order which 


satisfy the Cauchy-Riemann conditions at = a and de = 2 
Ox Oy Oy Ox 

eu OPu od ea 
(a) Show that aa t Dye 0 (b) Show that a2 + Bp 0 


p> 5-38. Find the largest rectangle that can be inscribed inside a circle of radius r. 


> 5-39. Find the length of each of the given curves. 


(a) y=a2? from x=0tor=1 (c) y= cosha from x=0tor=1 


(b) y? =4a from «=0toxr=1 (d) y=e* fromz=O0tozr=1 


pe 5-40. A cylindrical can is to be constructed to hold 7Vo cubic meters of material. 
The cost of construction for the sides of the cylinder is co dollars per square meter 
and the cost of constructing the top and bottom is 3co dollars per square meter. 
This is because the side of the cylinder can be considered as a rectangle with height 
h and width 27r, where h is the height of the cylinder and r is the radius of the 
cylinder. The top and bottom of the cylinder are circles and consequently more 
manufacturing techniques and waste of material occurs in their construction. Find 
the dimensions of the cylinder requiring minimum cost of construction. Hint: The 


volume of the cylinder is V = rr?h = Vp. 


> 5-41. Evaluate the following limits 


_ ule+h,y) — u(z,y) 
(a) poe h k—0 k 


assuming these limits exist. 
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> 5-42. 
(a) (Resistors in Series) Show that Ohm’s 


law requires the voltage drop in moving around 
the series circuit requires V =iR,+iR2+---+iRy, 
and so one can replace the sum of the resistors 
by an equivalent resistance R.g given by 
Reg = Ri bye Re 

(b) (Resistors in Parallel) Use Kirchhoft’s law 
and show the current i in the parallel circuit 
must satisfy i =i; +i2+---+i, and that V =7,R1, 
V Ste Ris sig V Hip Ra. 

(c) Show an equivalent resistance R., must satisfy V = R.,i and from this result show 


ee ee 
Riz Ry” Rs i 


p> 5-43. Assume an open container with vertical sides where the bottom of the 
container has the same shape as the top of the container. If water evaporates from 
this open container at a rate which is directly proportional to the exposed surface 
area, use calculus to show that the depth of water in the container changes at a 
constant rate and it doesn’t matter what shape the top and bottom have as long as 


they are the same. 


> 5-44. Evaluate the integral J = / tan’ xdz for 0<ax< 


(a) Use the substitution z= tanx and show dr = ;z so that the integral becomes 


4 4 i 52 2 
Zz +z —(2°4+1)41 5 1 
/mee / Pal dz [¢ +i7P z 


(b) Integrate the result from part (a) and then use back substitution to express the 


integral J in terms of z. 


> 5-45. Show that integrals of the type J = | f(sinz, cos x) dx where f(u, v) is a rational 


function of u,v, can be simplified by making the substitution z = tan 5 


2 1— 2? 2dz eg, qt 1 
(a) Show sinz = Tae B= To dx = ee Hint: Show cos 2~ T+ tan?= 


2 
(b) Evaluate the integral 7 = / oe 


cost x 
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> 5-46. The Trapezoidal Rule 


Given a curve y = f(x), a < x < b, one can 
partition the interval [a,b] into n-parts by defin- 
ing a step size h = Ar = a) and then labeling 
the points 


Q@= 2X0, Ly = Loth,...,Ln-1 = Xot(n—1)h, Lp = xot+nh 


Next construct trapezoids, the ith trapezoid has 
the vertices 2;_1,y;-1,2;,y; aS illustrated in the 


figure, where Yi-1 = f(-4) and Y= F (Bie 
(a) Show the area of the ith trapezoid is given by 
1 h 
Aj = 5 (Yi-1 +yi)h= 5 lf (ti-1) + f(xi)] 
(b) Show the area of all the trapezoids is 


n 


A= total area=S° A; = 5° (ui + yi)h= 


i=l i=1 


iL 
2 


(Yo + Yn) +230 W 


i=1 
(c) Computer Problem 


For the functions given over the interval specified compare the area under 

b 
the curve using the definite integral / f(x)dx, with the trapezoidal rule for 
approximating the area. Fill in the following table for values of n = 10,50 and 


100 associated with each function. 


Area under curve y = f(z) for a<a2 <b 


Function Interval a Integration 
ae rae 4 1 Ai [? f(x) de 


| Oaee2 


tae 
ee 
a 
re Gs 


(d) If the theoretical error of approximation using the trapezoidal rule is 


(b— a)? " 
ot") 


theoretical error. 


E= , where a < € < b, compare your errors with the maximum 
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p> 5-47. For a>0, verify the improper integrals 


b 


(a) / e ““ sin ba dx = Pap 


ee 1 
(b) i. e °* Cos bx dx = pea we 


> 5-48. If the Gamma function is defined by the improper integral 
T(a) =) et de 
(a) Use integration by pane to show ['(# +1) = aI(z) 
(b) Show for n an integer ['(n +1) =n! 


p> 5-49. Consider two particles starting at the origin at the same time and moving 


along the z-axis such that their positions at any time t are given by 
si(f)=2+¢ and s(t) =11t—3¢ 


(a) At what time will the particles have the same position and what will be their 
velocities at this position? 

(b) Find the particles positions when they have the same speed? What is this same 
speed? 


(c) Describe the motion of each particle. 
> 5-50. Find the maximum and minimum values for the given functions 
(a) f(t,y) =a? +y? — 2x — 4y — 20 (b) g(x,y) = 4a? + 9y? — 16x — 54y + 61 


pm 5-51. Given a point (2, yo) 4 (0,0) lying in the first quadrant. Pick a point 2, > 29 
on the x-axis and draw a line from (2,0) through (0, y.) which intersects the y-axis. 
Find the shortest line from the z-axis, through the point (zo, yo) which intersects the 
y-axis Hint: If ¢ is the length of the line segment, then minimize /. 


> 5-52. Find the maximum and minimum distances from the origin to points on 
the circle (x — 6)? + (y — 8)? = 25 


p> 5-53. <A particle undergoes simple harmonic motion on the z-axis according to 
the law x = 2 + acoswt + bsinwt, where zg, a,b,w are given constant values. 
(a) Find the center and amplitude of the motion. 
(b) Find the period and frequency associated with the motion. 


(c) Find the maximum acceleration. 


A51 


> 5-54. 
A right circular conical water tank, as illus- 


trated has a top radius R and height H. As- 
sume water is in the tank at a depth ho. Let 
w = 62.5lbs/ ft? denote the density of water. 

(a) Show weight of disk at height h produces 
force dF = wr? dh 

(b) Show element of work done in lifting disk a 
distance H —h is 


dW = (war? dh)(H — h) 


(c) Show the work done in pumping the water out over the top of the tank is 


ay? Ms, 
w-(3) | h*(H —h) dh 
and then evaluate this integral. 


> 5-55. For p pressure and v volume, the integral W = / ° pdv occurs in the study 
of thermodynamics and represents work done by a gas. ° 
(a) Evaluate this integral for an isothermal expansion where pv = c = constant. 
(b) Evaluate this integral for an adiabatic expansion where pv? = c = constant, where 
7 = 1.41 is also a constant. 


> 5-56. 
A botanical gardens is planning the construction of flower 
beds to display their hosta plants. The flower beds are to be aac 


rectangular and constructed inside a rectangular area having 
a known perimeter P. There is to be a walk surrounding each 
flower bed having dimensions of s-feet on each side and e-feet 


<4 


on each end. Design studies are to begin where the exact values 
of P,s and e are to be supplied for each flower bed. For a given 
value of P,s and e find the dimensions of the flower bed if the 


area of the flower bed is to be a maximum. 
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APPENDIX A 
Units of Measurement 


The following units, abbreviations and prefixes are from the 
Systéme International d’Unités (designated SI in all Languages.) 


Prefixes. 
Abbreviations 

Prefix Multiplication factor Symbol 
exa 10"? WwW 
peta 10% P 
tera 10" T 
giga 10° G 
mega T° M 
kilo 10° K 
hecto 10? h 
deka 10 da 
deci 10+ d 
centi 10-* c 
milli 1j-* m 
micro 10-° Lb 
nano i n 
pico 10-* p 
femto lie” f 
atto 10-* a 

Basic Units. 
Basic units of measurement 
Unit Name Symbol 

Length meter m 

Mass kilogram kg 

Time second S 

Electric current ampere A 

Temperature degree Kelvin °K 

Luminous intensity candela cd 

Supplementary units 

Unit Name Symbol 
Plane angle radian rad 
Solid angle steradian sr 


Appendix A 
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DERIVED UNITS 


Name Units Symbol 
Area square meter m? 
Volume cubic meter m? 
Frequency hertz Hz (s—*) 
Density kilogram per cubic meter kg/m? 
Velocity meter per second m/s 
Angular velocity radian per second rad/s 
Acceleration meter per second squared m/s” 
Angular acceleration radian per second squared rad/s? 
Force newton N_ (kg- m/s?) 
Pressure newton per square meter N/m? 
Kinematic viscosity square meter per second m?/s 
Dynamic viscosity newton second per square meter N-s/ m? 
Work, energy, quantity of heat joule J (N-m) 
Power watt W (J/s) 
Electric charge coulomb C (A:s) 
Voltage, Potential difference volt V (W/A) 
Electromotive force volt V (W/A) 
Electric force field volt per meter V/m 
Electric resistance ohm Q (V/A) 
Electric capacitance farad F (A-s/V) 
Magnetic flux weber Wb (V-s) 
Inductance henry H (V-s/A) 
Magnetic flux density tesla T (Wb/m?) 
Magnetic field strength ampere per meter A/m 
Magnetomotive force ampere A 


Physical Constants: 


e 4 arctan 1 = 7 = 3.14159 26535 89793 23846 2643 ... 


© limy soo (1 + 4)" = € = 2.71828 18284 59045 23536 0287 ... 
y = 0.57721 56649 01532 860606512 ... 
Euler’s constant 


e Euler’s constant 


1 | je ol! 


e y= lim oo (1 


Ble ne log n) 


e Speed of light in vacuum = 2.997925(10)® m s~! 
e Electron charge = 1.60210(10)~'9 C 

e Avogadro’s constant = 6.0221415(10)?% mol! 

e Plank’s constant = 6.6256(10)~*4 Js 

e Universal gas constant = 8.3143 J K~! mol~! = 8314.3 J Kg-! K7! 
e Boltzmann constant = 1.38054(10)~?3 J K- 


e Stefan—Boltzmann constant = 5.6697(10)-° W m-~? k~4 


e Gravitational constant = 6.67(10)~!! N m?kg~? 


Appendix A 


454 


APPENDIX B 
Background Material 


Geometry 


Rectangle 


Perimeter = 2b+ 2h 


Area = (base) (height) = bh h a 


Right Triangle 

1 : 1 
Area = 5 (base) (height) = xbh 
Perimeter = b+h+4+r 


Law of Cosines c? = a? +b? — 2abcosC 


where r? = b? +h? is the Pythagorean theorem 6 
Triangle with sides a, b, c and angles A, B, C 

1 ‘ 1 1 
Area = 5 (base) (height) = 5bh = 5b(asinC) B 
Perimeter = a+b+c - 

. a b Cc 

= = C A 

Law of Sines snA sinB sinC b 


Trapezoid 
1 
Area = 5 (On + bo)h 


Perimeter = b; +62 +c, +c 
oh oh 
1 sin 6; a sin 


Circle 
Area = 1” 
Perimeter = 27p 


Equation 27 +y? =p 


Sector of Circle 
Area = sn 6, @in radians 
s=arclength=ré0, @ in radians 


Perimeter = 2r +s 


Rectangular Parallelepiped 
V = Volume = abh 


S = Surface area = 2(ab+ ah + bh) 


Parallelepiped 

Composed of 6 parallelograms 

V = Volume = (Area of base) (height) 
A= Area of base = besin 3 

height = h = acosa 


Sphere of radius p 
4 
V = Volume = ru 


S = Surface area = 47 p? 


Frustum of right circular cone 
V = Volume = = (a +ab+b*)h 


Lateral surface area = ré(a + b) 


Ko 
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| aS, 
Chord Theorem for circle y. 
a’ = #(2R — 2) 


Right Circular Cylinder 
V = Volume = (Area of base) (height) = (mr?)h 


Lateral surface area = 2arh 


Total surface area = 2arh + 2(rr?) 


TTT 


UU 


Right Circular Cone 

V = Volume = arr 

Lateral surface area = mr =arVh2 + r2 
height =h, base radius r 


Algebra 


y)(z+y) 
2 = (a—y)(e*+2y+y") 
= (2+ y)(a? — cyt y’) 
= («@—y)(@+y)(2" +’) 


If az? +ba +c =0, then x = — = 


A57 


Binomial Expansion 


For n = 1,2,3,... an integer, then 
n(n — 1)(n— 2 
( ye ) n— 343 avr’ y” 


n(in—1 
(x+y) =a" + na lyt+ ( i ) yn 2y2 31 


where n! is read n factorial and is defined 
n! = n(n —1)(n—2)---3-2-1 and 0! =1 by definition. 


Binomial Coefficients 
The binomial coefficients can also be defined by the expression 


DN ek. Rea Oya 
k} Ki(n—b)! pe ae ee 
is an integer. The binomial expansion has the alternative 


where for n = 1,2,3,... 
representation 

—. n n n n-1 n n—2, 2 n n—-3, 3... n n 
(x+y) aes +(f)e y+(5)e y +( )s y +(")y 


Laws of Exponents 
Let s and ¢ denote real numbers and let m and n denote positive integers. 


For nonzero values of x and y 
1/ _n 
mal, gO (cee wl” =a 
a gt —ystt (xy)* =r y> gm/n =vV7r™ 
a =>? a4 an ee ke = Var 
a a y yin oy 


Laws of Logarithms 
If x = bY and b 40, then one can write y = log, xz, where y is called the logarithm 


of x to the base b. For P>0 and Q > 0, logarithms satisfy the following properties 


log,(PQ) =log, P + log, Q 
P 


log, QP =P log, Q 
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Trigonometry 
Pythagorean identities 
Using the Pythagorean theorem x? + y? = r? associated with a right triangle with 
sides x, y and hypotenuse r, there results the following trigonometric identities, 
known as the Pythagorean identities. 


2 2 2 2 2 2 r 
+H HO -O Qa-(2), 
r r x x y y 
cos? 9 + sin? 6 =1, 1+ tan? 6 =sec? 8, cot? 6+ 1 =csc? 0, 


Angle Addition and Difference Formulas 


sin(A+ B) =sin Acos B + cos Asin B, sin(A — B) =sin Acos B— cos Asin B 

cos(A + B) =cos Acos B — sin Asin B, cos(A — B) =cosAcosB+sin Asin B 
tan A+ tanB tan A — tan B 

tan(A + B) = tan(A — B) = 

i cde 1—tanAtanB’ a ) 14+tanAtanB 


Double angle formulas 


2tanA 
sin2A =2sin Acos A = ee 
1+tan* A 
1—tan? A 
cos 2A = cos” A — sin? A = 1— 2sin? A = 2cos? A - — 
1+tan* A 


2tanA 2cot A 


tan2A = = 
1=tan’ A ‘cot’ A—1 


Half angle formulas 


A og 1—cosA + {+ 

a | 2 -|- 

A /1+cosA —|+ 
cos — aan 

2 2 —]+ 

A_, j/i=cosA sinA 1=cosA i 

2 ~~ Vi+cosA 1+cosA sin A ea = 


The sign depends upon the quadrant A/2 lies in. 


Multiple angle formulas 


sin3A =3sin A — 4sin® A, sin4A =4sin Acos A — 8sin? Acos A 
cos 3A =4 cos? A — 3cos A, cos4A =8 cos* A — 8cos?A+1 

3tan A—tan® A 4tan A — 4tan® A 
tan3A = 2 


1—3tan?A ’ 1—6tan? A+tan*A 


Multiple angle formulas 
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sin5A =5sin A — 20sin? A+ 16sin®? A 


cos5A =16 cos” A — 20 cos? A +5 cos A 


tan5A = 


tan° A—10tan®? A+5tanA 


1—10tan? A+5tan* A 


sin6A =6cos° Asin A — 20cos® Asin? A+ 6 cos Asin? A 


cos6A =cos® A — 15cos* Asin? A + 15 cos? Asin* A — sin® A 


tan6A = 


6tan A — 20tan® A+ 6tan® A 


1—15tan? A+ 15tan* A—tan® A 


Summation and difference formula 


A-B A+B 


A+B 
sin A + sin B =2 sin( ) cos( 5 ie 
A+B A-B 
cos A + cos B =2 cos( ) cos( 5 Ne 
sin(A + B) 
tan A+ tan B= 
eee ee cos A cos B 
Product formula 
: ; 1 
sin Asin B a5 cos(A 
1 
cos A cos B a5 cos(A 
1 
sin Acos B =5 sin(A 


Additional relations 


sin(A + B) sin(A — B) =sin? A — sin? B, 
—sin(A + B) sin(A — B) = cos? A — cos? B, 
cos(A + B) cos(A — B) =cos? A — sin? B, 


sin A — sin B =2 sin( 5 ) cos( 5 ) 
= A+B 
cos A — cos B = — 2sin( 5 ) sin( 5 ) 
sin(A — B) 
tan A — tan B =—-~—_ 
vas cos Acos B 
1 
5 cos(A + B) 
1 
5 cos(A + B) 
1 
5 sin(A + B) 
sin A+ sin B fii ase 
=tan 
cos A + cos B ? 2 
sin A+ sin B Het) 
=— co 
cos A — cos B 2 
A+B 
smA+sinB tant 2 ) 
3j — si A-—B 
sin A — sin B tan( ; 
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Powers of trigonometric functions 


1 1 1 1 
- 2 2 
=. 2A A=-~4+- 2A 
sin* A a cos 2A, cos 5 + 5 cos 
eae aA Dina eA seals Sessa 
4 4 4 4 
3. C«idl 1 3. CU(«id 1 
sin* A =—" 5 cos 2A + 3 cos 4A, cos* A =5 + 3 008 2A+ g cos 4A 


Inverse Trigonometric Functions 


= W = =4 1 -1 
sins tz =—-—cos tz sin-' — =csc ha 
2 x 

_ 7 — 1 
Cos ly =~ — sin 4 i cos — =sec7! v 
x 
seem ee -1 _,1 = 
tan eee cot "2x tan~: — =cot-! x 
x 


sin@ = — sin(—@) = cos(a/2 — 9) = —cos(a/2+ 6) = + sin(a — 6) = —sin(a + 6) 


cos 6 = + cos(—8@) = sin(7/2 — 0) = + sin(a/2 + 6) = — cos(a — 8) = — cos(a + 6) 


(—8) 
sec 0 = + sec(—0) = esc(1/2 — 0) = + esc(a/2+ 6) = — sec(a — 0) = —sec(a + 0) 
(—8) 


Transformations 


The following transformations are sometimes useful in simplifying expressions. 
1. If tan 5 = A, then 


. 2A 1— A? 2A 
cece EE Cone fe Aa can Ae 
2. The transformation sinv = y, requires cosv = \/1 — y?, and tanv = —— 
L=% 
Law of sines 
a b Cc 


sin A = sin B 7 sin C 
Law of cosines 
a? =b? + 2 — 2bcecos A 


b? =c? + a? — 2accosB 


C2 =a? + b? — 2abcosC 
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Special Numbers 


Rational Numbers 

All those numbers having the form p/q, where p and q are integers and q is 
understood to be different from zero, are called rational numbers. 

Irrational Numbers 

Those numbers that cannot be written as the ratio of two numbers are called 
irrational numbers. 

The Number 7 

The Greek letter (pronounced pi) is an irrational number and can be defined 

as the limiting sum! of the infinite series 


Ee Gp een eo aac es enecaeme ren cae 
aC ae. Fo. TE n+l 


Using a computer one can verify that the numerical value of 7 to 50 decimal places 


is given by 
T = 3.1415926535897932384626433832795028841971693993751 ... 


The number 7 has the physical significance of representing the circumference C of 
a circle divided by its diameter D. The symbol z for the ratio C/D was introduced 
by William Jones (1675-1749), a Welsh mathematician. It became a standard nota- 
tion for representing C/D after Euler also started using the symbol 7 for this ratio 
sometime around 1737. 

The Number e 


The limiting sum 
1 
3! 


is an irrational number which by agreement is called the number e. Using a computer 


1 1 
L+ot+ote pote. 
2! n! 


this number, to 50 decimal places, has the numerical value 
e = 2.71828182845904523536028747 1352662497 75724709369996 . .. 


The number e is referred to as the base of the natural logarithm and the function 
f(x) =e* is called the exponential function. 


! Limits are very important in the study of calculus. 
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Greek Alphabet 


Letter 
Pa To [abe 
Po [a baa 


Pato 
Pe Le [esion 


omicron 


aff 
ne Pe [= [sma 

H n | eta | 
re fe [ tea 
Pe Pe [tape 
ened 


seme 


Notation 

By convention letters from the beginning of an alphabet, such as a,b,c,... or the 
Greek letters a, 3,y7,... are often used to denote quantities which have a constant 
value. Subscripted quantities such as 29,21, 22,... OF yo,41,y2,.-. can also be used to 
represent constant quantities. A variable is a quantity which is allowed to change 
its value. The letters u,v,w,x,y,z or the Greek letters €,7,¢ are most often used to 
denote variable quantities. 
Inequalities 

The mathematical symbols = (equals), 4 (not equal), < (less than), << (much 
less than), < (less than or equal), > (greater than), >> (much greater than) > 
(greater than or equal), and | | (absolute value) occur frequently in mathematics to 
compare real numbers a,b,c,.... The law of trichotomy states that if a and b are real 
numbers, then exactly one of the following must be true. Either a equals b, a is less 
than b or a is greater than b. These statements are expressed using the mathematical 
notations? 


a= 6b, a<b, a>b 


2 In mathematical notation, the statement b > a, read “b is greater than a”, can also be represented a < b or 


“a is less than b”depending upon your way of looking at things. 
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Inequalities can be defined in terms of addition or subtraction. For example, one 
can define 

a<b if and only ifa—b<0 

a>b ifand only ifa—b>0, _ or alternatively 


a>b if and only if there exists a positive number x such that b+ 2 =a. 


In dealing with inequalities be sure to observe the following properties associated 
with real numbers a,b, c,... 
1. A constant can be added to both sides of an inequality without changing the 


inequality sign. 
If a <b, then a+c<b-+c for all numbers c 


2. Both sides of an inequality can be multiplied or divided by a positive constant 


without changing the inequality sign. 
Ifa<bandc>0, thenac<be or a/c<b/e 


3. If both sides of an inequality are multiplied or divided by a negative quantity, 
then the inequality sign changes. 


Ifb>aandc<0, then be<ac or b/e<a/c 


4. The transitivity law 
Ifa<b, andb<c, thena<c 


Ifa=b and b=c, then a=c 
Ifa>b, andb>c, thena>c 
5. Ifa>0andb>0, then ab>0 
6. If a<0andb<0, then ab>0 or 0 < ab 
7. Ifa>0 and b>0 with a <b, then Va < Vb 
A negative times a negative is a positive 
To prove that a real negative number multiplied by another real negative number 
gives a positive number start by assuming a and 0 are real numbers satisfying a < 0 


and b < 0, then one can write 


—at+a<=+a or0d<=a and —b+b<-b or0d<-—b 
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since equals can be added to both sides of an inequality without changing the in- 
equality sign. Using the fact that both sides of an inequality can be multiplied by a 
positive number without changing the inequality sign, one can write 


0<(-a)(-b) or  (-a)(-b) >0 


Another way to show a negative times a negative 
is a positive is as follows. Think of a number line 
x with the number 0 separating the positive num- 
bers and negative numbers. By agreement, if a 
number on this number line is multiplied by -1, 
then the number is to be rotated counterclockwise 180 degrees. If the positive num- 
ber x is multiplied by -1, then it is rotated counterclockwise 180 degrees to produce 
the number —zx. If the number —z is multiplied by -1, then it is to be rotated 180 
degrees counterclockwise to produce the positive number zx. If a> 0 and b> 0, then 
the product a(—b) scales the number —b to produce the negative number —ab. If the 
number —ab is multiplied by —1, which is equivalent to the product (—a)(—b), one 
obtains by rotation the number +ab. 
Absolute Value 
The absolute value of a number z is defined 
z, ifae>0 
el={ > ifx« <0 
The symbol <> is often used to represent equivalence of two equations. For example, 
if a and b are real numbers the statements 


jr—al\ <b = -b<ar-as<b = a-b<urK<at+b 


are all equivalent statements involving restrictions on the real number z. 


An important inequality known as the triangle inequality is written 
jz +y| < Ja] + ly! (1.1) 


where « and y are real numbers. To prove this inequality observe that |z| satisfies 


—|x| <a <|a| and also —|y| < y < |y|, so that by adding these results one obtains 
—(le|+lyl)satyslalt+ly) or [x+y] < lal +|yl (1.2) 
Related to the inequality (1.2) is the reverse triangle inequality 
|x — y| 2 |x| — ly (1.3) 


a proof of which is left as an exercise. 
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Cramer’s Rule 


The system of two equations in two unknowns 


ayx+ By =N1 ie i] re 
or = 
aa + Boy =72 a2 Bally "2 


has a unique solution if a1. — a2, is nonzero. The unique solution is given by 


Aa Bx a, V1 ~ O21 
a 
r= 172 Bal y= [2 721 where Od 1|= ay Bo — a2f1 
Qa) By Qa) fen 2 
a2 Pe a2 Pe +a Be 


is a single number called the determinant of the coefficients. 


The system of three equations in three unknowns 
ax t+ Pry +712 =01 
ax + Boy + 72x =d2 has a unique solution if the determinant of the coefficients 


a3x + B3y + 3x =03 


an (Bi Yi 
ag 82 Yo} = a1Be73 + Pry2a3 + 10283 — a3 8271 — Gsy201 — 730282 
a3 Bz 3 


is nonzero. A mnemonic device to aid in calculating the determinant of the co- 
efficients is to append the first two columns of the coefficients to the end of the 
array and then draw diagonals through the coefficients. Multiply the elements along 
an arrow and place a plus sign on the products associated with the down arrows 


and a minus sign associated with the products of the up arrows. This gives the figure 


1 
B= ay B23 + Biy203 + 710283 — 038271 — B37201 — Y302282 


The solution of the three equations, three unknown system of equations is given 
by the determinant ratios 


ij A oN aa! Oy. V1 a, fy Oy 

do 2 Yo az 02 Y2 ag By 9 

63 23 3 az 03 3 a3 (3 03 
v= Y= — 

a fr Nn Gy. Or Mi Oe. Be FL 

ag Bz Ye ag Ba Ye ag Bz Ye 

az 23 73 az (3 3 az 23 3 


and is known as Cramer’s rule for solving a system of equations. 
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Appendix C 


Table of Integrals 
Indefinite Integrals 


General Integration Properties 


dF (x) _ _ 
1. If da = f(e) , then f f(x) dx = 


25 lf f s2)ae x)+C , then the substitution x = g(u) ) gives f fa(u) g' (u) du = F(g(u)) +C 
1 12 du il uta, 
For example, wt fi = g tan 3 + C, then / toe te i gt Cc 


3. Integration by parts. If v(x) = f o@) dx, then J uav(o) dx = u(x)v1 (x) — f '@oute) dx 


4. Repeated integration by parts or aris integration by parts. 
If v1 (x) = f v(x) da, va(z) = f vi (x) dz,... = f vn_1(z) dz, then 


[ wow(o) dx = uy, — u've + ug — ulug Fe + (-1)" uo + (-1)” / u) (x)Un (x) da 


5. If f~'(x) is the inverse function of f(x) and if [fea is known, then 


[P@a=ae-f tee, where z=f '(x) 


6. Fundamental theorem of calculus. 
If the indefinite integral of f(z) is known, say 


[io f(x) dx = F(x) +C, then the definite integral 


b b " 
‘ aA= [ f(a)de = F(a) = FO)- F(a 


represents the area bounded by the x-axis, the curve 


y dA=f (zx) dz 


y = f(z) and the lines =a and xz =b. 


7. Inequalities. 
b b 
(i) If f(x) < g(a) for all x € (a,b), then / f(a) da < / g(x) da 
(ii) If | f(z) < M| for all « € (a,b) and f” f(x) dx exists, then 


x) dx < [ fe)de< Moa) 
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° Iz jae = ia In| 
. [ teinsyae=2 [9 (5 a w= tan 5 
: [ teina)ar = f ryt. u= sing 
_ 2 
: [ thos ya =2 f (4) a w= tan 5 


: J floos:n) ae = ial u = cosz 


_ (au(x) +8)"*" 
a(n + 1) 


[LOO gpm +0 

[ERIE ea +0 

/ 2a a uit 
THAT =InJu(x —— 


U(x) ax a-— tan +a ar 
rare = ; 


“al a ye 


aaa [ai ae (x pa 


(a) dx ul n| uv 
| matey seas ~ Flay sal tC 
fs oer ee = : sec} we) +C 


ue(a — a2 a 
[x u(x)dx 1 ee Bu(ax) C 


a? + B2ur(x) a a 


8 


|+C 


u=sing 


J fit sin x, cos x )de= f fu, VIP De smare 


2u 1-w du 
e 31 =2 
J fleina, cos.) da filet), 1+ u2’ 


: [ te VarBoae => [ 1(*.u) udu, 


eG Vet =F )de =a f flasinu,acosu) cos udu, 


ta : 
u = tan — 
2 
Dp a 

ui =at Bax 


xz =asinu 
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A68 


General Integrals 


28. feuw) de =e f u(x) de 29. [ (ole) + oe) de = f u(a)de+ [ v(0) dz 
30. ico POde= ; | u(x) [2 +C 31. [ue - oe) ae = f u(x) ae ~ | v(0) da] 
32 fro u(x) dz = Mel +C 33. ico u' (a) dx = u(x) (a) — f wie) v(x) dx 
34 [Fue) wi@ie= Faia 35 [-3 Anis | a 
36 [sgerzvere 37 prac-s+e 

grt 1 
38. [ora=2 = +0 39 [gae=tlel4e 
40. [emu dr= Ze +0 41. fatwdr= oa" +0 
A2. [snuu! dr =cosu +c A3. J cosuul de =—sinu +c 
4A. [ tenuu!de =n | secu | +6 Ad. jf cotwu' de = In| sin | +C 
46. [ secuu! dz =In | secu + tan | +C AT. J cscuu! dz =In | cscw— cot | +C 
A8. | suhuw de = coshu + C AQ. [coshuul de = sinhu+C 
50. J tenhuw de = cosh u + € ol. jf cothuu! dz =Insinhu + C 
52. [ sechuw' dx = sin~'(tanhu) +C o3. [cschuw' de Intanh 5 +C 
DA. j[ sv? uulae = u “sin 2u c D5. [costuu! de = 3 7sin2u + C 
56. te? wal de = tanu—u +0 57. cot? uw de = —cotu-u+C 
58. J sefuu'ae = tanu +c 59. [esPuulde = —cotu +c 
60. [sub uu! de = jsinh2u— Su +c 61. cost? wu! de = J sinh2u + 5u+C 
62 tant? ual de =u tanhu +c 63. cot? wu! de = u—cothu + 
64. j[ sechtuu! de =tanhu +0 65. j[ esch?uu! de = —cothu+C 
66. J secutanuu! dr =seou+€ 67. J cscwcot uu! de =—cseu + € 
68. 5 sech u tanh wl dx = —sechu+C 69. J esch ucoth uu! dx = —cschu+C 

0 


Integrals containing X =a+bz, a-AOandbFs 


n+l 
. X” dz = ——_ —1 
70 / £ Com ae, n#& 
n+2 axXrtt 


71. poxrae= tC, n#-1,n#-2 


(n+2) b?(n+1) 


b -» 
72. [Xetra = alate? + Setar +e 
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73. 


TA. 


75. 


76 


ry 


77. 


78. 


79. 


80. 


/ 
/ 


81. 


82. 


83. 


84. 


85. 


/ 
/ 


86. 


87. 


88. 


89. 


/ 


1 xXnrrs 
es dx = | 


QaxXnrt? 


Bil n+3 


n+2 


am 


~| 


n+1 


poxe ae = - eexm 
n m 


glee ae 


m+n 


2 Pe ie Le ae 
gnrtl -_ naa 5 : = Ae 
=r InX+C 

oS = GB (X-aln| X|) +0 
rete 4aX +2a?In| X |) +C 
& =im|Z\+e 

oo  Bla|40 

ot 4 (xy |4e 

oe = 2 [x-20mix|-¥] +0 
— = In| | +C 
ee ae 
Ble _ iF G 

X38 ob? | X 2K? 

Se plmixi+e- sa] +e 
= hast tax in| =| +¢ 
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A770. 


90. 
91. 


92. 


—b 


2b 1 3b 


/ —— In| = | 
x2X3 2a2X = aX) aa | at P 
x dx a —1 a 
= C 1,2 
/ Xn b2 Fence Ba (n— oa +C, n#i, 
x? dx 1 —l 2a a? 
= =a = —|+C, 
x” Bl (—3)xX"-3 " (n—- 2X2 (n—-1) XI 


93. [vXa= axe ame: 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103 


104. 


105. 


106. 


v 2 3/2 
[ev¥a = Tapp (Bba — 2a)X anne 6: 
2 
2 _ 2 2.2) y73/2 
1c VX dx = T0553 (82 — 12abr + 15° a") XP" + C 
Vi 2/X + a us 
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dx = t t 
/ (a? + c?)(a? + d?) ee d? — ¢? c cane d a = 
ax? +b 


ae! (a=): ($2) 4 1 
eee er 07 PE aa a} Jet 


Ca ae ag 


Ie 


x dx 1 Qa2x? + 2ac + b? — bb? + 4ac 3 
5 5 z= In +C, 6°+4ac>0 
bx +c)? + (ax? — bx +c) Abb? + 4ac | 2a2x2 + 2ac+ b? + bb? + dace 
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369. f ae = pe (Ft Fan Z) +0 


2\(a2 +b?) b?—a? \a b b 
etree te), 1 (ee a) aa fe =o a 0") 
370. / 2p aG2 02) dx=a2+ Pam | 5 ta 3 


az? + B ee el 9 ee 32) 1 ac — Be a G ) 
S71. | Gareiatso Vac ™ ( 5°)" ety ‘a = 


372. Il>Sos = cosh! (#aeF) +C, a#b 
xt+a)(x = 
373, [ —@ = atm (22 40 
Je—1a—a) aa 
dx ae 1 [(e? +7 )¢+ (aB+79)] , 
374. | wap sary ‘| ad — BY | a 
x dx 1 [+h 2? — (o*+ O*)] 
375. lar eS Se Cr as SSeS rc 
(a + b) dx _ 1 ot pee re. b -1/@ /a?+¢ 
oTG; =e ae pa sin Pag" Wane cosh |: aa +C 
Oi ts [/ehe- = In|ax” + bz + ¢| 4 (« aa ee a 
(Va- ve)? _ 4, V3, WEtva_ 2 | ave—va 
378. /eSec* fa tan (5a cries ag 
379. [arava + a2 dx = #22? + 3ax + 2a?)\/a2 + 22 + 5a? sinh = +C 
380. |= aes a dz = Tz tan! = +C 
a _ 


2. 22 2 eo 
381. | ae eee eee, 
x 


Integrals containing sin ax 


1 
382. [snarae a cosaz +C 


1 
383. [esinar de = sin ax — * cosan +C 
a a 


2 x? 


2 
384. [?sinarae = —xrsinax+ {—+-— —]} cosar+C 
a a a 
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A88 © 


2 3 
385. Ve sinax dx = (= -5) meres) cosax+C 
a a a a 
1 —1 
386. Ve sinax dx = a cos ax + 30" 'sinax — ee sinax dx 
a 
3.3 5 pd venus _1)n ,2n4+1,,2n+1 
387. [Pew ap 22 4 Ue _ Ue eee ee x — 
3-31 5-5! 7-7! (Qn+1)-(Qn+D)! 
388. [= ee? = —*sinaz af 
x 
389. _ sinax | 1 < [ta 
Cc ax sin 
Og OF ~ aga NOT 5 x 
sin ia sin ax a COS AX 
d. 
oe 1 (n—1)ar-1 ra gna 
d. 1 
391. / = = —In|cscas — cotaz|+C 
sin ax a 
dx ae x Tax? 2(227-1 _ 1)8 q2rtly,2ntl 
2. = = dedas ts a C 
on gin az oe ig? igo (Qn +1)! aa te 


where %,, is . nth Bernoulli number %, = 1/6, 82 = 1/30,... Note scaling and shifting 


1 az, Ta? x? 2(2°° Byars 


a |wum- a 6 ise (2n — 1)(2n)! _— 


in 2 
394. [oe ax dz = ~ — bauiaios +C 
2 4a 


395. [esin® ax dx = z? a«sin2axz cos 2axr 2G 
4 4a 8q2 


1 1 
396. fe sin? ax dx = ae —j cos 2ax + 3 — 6a?x*) sin 2az + C 
a 


1 
24a Saas 


2 
397. [sw ax dx = — + = a +C 
a a 


1 
398. [esn’ ax dx = ——2x cos 3ax — 
12a 


: sin 3 a cos ax + : si +C 
IN dav — —2 ar —r Sn Aar 
36a? 4a 4a? 


3 sin2ax  sin4azx 
44 4 — | | 
399. [om ax dx = red re ag C 


sin? ax 


400. / oe =~“ cotar +C 
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401. 


402. 


403. 


404. 


405. 


406. 


407. 


408. 


409. 


410. 


411. 


412. 


413. 


414. 


415. 


/ 


/ 
/ 


x dx x 1 : 
3 = ~~ cotax + — In| sinaz|+C 
sin* ax a a 
dx COs ax 1 ax 
= In| tan —|+C 
sin? ax Qasinzax 2a | 2 | 
dx _ 


sin"az = (n—1)asin"-'axr  n-1 


cos ax n—2 / dx 
+ 


sin ax 


dx he (< See 
=-—ta 
1—sinaz a oe 4 2 
d 2 t 2)-1 
_— ga | Ce es gsi 
a—sinax aV/a2—1 Vaz —1 
x dx x T ax 2 T ax 
_ a =) 
l—sinax a an (4 a pg re 
dx 1 T ax 
seee ( ) +O 
1+sinaz Ps 4 2 
d 2 1 t 2 
a ne) 26. at 
a+sinax ava2—1 Jaz —1 
x dx x T ax 2 T ax 
t + SIn|sin (7 - ©) 
I+sinor a” \4 ) Peele Vee ee 
dx 1 Ww 
= tan (/2tane)+C 
1+ sin? x J2 ( ) 


dx 


1 T ax 1 3(/T ax 
: = tan ( ) | tan ( ) tC 
(l—sinar)? 2a 4 2 6a 4 2 


dx 


(1 + sin az)? ~ 


dx 


a+ Bsinax 


dx 


1 T ax 1 3 (hat, | 
34 tm ( ) a G ) oe 


a? + 3? sin? ax 


: t sae t <+B)+C 
———— tan a tan — : 
av/ a? — 3? 2 
1 tan + B- 2 q?2 
ye rae LC, 
ay/ 32 — a? atan% +6 +./B?— a 
1 ax sw 
—t (=+7) C,; 
aa it 2 4 me 
1 /732 2 
= tan! VAP +C 
aay/ 3? + a? Qa 
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489 


490 © 


416. 


A417. 


418. 


419. 


420. 


421. 


422. 


[52 ~ 2 
a Ht Ve aan +C, a? > 6? 
/ da aay/a? — 3? a 


2 ain? 
— B sin* ax 2_ 72 
B 1 ‘a /B? — a? a’ tanax +a C 9 2 
+C, ar <fB 
Qaa/ 82 — a2 eS 
1 a4 n- 
sin” ax dx = —— sin” axcosar + "—* sin”? ax da 
an 
—cosax al dx 
sin” ax ~ (n— asin”! az n—-1/J sin”-? ax 
1 n = 
x” sinaz dz = ——x" cosax + — | x”! cosax dx 
a a 


+ Bsinax aoe OFF tan(2 7 “*) LC 


l+sinaz a 4 2 
+ Bsinax B ab— af dx 
dx = —a+ : 
+ bsinax b b a+ bsinax 


dx _ == f dz 
agen ia aj B6+asinaxr 


sin ax 


/ 
| ar 
/ 
I 
Ii 
iE 


Integrals containing cos ax 


424. 


425. 


426. 


A427. 


428. 


429. 


430. 


3. | cosairde = ~ —sinaxr+C 
1 Ee 
J ecosae dz = 7 cos az + — sinaz 4 C 
a? a 
2 2 2 
ja cosax dx = = cos a € ;) sina +C 
a a a 
1 —1 
Ve cosaz dx = —x”" sinax + * 2" cosar— CT 
a a a2 
[ete a oe oa an” Gdaccach (-1)"a2"x?" eee 
nix ve cua en ee Ee és 
2-2! ' 4-4! 6-6! (2n) - (2n)! 
[= cosaxdx _ COs ax a / sin ax 
dx 
(n—l1)ar-t n-1J art 
[=< * in| secaz + tanaz| + C 
cos ax 
x dx 1 fata? ata* 5aSx® E,a2rt2 g2n+2 
/ = pees —* bel +C 
cosax az | 2 4-2! 6-4! (2n + 2) - (2n)! 


/ dx iniai: arr? r 5ata4 Sapte E42" 42" Lite 
=Iniz ee eo oe, ey ae Oe «wd 
x COS ax 4 96 2n(2n)! 


where €,, is the nth Euler number €; = 1, €2 = 5, €; = 61,... Note scaling and shifting 
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432. 


433. 


434 


435 


436. 


437. 


438. 


439. 


/ 
/ 


dx 1 ax 
= — tan EC 
1+ cosaz a 2 
dx 1 ax 
= t EC 
1—cosax a ss 2 


. [Vr exa ar = —2V2cos > +C 


. [vi Feosar dr = 2v8sin +0 


/ 
/ 


440. 


441. 


/ 


442. 


443. 


444, 


445. 


446. 


AAT. 


448. 


cos? ax dx = — + 


x sin2ax 


+C 


2 4a 


eee | 1 
x cos? ax dx = aul + —asin2axz + —> cos2ax+C 
4 da 8a? 


sin? ax 


+C 


sinax 
/ cos’ ax dx = 


a 


3a 


3 1 1 
[costaxae = aor Tq Bn 2ae + 39g wa tae +e 


d 1 
= =-tanar+C 
cos7ax a 
d 1 
sites = = tanax + — In| cosaa| +C 
cos?7ax a a 
dx 1 sinazx 1, it (ES) xe 
= n|tan(— + — 
costax 2acos*ax 2a 4 2 
dx ax 
= cot C 
1—cosax a 2 
x dx ax 2 ax 
= t ] i tC 
1— cosaz eS ga ae 2 | 
dx ax 
=-ta C 
1+ cosaz 7 2 
a dx x ax 2 ax 
= —ta + — In| cos —|+C 
l+cosar a - 2 a ny ait 
d 1 = 
= = — tan ~!(V2cot ax) +C 
1 + cos? az J/2a 
d 1 
as cotax+C 
1 — cos? ax a 
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A91 


AQ2 


dx _, ll ax 1 3 ax 
ae ees: oR eg 
dx 1 ax 1 2 at | 
aU: joe = eg 
a Fg cielo oe EC, a? > BP 
A51 / dx J ava? — 6 a+ p 2 
a+ Beos an 1__j,|VBR a+ VBRaten Feo 
ar/ B2 — a VB +a—/8-atan¥ 
noe / SS ae a 
a a COs ax 
a+ cosae 
dx asinax a dx 
453. ] 2 / 
(a+ Bcosax)? a(G2—a?)(at+Bcosax) 6?—-—a? J a+ Bcosaz’ ad 
dx 1 atanazx 
A A, / — t ma ed 
5 a2 + 6? cos? ax aay/a? + 3 = (+3 “| i 
1 _,f atanaz 
455. ft mrecp (Face) : 
° — B? cos? ax — / 6? — a? 
1 in atanax Bb? -a oP SB 
2aarv/ 32 —a? J|atanax + / 82 — a? 


(n—2) ax t a2 
456. [= ae ee poor? az dz+C 
cos” ax (n—l)a n—1 


Integrals containing both sine and cosine functions 


1 
A457. jens ax cos ax dx = i sin? az + C 
a 


458. lux a Si heavas| ee 
in ax cos ax a 
_ _cos(a—b)x  cos(a + b)ax 
459. [ saxcoste dr = 3a —b) 2a +b) +C, ab 
in(a—b)x  sin(a+b)a 
4 i de = sin(a | 
60. sin ax sin bx dx 2a —6) D(a +5) C 
sin(a—b)x | sin(a+b)a | 
461. e080 cos br dir = aa—b) + oa+ + C 
n+l 
462. [ow ax cosar de =" “4.6 
(n+ 1)a 
n+1 
463. oo os" az sin ax de = ——2° _™* +C 
(n+ 1)a 
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493 


d 
A464. /=- = ~ In| sec az| +C 
Cos ax 
cosaa dx _ 
465. = * In| sin ax} +C 
sin ax 
dx 1 akx> ax? data il Oi = 1)8 q2rtlg2ntl 
AGG. f= = _ i C 
COS az a | 3 - 5 - 105 (2n + 1)! a 
dx 1 ae x? ag? 220 q2rtly,2ntl 
4 p= = -_ A 7 
Oke sinaz a2 |" 9 225 (2n + 1)! ae 
33 2n 2n—1,,2n—1 
AGB. [‘ cosa dx _ 1 ax ax -_ 2°" 38,0 x aug 
x sin ax ax 2 135 (2n — 1)(2n)! 
33 2a°x? 227 (227 _ 1)B q2?—ly2n-1 
469. [see =ax+"~ 4 bees 2 bet O 
zcosar SCO 75 (2n — 1)(2n)! 
470. [eta =-tanar—a2+C 
cos? ax 
A471. — od cotax—“2+C 
sin” ax a 
1 1 1 
A72. [- ese me Of dz = 72 tanax + — In| cosax| — <2? + C 
cos* ax a 2 
1 a 1 
A73. /* poe mer) xcotax + — In| sinaz| — “77 +C 
sin? ax a a 2 
ATA. [eu- * in| sinac| +C 
sin az 
1 
A75. / pa = — tan’? ar + “In| cos az| + C 
cos? ax 2a 
cos? an 1 2 1 . 
476. cot? ax — —In|sinaz| + C 
sin? a 2a a 
1 
ATT. [sn n(ax + 6) sin(ax + 8) dx = 5 cos(b B) ia sin(2az + b+ B)+C 
1 
A78. po n(ax + b) cos(ax + 3) dx = 5 sin(b B) zi cos(2az+b+ 8)+C 
a 
1 
A79. Joo s(ax + b) cos(ax + B) da = 5 cos(b B)+ rf sin(2az+b+ 8)+C 
x sin2az  sin2bae sin2(a—b)a  sin2(a+b)a 
+ b 
oe Bb 16(a —b) aan. Ze 
A80. sin? ax cos” ba dx = 
e_sindap ag —_ 
8 32a 7 
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AQ4 - 


dx 


A481. = Pattianael we 
a 


sin ax cos ax 


d. 1 1 
= — In| tan (7 ~) | LC 
a 


sin? ax cos ax 4 asinax 


482. 


483. Ge 


1 ax 
= —In| tan —| + 
a 2 


sin ax cos? ax ACOs ax 


d. 2 cos 2 
x 2 cos ee 


sin? ax cos? ax a 


484. 


sin? ax sin ax ax sw 
dx = ee 


1 
A85. - In| tan ( ee 


)l+e 


x 
COS aX a 


486. 


/ 
/ 
/ 
/ 
/ 
/ 
(tt, fo 
/ 
/ 
/ 
/ 
; 


1 
| In| tan —|+C 
a 2 


ax . ax 
cos = + sin = 


J+e 


cosaz(1+sinaxz) 2a(1+sinaz) cos $ — sin $ 


dx 1 ax 1 ax 
A88. = ec? In| tan —|+C 
sinax(1+cosax) 4a me 2 a meen 2 i 
d d 
489. | - P= tn ftan Sf 
sinaz(a+(sinaxz) aa 2 aj a+ Gsinax 
dx 1 a T ar B a+ @sinax 
490. - In| tan ( )[-=1 GC 
cosax(a+@Bsinaz a2 — G? la Ben ria 2 | a | cosax ee ae 
dx 1 a ax B, .a+(6cosaxr 
A491. = In|t l 
2 sinax(a+(cosaz) a?— fp? a nie 2 a mi sin ax Pe ee 
d 1 d 
A492. = = In| tan (7 | ~) | - | = 
cosaz(a+GBcosax) aa 4 2 a} a+cosaxr 
2 _, (y¥+(a- 6) tan = es Pa 
—— tan™! —— C, 
Joh an ( Warsi oe R=64+7-2 


1 —VR+(a— B)tan & 
ln Y VR (a B) an 5 LC, ow < B+ 
aVR- |y+VR+(a-f)tan 2 
dx 
493. / ey az 7 
a+ Bcosax + 7sinaxr _gin|a + tan F +, a= 
1 cos + sin & 
In 2 2 ——|+C, a=y7 
af en on a (y B) sin 2 
1 
qyinlt + tan F140, a=Bp=y7 
d 1 
AQA, Is *_ =~ injtan(2 +7) | 40 
sinax + cos ax 2a 2 8 
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495. 


A496. 


A497. 


A498. 


499. 


500. 


501. 


502. 


503. 


504. 


505. 


506. 


507. 


508. 


509. 


510. 


sinax dx 


sin ax + cosax 2 


= — <In|sinax + cosaz|+C 


cos ax dx x 1 : 
= +-— + —In|sinarz + cosaz|+C 
sin ax + cos ax 2 2a 
sin ax dx 1 : 
- = —Inja+@sinaz|+C 
a+Psinax af 
cos ax dx 1 . 
- = —Inja+ @sinaz| +C 
a+Psinax af 
sin ax cos ax dx 1 


= In|a? cos* az + 6? sin? az|+C, B#a 


a? cos? ax + B2axr — 2a(B? — a?) 


dx 


1 


— tan! (S tan ac’ +C 
B B 


a? sin? az + 62 cos?axz = aa 


dx 


1 atanax— GB] | 


= T C 
a? sin? ax — 62 cos?ax = 2aaZ |atanazx + 3 
sin” ax tan™*1 ag 
Si 
cos("+2 ag (n+ 1)a 
cos” ax — cot Max | 
sin'"*?) ag (n+1)a © 
dx ax B 
= + In|Gsinaz + acosaz| +C 
sinaz a?+ 6?  al(a?+/? 
a+ 8 cosax p ( oe) 
dx ax B 
— Injasinax + 6 cosax|+C 
cosat a? + 6? ala? + 6) 
a+ Bein aa 
cos” cot(?—)) 
a da = — = pene ax dx 
sin” ax (n—1)a 
sin” ax tan” on Hi sin”? ax d 
= x 
cos” az (n—l)a cos” —? ax 
sin az 1 e 
dx = —sec"ar+C 
cost!) ax na 
asinag + Bcosx d (ay + Bd)a + (By — ay) In|ysin x + 6 cos z|] ie 
is 
ysing + 6cosx yy? + 6? 
2 —b 
att OV gaa ile epee 
a+ Gsinz Jaz — b2 a+b 2 0b 
at+bcosr — | b— 
_* — tanh? ee ings Resse oO. 
Vb? — a? b+a 2 »b 
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a<b 


495 


496 — 


1 


511 dz _ =e Gea ;tan2) +C, a>b 
° a2 — b?cos?x 
ee tanh™ eee +C, b>a 
dx 1 b 
12. / 7 An eee 
° (acosx+bsina)? a?+ 6? “oe ag oe 
asin ic Ee) Se Gs 
—ac ’ ? 
513. / sin x dx : = sin i { Val ee Leta acs 
Vacos? x + 2bcosz + ¢ b? — ac 
cosh! Jal (acos? x + 2bcos x + c) eee 
vac — b? os 
a(asin ss 
Fit bo. Sng a0 
/-a b? — ac 
dz a(asin oe 
514. == = sinh! +0, >ac a> 0 
Jasin? « + 2bsinz +e Va Vb? — ac ; , 
; [alasin? x + 2bsinaz +c) 
2 ae ot <ag 2 So 


Fi 


Integrals containing tanaz, cotax, secax, cscax 


Integrals containing inverse trigonmetric functions 


Jac — b2 


Write integrals in terms of sinaz and cosax and see previous listings. 


515. swt ae = osin™ ~ + Va? — 2? +C 
516. eos = dr = eos 2 —Vae—2?+C 
517. pian ae = atom — 5 ln|a? +07| +0 
518. foot? = de =aeott = + Simla? +2] +0 
a 
‘i asec! = — aln|x + Vx? — a2| +C, 0<sec"2 < 1/2 
519. [sco Sav = : 
a asec! — +aln|2+ 22 —a2+C, m/2<sect2 <7 
a 
m x CSC 17 + alin a+ V2? — a2 +C, O0<csc-12 < 7/2 
520. [eset ae = 
a zese-}——aln a+ V2? — a2 +C, —1/2<cesc7'2 <0 
a 
= 2 @ = i 
521. xz sin dx = ; 7} sin t geve x2 +C 
1 x a? 1,2 1 - 5 
522. «cost — dx = ZT) cs = Gave — +C 
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523. 


524. 


525. 


526. 


527. 


528. 


529. 


530. 


531. 


532. 


533. 


534. 


535. 


536. 


537. 


WS. ee a “ee ee 


xtan— 


1 
= de = 5(2” +a”) tan”? — 5 In |x” ta?|+C 


x oa 
of ee x? —a?+C, 0<sec" 2 < 7/2 
asec’ —dx = . i 
=? seo! +5 x? —a?+C, m/2<sec*2<a7 
a 
Loa 
<a? esc! 5V x?— a +C, O<csc12< 7/2 
zesc* dg = : ; 
. =? esc! ; x2 —a2+C, —1/2<csce7*2 <0 
a 
x 1 iL = 
z’ sin~! — dx = <a? sin) — + <(a? + 2a?) a? —a@+C 
a 3 a 9 
x 1 xz il 
x? cos” — dx = =a? cos” | = — =(x? + 2a7)V/a? — 22 +C 
a 3 a 9 
1 rv a a® 
tan * — des tan! a + 6 In |z* + a7) +C 
a 


1 3 
cot! = da = =cot72 = + Sa? — © Inja? +27|+C 
a 3 a 6 6 


1 
ie ze see! at x? — a? 6 In |x Vx? a2|+C, 
x” sec”! — da = j 3 
=" see! — 4 he a? a In|x + Vx? — a2| + C; 
3 
ip x? csc! a x? — a? = Ina fx? a2|+C, 
zg? csc — dr = - 
a 
x csc} oa 2? — a? — Inlet V a2 — a2 +C, 
6 6 
| gant i=" 4 1 oy 1-3 (“)" 1-3-5 
z “o@” 22868 Nad © Be425+5 Nal. ~ 22406. 7-7 
1 42 T _1 2 
cos dz = =In|a| 4 sin d 
x a 2 a 
1 x x dlsa\e 1 says 1 say? 
tan” 2 de = 7-5) ta(Z) - (5) + 
. an dz 52 (a zal C 


AQT 


-1 
O< sec"? 2 < q/2 


1/2 < sect Zen 


-lez 
O<csc* 2 < 1/2 


-1lz 
—a/2<cesc* 2 <0 


sec! = dg = * in|a|+ as 
a 2 x 


saa) +z 
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1 x a x\3 x\d 1-3-5 x\7 
588. fo fee (2e h(E (S (+) +e 
zo a @  DeG=a\a) Deh a) ° 24eGs797 Vals 
1 1. at+Va?—2 
539. / 5 sin 1? da = sin! = In|- ce |+C 
x a x aoa a 
1 1 1 2 7? 
040. / 5 COs 1? de = ——cos-1 = + eee |e 
x a a a a 
1 12 12 1 x? +a? 
041. tan dz = tan In| |+C 
x a a 2a a? 
1 1 1 
542. 7 cot~} = dx = ——cot~1 = + / tan-! = dx 
x? a a 2asez2 a 
1 12 1 : 5 i ¢ 
1 sec V22—a C,; O<sec* £ < 2/2 
543. [ase Fqc=} T @ ae 
. 7 a a Vx2— a2 +C, m/2<sect2 <n 
esc7! = Jr? — a2 +C, O<ce = <x /2 
= 7 x a ax 
544. Jae —dx= 1 : l ‘i 
- esc} = 4 Vx? az+C, —n/2<csc-12 <0 
x a ax 
045. footy = dz =(a+<2)tan™* —Jaz+C 
a+caz a 
546. for de = (2a+-2)tan7?,/" — V2ar+C 
a+az 2a 
Integrals containing the exponential function 
1 
547. lee dx = —e* +C 
a 
548. ve da = (= — = er +C 
a a 
= 9 2 
549. ae de = (= ae ee +C 
a a as 
550. [ee dx = 1 neat - al ad BOE dos 
a a 
i. ax (ar)? (ax) 
1. i @ dy =| | 
55 ~e ae nlt|+ 74+ 9.9 + 3.4) 7 +C 
1 1 a 1 
552. / ax gq ax i ax gq 
mn (n —1)ar-t n—-1f amr % 
er 1 aia 
553. |e e= Gilat pe |+C 


Appe 


ndix C 


499 


asin bx — bcos bx 


554 —— 


*sinbrde = ( ) er +C 


a2 + b2 


556 


: Te 
555. [ett cos trae = (“ ee) er +C 
‘ Je 


i = b — 1)b? 
” sin” br dx = (: Bin bg — nb Ges =) e* sin”! ba + cate Lal / e% sin”? ba da 


ee a? + n?b? 


b bsinb — 1)? 
557. fe cos” ba dz = (s a =) e** cos™—+ ba + a ue fe cos”? ba dx 
a nm 


Another way to express the above integrals is to define 


C= ‘| e** cos" ba dz and S,, = / e*” sin” ba dx, then one can write the reduction formulas 


__acosbx + nbsin br n(n — 1)b? 


ax n-1 
Ch a2 be e* cos eer n—2 
asinba — nbcosbx ge . n—1 n(n — 1)b? 
— a2 be e** sin bey 2 ape n—2 
_ a2 4 72 2 72 242276 
558. | vetssinbe de = [2ab — b(a? + b*)a] cos ba + [a(a* + b*)a — a* + b*] sin ba ota 
(a? + b?)? 
2 1 2\m — p21 p2 2 D2) “ 
559. [vet cos bide = [a(a* + b*)a — a” + 6°] cos ba + [b(a* + 6°)a — 2ab] sin ba oro 
(a? + b2)2 
1 1 1 
560. etinede = —e** Ina — ~ feted 
a aj «x 
asinh bx — bcosh bx 
F ax i: _ ax b 
561 Je sinh ba dx | (abla +) er +C, a# 
562. fe sinh ax dx = —e?¢* — = +C 
4a 2 
acosh ba — bsinh ba 
; ax — ax b 
563 Je cosh ba dx | (a— bla +5) | er +, ax 
564. [ett cost aa de = jay Zig 
4a 2 


dx x 1 ee 
565. /—we-5 aa nla + Be |+C 


° = ] ax 
208 / (a + Ber)? a? + aa(a + Be%) Gee nla + Be | +C 


1 a 
—— tan! ( cen) +C, aB>o0 
J \ 6 
567. / os ae 


act? + Be- et 1 et — ./—Bla 
ene /—B/a 


] C 0 
Danan ae 
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5900 | 


568 


569 


2 2.42 : 
Pes a* + 4b* — a* cos(2ba) — 2absin(2b2)\ 
e ) b d. => 
Je sin* bx dx ( Jala? + 4P2 & + C 


2 24 72 
ae _ (a? + 4b* + a? cos(2bx) + 2absin(2bxr)\ 
: Je cos be d= ( Jala? + 4B? ce +C 


Integrals containing the logarithmic function 


570 


571. 


572. 


573. 


574 


575 


576. 


577. 


578. 


579. 


580. 


581. 


582. 


: osedr=an|a| +e 


1 1 
[emzae= 5@ In[e| — qe +e 


1 1 
nr] d = m+l n+l] —1 
fe na dx pane er hy nijzj|+C, nF 
1 1 
=] = =(In|2|)? 
I nazdz 5 (In |21) +C 
d 
: | apr minleli+e 
alng 
1 1 1 
: | qinede = 2 - Zin|e| +0 
x cu 


fo z|)* dx = a(In|2|)? — 22 In|2| + 22 + C 


1 1 n _ 1 n+1 
fe onled dx =~ (in|a|) +C, n#-1 


x 


fo al) de = e(tn el)" —n f (tnx) de 


finle? +e] de = xin|a? + —% + 2atan-! = +C 
a 
22 2 2 r+a 
poate —a’|dx=aln|x* —a | — 2¢ + aln|-——|+C 
6 (ax + 6)? — (b8 — ay)? a 2 
(az + 6) In(Ga + y) dx = In(Bx +-y) — (Bahay = 
2a? 42 


i (Inax)? dx = x(Inaz)? — 22 naz + 22 + C 


Integrals containing the hyperbolic function sinh ax 


583 


1 
. j[suharas = —coshar+C 
a 
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. 
B 


(bb —ay)a+C 


584. 


585. 


586. 


587. 


588. 


589. 


590. 


591. 


592. 


593. 


594. 


595. 


596. 


597. 


598. 


599. 


600. 


/ 
ie 
Je 
iE 


1 
xz sinhax dx = a2 cosh ax — 


1 
=) sinhar +C 


2 2 2 
x sinhax dz = see tt cosh ag — —~ sinhar + C 
a a a 


1 n _ 
” sinh ax dx = ae "coshax — — | x”! coshaz dx 
a 


(ax) 


(ax)? 


—sinhaz dx = ax 4 


3-3! 


ee 


1 1 1 
J qzsinbarde =—Fsinhar-+a [© cosh ar dz 
x x x 


Is 


/ 


/ 
/ 
/ 
a 
I Senex 
I Snax 
/ 
i 
/ 
/ 


sinh ax a 


= sinhax dx = 


1 
n— 1a" + = / <a cosh ax dx 


d 1 
eae = In| tanh —| +C 
sinhax a 2 
a dx (ax)? : 2(22" _ 1)Bn q2rtly,2ntl 
= 1800+.---4 1)” 
sinhaz =a? a 18 panes * a (2n + 1)! 
5 1 1 
sinh* aw dx = —axsinh2ax — —x+C 
2a 2 
1 n-1 n— 
sinh” ax dx = — sinh ax coshax — —— | sinh"? ax dx 
na 
1 1 1 
sinh? ax dx = —x sinh 2axr — —~ cosh 2axr — —2? +C 
4a 8a? 4 
1 
=-—- 5 coth ax+C 
sinh? ax 
1 
=—csch ax coth ax — — = In| tanh 5! +C 
sinh? ax ~ 2a 
d 1 1 
7 = = —_ x coth ax + — In|sinhaz|+C 
sinh* ax a 
nae sinited Pa giao) Ce eee: 
= sinh(a x in x 
sinh az sinh ba dx = Da +b a—b 
1 : F 
sinh az sin ba dx = — [acosh az sin bx — bsinh ax cos ba] + C 
a2 +4 b2 
1 . : 
sinh az cos ba dx = ———; [acosh az cos ba + bsinh az sin ba] + C 
a2 +4 b2 
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902. 


d. 1 QE py 24 R2 
601. / fee POE) 
a+ @sinhar /o2+ 62 | Be +a4+/a2+ B? 
dx —( cosh ax a dx 
602. : = 
(a+ sinhar)? a(a?+6?)a+Gsinhar a?+6? J a+sinhazr 
1 re \/ 2? — a2 tanhax iW) sd 
603. [ one : 
: 724 Panhenp 
a? + G? sinh” ax 1 a+ Va? — 6? tanhaxr C, eg 
2aa,/a2 — a— ./a? — B? tanhax 
d 1 24 32 tanh 
604. j . = co G3? tanh ax oe 
a? — 6 sinh*ax = 2aay/a2 + 62 |a— \/a? + 6? tanhazr 
Integrals containing the hyperbolic function cosh ax 
1 
605. [cost ax dx = _ sinhax +C 
1 1 
606. [ ecosh ax dx = —xsinhax — = coshax + C 
a a 
9 2 x? 2 . 
607. xz* coshax dx = ——~xcoshax + | — + — } sinhar+C 
a2 a a 
a 1 Nat n n-1lo: 
608. xz” coshax dx = —x2" sinhax — — | x sinh ax dx 
a a 
1 (az)? . (ax)* _ (ax)® 
609. | yeostase de = In| + at aaa 6. 6l tet 
1 1 1. 
610. / a0 cosh ax dx = —— coshax + a — sinhazx dx 
x x x 
1 1 h inh 
611. [| qreoharade = — = _ ek dz, n> 
gn n—-1 21 n—-1 gral 
d 2 
612. / Pea ga a 
coshaxr a 
613. / a dx 7 1 azn? atx | 5a x6 | | ( " €,a27 +2 72n+2 | 26 
coshax a? | 2 8 144 (2n + 2)- (2n)! 
3 1 1, 
614. cosh’ ax dx = xe + 5 sinh az cosh ax + C 
n 1 n—-1 : n—-1 n—-2 
615. cosh” ax dx = a cosh ax sinhax + a cosh ax dx 
2 1 2 1 : 1 
616. x cosh* ax dx = had + —z sinh 2ax — gqz Cosh 2ar+C 


4a 
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617. I= = Edbadhaab ists 


cosh?ax a 


d. 1 1 
618. i= = —xtanhax — — In| coshaa| +C 
cosh* ar a a 


619. 7 dx _ 1 x sinh ax | al dx 


cosh" ax (n—1)acosh”"'ax n—1/J cosh” *ar, n>1 


1 
cosh az cosh ba dz = sinh(a — b)a + 


620 =D 


1 
inh b 
Ce (a+b)a+C 


az +b 


621. [cosh ax sin ba dx = = [a sinh az sin bx — bcosh az cos ba] + C 
622. | 


asinh az cos ba + bcosh az sin ba] + C 


a 
cosh az cos ba dx = Dae [ 


tan LC, B? > 
Apa dis /B2 — a2 [52 — a2 
' /=e=- 1 Be™ +a—./a? — § F 5 
In EC, Be<a 
av/ a2 — 3? Be +a+ Va? — ? 
d 1 
624. /—<: = —tanhar+C 
1+coshar a 
625 / ede * tanh : l | cosh | + C 
, = n n —_ 
1l+coshar a 2 @ 2 
d 1 
626. / PE goth 0 
—1+coshax a 2 
627 / dx - Gsinhax a i: dx 
° (a+ Bcoshax)?  a(B82-—a?)(a+ Bcoshar) 682—a2 J a+ coshar 
1 in atanhax + /a? — 6 Wel re: 
628. / dx - 2aa,/a? — 62 |atanhax — \/a? — 6? 
a — G2 cosh? ax —1 _, atanhaz 


tan EC, eae 


aif ae °° Fae 
tanh 
a tan. ) +e 


dx 1 
629. / 2 tanh! 
a2 + 82 cosh* ax aa,/a? + B? Ja? + 8 


Integrals containing the hyperbolic functions sinhaz and coshaxz 


1 
630. [sm ax coshax dx = ba sinh? az +C 
a 


1 
631. | stax cosh bed = cosh(a + b)a 4 cosh(a — b)a + C 


1 
2(a + b) 
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504. 


632. 


633. 


634. 


635. 


636. 


637. 


638. 


639. 


640. 


641. 


642. 


643. 


644. 


645. 


646. 


647. 


648. 


/ 
/ 
/ 
/ 
/ 
/ 
I 
[ 
/ 
/ 
ie 
‘i. 
J recs 
i 
/ 
/ 
/ 


1 
sinh? az cosh? ax dz = —— sinh 4axr 
32a 


sinh” ax coshaz dx = 


1 
cosh” az sinh ax dz = ———— cosh 
(n+ 1)a 

h 
= ed in| cosh az| + C 
cosh a 

h 
od In| sinh az| + C 
sinh ae” 


sinh ax — ax 


sinh”*1 az + C, 
a 


1 
— gate 


n#-1 


"tlag+C, n#-1 


_l 
In| tanhaz| +C 
a 


gz sinh ax 1 ax? ax ( / 42 (2" _ Daa 
coshaz 2 |B 15 (2n +1)! 
x cosh ax 1 oe ar (-1yn 23 a go 
sinh ax ~ [wT 9 225 (2n + 1)! 
b? 1 
an 5 o" de =x ——tanhazr +C 
cosh a a 
h? 1 
= SS dn = 2 7 Cothat + 
sinh* az 
b? 1 1 1 
oe 5 Or dr = =x? z tanh az + — In| coshaa| +C 
cosh* ax 2 a a 
ih 1 1 
Foo de = 2? xcothax + — In|sinhaa| +C 
sinh? ax 2 a 
sinh ax = arx? | (-1)"2 2027" — 1) at eet, 
cosh ae” 9 (2n — 1)(2n)! 
cosh ax 1 4 ax aa? % (1) 22738, a2?—1y?2nr-1 ” “6 
sinh re ax 83 135 (2n — 1)(2n)! 
h® 1 
a a de = in | cosh aa] — — tanh? ax + C 
cosh” ax 2a 
he 1 
- ee dex = + In| sinh aa| — — coth* ar + C 
sinh” ax 2a 


1 
= ech ax va Di 
sinh ax cosh? ax 


tanh >| +C 
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d 1 1 
649. / mab? zz nea _ tan" (sinh ax) — {chat + © 
sinh” az cosh az 
650 / = 2 eon ae 
. - ax 
sinh? ax cosh? ax a 
inh? 1 1 
651. [= = x = —sinhagx — — tan~'(sinhazr) + C 
cosh ax a a 
h? 1 1 
652. [SSu- = cosh ax + — In| tanh —|+C 
sinh ax a a 2 
dx 1 1+ sinhaz 1 
653. / = + Htanbe™ +0 
coshax(1+sinhaz) 2a "| cosh ax rans = 
dx 1 ax 1 
4. / = — In| tanh 
pe sinhax(coshar+1) 2a Biren 2 | 2a(cosh ax + 1) . 
dx 1 ax 1 
655. / = - + In| tanh we, 
sinh ax (cosh az — 1) 2a nan 2 | 2a(cosh ax — 1) 
da Ox B : 
656. bea caae: ee fey +acoshaz|+C 
cosh ax 
dx ax B 
657. i: = In|asinh az + 6 coshax| + C 
ie cosh ax az — 32 a(a? — G2 
o+ 6 Sahar pe hee) 
: — _ cel a) he. wee 
658 i da _) aP—c VP = c 
bcosh az + csinh ax bcosh ax + csinh ax 


esch ~! | +0, BU<e 


—l 
av c? — b Ve — 


Integrals containing the hyperbolic functions tanhaz, cothaz, sechaz, cschax 


Express integrals in terms of sinhaz and coshaz and see previous listings. 


Integrals containing inverse hyperbolic functions 
659. [su * dx = xsinh7! = — Var+a?+C 
a a 


660. [eos — dic 7 weosh”'(/a)— Vx? —a?, cosh” '(x/a) > 0 


a cosh" (a/a) + V2? — a2, cosh” '(x/a) < 0 


661. fran! 2 ae =e tanh! = 4 Sina? — 2] 40 
a a 2 
662. feotn' de = xcoth~! v4 Sin |a? — a) 40 
a a 2 
wsech ~!= + asin! = + C, sech ~!(x/a) > 0 
663. [scr dx = : 
wsech “!— — asin”! = + C, sech ~!(x/a) < 0 
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506 . 


664. 


665. 


666. 


667. 


668. 


669. 


670. 


671. 


672. 


673. 


674. 


675. 


676. 


=>) 
x] 
ri 


678. 


679. 


2 


4 


2 
ei te (S+5 
a 


4 12 . 1 a 
esch ~~ dx = acsch~'—+asinh'-, + 
a a a 


2 
4 


1 1 
= (2a? — a”) cosh~* - — ev x? —a2+C, cosh‘ (a/a) > 0 


a 
i) 
io) 
s) 
n 
=a 
ms 
a 
8 
| 


eel (ee, OO 


12 12 
x” tanh! = dz = ——2"t! tanh7! 
a n+1 


for « >0 and — for « <0 


1 
) sinh7! an qeev z2+a2+C 
a 


1 
= (2a? — a”) cosh~* - - atv x? —a?+C, cosh‘ (a/a) < 0 


z2+C, sech ~!(x/a) < 0 


+C, + for 2>0and — for z<0 


1 


1 
a? sinh~! = dx = <a sinh7! = + _(2a7 —x 
a 3 a 9 


1 
et ee a 
cos 7 9 (2 
1 
cosh7* = + 5 + 


1 
4 
1 
etanh7! = de =~ 4 (a? — a?) tanh“! eG. 
a 2 a 
1 
xcoth”* = dx = > bate? =o" heath = 
=x7se 
12 _ 2 
asech dz = 1 
' =xsech ~1= 4 5% a? 
aesch ~! = de = <2%esch ~*~ + 5V xz? + a? 
a 


2). /n2 +a2+C 


2a7)V/ a? — a2 +C, cosh” *(2/a) > 0 
2a7)V/ a? — a2 +C, cosh” '(2/a) <0 


1 1 
x? tanh! = de = Sx? + <2 tanh7! = + a3 In la? -27|/+C 
a 6 3 a 6 


1 1 
x? coth! = dx = 2? + <23 coth7! = + a3 In|x? — a2|+C 
a 6 3 a 6 
9 12 1 3 {2 1 x? dx 
sech ~*— dx = —2”sech — 
x 5 L 3% 3 oF 
2d. 
a?esch ~) = dx = <a%csch-1= + 2 a 
3 Ja? + a 
1 x 1 at dx 
n os -1 _ n+l .: -1 
z” sinh ~ — dx = ak sinh ae Jeng 
1 gntl 
+1 cosh! = - ; cosh! (a/a) > 0 
a” cosh) de = 4 "7 east x — a 
1 x 1 att dx 
n+1 -1 | —1 
aaa cosh i aol! Jee cosh” “(a/a) < 0 


n 


Appen 


a / at dx 
+1j a*—2? 


dix C 


507 


n+1 
680. ercot tS ae = : a+! eoth7! = : ie . 
a n+1 n+1J a*— 2? 
1 441 42 a x” dx 
x"*tsech + , sech ~!(x/a) > 0 
1 + Jae ae 
681. [onsen de = is 1 : : a ' nae. 
a n+1 =a =a 
aie sech i ah) ee sech ~*(x/a) <0 
"aq 
682. a”cesch ~}= dx = x +Hogch -12 14 a + for «> 0, — for 7 <0 
a n+1 a n+l V x2 + a2 
z (a/a)®> 1-3(a/a)> 1-3-5(z/a)? 
. RGA Bad ee abe 
1.42 1 22. \* (a/z)?  1-3(a/x)4 1-3-5(a/x)® 
. f =sinh 2dr =) = (1 ee, 
683 esm 7 at 5 (0241) 5.0.90 0.Add 9,456.66" +C >a 
1 -22\?  (a/x)?  1-3(a/z)*  1-3-5(a/x)® 
l eg _ 
5 (in| a ) "055 Gite oooe0° oe 
1 12 1 (a/x)? 1-3(a/x)*  1-3-5(a/x)® 
684. |; ho? do l | +C 
pe a 2 al 1+ GAY 5 Stole PS Sele) = 
+ for cosh~'(2/a) > 0, — for cosh~!(x/a) <0 
1 3 5 
685. jyten dix speci) oy) +C 
x 3 52 
1 
686. [zoo ele | > b (27 a7) coth > —+C 
1 4 2 1- # 
i PN pase OT Si: Sec ase 
-1 2 2-2-2 2:-4-4-4 
687 —sech d j lela? 3(e/ay" 
ax a a xL/a ° xL/a 
l l hot 
; n|-| n|—| 723 rat sech ~*(a/a) <0 
1 © 4a x/a 1-3(a/a 
l l 
FG) e300 wea a Rant 
i = 1 z, (z/a)? 1-8(e/a)* 
688. [eo 1 dz = de = 
i 5 In| | In|Z | S660 Sided ; a<«z<0 
a (a/x)? — 1-3(a/zx)?° 
"2.3-3. 2-4-5-5 ns aes 


Integrals evaluated by reduction formula 


1 —1 
689. If Ss, = [sv cae, then S,, = == sin”! a cosx + ~——S),-2 


1 —1 
690. Ifc,= [eos ede, then C,, = —sinxcos”~! x + 7 Crs 
nr 
691. Ifz, -/=* ca er ea a 
COS G (n—l)a 
692. Ifl,= / cal then I, = epg + In-2 
sin ax (n—l)a 
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693. If 5S., aie sinna dx and Crp, =e" cos nx dz, then 
—1 
Sm = —ax™ cosnz + EO % and Cm = —2™ sin nz — i: 
n n n n 


Ag Tag, = 2,383,451... 


694. Ifs, = f tanvdr, and I, = f tan" xde, then I, = 


tan” 
1 


n—-1 


695. Ifh-= if ee i a ey 


cos ax (n—l)a 


n—1 


696. Ift,= / 8 i en See 
sin ax (n—l)a 


GOT... Hin = [ow xcos™ «dx, then 


n—-1 
In—2,m 
m 


Lag = sin”! ¢ cost & + 
n+m n 
: nt+tm+2 
=—— sin”t! x cost! g + ——_— 
n+1 n+1 
: = m — 
sin”*! x cos™—1 ¢ + 
n+m n+m 
. nt+tm+2 
Lin = sin” t! x cost! g + ———_— 
m+1 m+1 
—1 n—-1 


In+2,m 


In jm+2 


In jm+2 


m+1 m+1 


In—2,m+2 


m— 
x + —— 
n+1 


n,m as ei sin In+2,m—2 


698. If Ss, = 1@ sin” ba dx and C,, = f e*” cos" br dx, then 


CO. =e eos" h ae | n(n — 1) b? 
=e E 


n-2 
a neo of + nA 
ri td asin bx — nbcosnx n(n — 1) b? 
S;, =e*” sin ax 5 ae 5 on Sn—2 
a? + n2b a? + 2b 


1 
699. Ifi,= femanay dz, then J, = ——2"*' (Inz)” - Emer Oe 
m+ 1 m 


Integrals involving Bessel functions 


700. [ tila)de = -Jo(e) +0 
701. fen de = —rJo(x) + | Jole) dz 


702. fea@ dz = —x" Jo(x) +n f ale) da 
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703. pe (x) 4 [rolo) ag 

704. pos x) dx = 2" J,(%)+C 

705. je Iutdesoiah4ee 

a a +2 [hee 

707. [ert z)dx = aJ\(x4)+C 

708. [ern z) dx = x? J,(x) + xJo(x) — / Jo(a) dx 

709. / a” Jo(x) de = a" I(x) + (n— 1)a"—*Jo(xz) — (n — 1) : x”? Jo(x) da 
Ji (x) Jo(x) i Jo(2) 

710. i =122"-2 (n—1e™!—— (n— vail ne da 

711. fe nti (& a n—1(x) dx — 2Jy (ax) 

712. [ern In(Bt) da = = [ay (ait) Jn(Gx) ~ BJp (Bt) Jn(axz)] +C 


713. If Inn = _ dx, m>-—n, then 


714. If Ino = [ersola) dx, then Ing = 2" Ji(x) + (n — 1)2"—"Jo(x) — (n — 1)?In—-2,0 Note that 


Too = | Jo(x) dx cannot be given in closed form. 


G= [este dz = 2Ji\(z) +C and Ipi = face) dx = —Jo(x) + C Note also that the integral 
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Definite integrals 


General integration properties 


1. 


dF (a) 


a dx 


b 
f(x), then / f(x) dx = F(x) = F(b) — F(a) 


2. 


[ ayaa halted i. fla) de, i= f(x) dx = a if f(x) dz 


b b-e 
. If f(x) has a singular point at x =b, then / f(z) dx = lin f f(a) dx 


b b 
. If f(z) has a singular point at 2 =a, then / f(z) de = inf f(a) dx 
a ot ate 


b c—e b 
. If f(x) has a singular point at x=c, a<c<b, then / f(a) dx =| f(x) dx +f f(x) dz 
a a c+te 


b b 
/ cf (a) dx =o | f(a)dz, c constant 


i ” #(e) de =0, , ‘ : 
oe fae [ te@a=f teart [ Hoyae 


. Mean value theorems 


b b 
/ f(a)g(a) dx =f(0) / (Gi, aoiasest 
b E b b 
i f(«)g(e) de = f(a) ‘| g(a) de / f(a)g(a) de = f(b) ; g(a) de 


a<€<b a<n<b 
The last mean value theorem requires that f(x) be monotone increasing and nonnegative 


throughout the interval (a,b) 


. Numerical integration 


Divide the interval (a,b) into n equal parts by defining a step size h = 22. 


n 


Two numerical integration schemes are 


(a) Trapezoidal rule with global error —G—™h?f"(€) for a< € <b. 


b 
[flaw = 5 (Flo) + 24 21) + 2F(0a) +++ 2Fna) + Fle) 


(b) Simpson’s 1/3 rule with global error —2&-®n4f)(€) for a< € <b. 


b 
ff Slayae = 5 [flo + Af (er) + 2F 0) + Aflea) + 27 (04) +--+ 2F(En-2) + Alena) + fen) 
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nL L 
9. If f(x) is periodic with period L, then f(a+L) = f(x) for all x and [ f(a) dx = nf f(x) dz, 
0) 0 


for integer values of n. 


‘ae [des [de f(x) =—— f (w— uy" flu) a 
fafa ain 


n integration signs 


10. 


Integrals containing algebraic terms 


1 
11. feta - ay tae = Bomn) = FS. m>0,n>0 
) 


2. | o=ue ra] 


1 
dx 7 
13. i; 7 
o (1—#2")r/2 Qnsin £ 


I 1 dx T 
14. = 
[ B-ar/el—x) V/B(B—a) 


1 PP d 
xP — a LT pu 
15. ; == eT arc lp] <q 
0 t—-a“-4 £ q q 


1 P47? d 
zP+a-? dx «nm pq 
16. | Fie a oe oa lp] <q 
0 et+n-4 g Yq  2q 


1 .p-1 _ »l-p 
17. — 5 dz = Foot , 0<p<2 
‘a = 


ie 39 os _=8 


19. [ Vea Fe 
20. | i ee 
0 


CO pal T 

21. | dx = — : 0<a<l 
9 l+2 sin a7 
1 .a-l1 —a 

2s [- a dz = — , O<a<l 
0 1l+2 sin at 


23. i x dg _ Tt ag ME 
0 


co got T ant 
24. / dx = ~ cot 
0 
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od 
25. / a ee 
0 n 


1-2” n 


dx T 1 
an: 90 (a2a? + c?)(a? + b?) ~ Qbec + ab 
=. dx T 1 
ae i (a? + x?)(b? + a?) ~ 2ab(a+b) 


a dx T 1 
28. | = 
. o (a? —2?)(2? +p?)  2pa? + p? 


29 [ x? dx Tp 
fy CAC EHP 


x dz T 
30. | (x? + a?)(x? + b2)(2?2 +c?) 2(a + b)(b+c)(c +4) 


fede mt 
ols [ l+a2?2 2 


ma x daz 1 
32. i (i+z)+a22) 4 


Integrals containing trigonometric terms 


Desa 
33. : pice * de =" 1n2 
0 ax 2 


7/2 tan—1(2tan0)d0 ox b 
4. i a ee Pr eee 
2 0 tan 0 2 mi er 
n/2 T 
35. | sin? «dx = — 
0 4 
w/2 
36. | cos? ¢ dx = — 
0 
37 ie dx __ cos~'(b/a) 
ae ; at+bcosr V/a2—B? 
n/2 T 
38. | sin?”—' ¢ cos?"—1 ¢ dx = B(m,n) = or , m>O0,n>0 
0 T'(m+n) 
m/2 T(eH)y)p(et 
39. | sin? x cos? «dx = (% 7 () 
0 2r(Fy* + 1) 


AO. —a 
0 1+tan™” x 4 


m 0, D#FY 
41. i coxpoong = | 
0 p= 
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| 


913 


7 0, DPF 
sin pO sin q@d0 = ¢ x 
3 OP 4 
7 0, pt+qeven 
sin p@ cos g@ dé = 2p 
pe @’ p+qodd 
. xdx 7 ge 
a2—cos?x  _ 2arV/a2 — 1 
at+bcosxr V/q2—b? 
T sin 6 dé 2 ee 
— n a 
1—2acos6+a? a 
™ sin 20 d0 9 : , 2 
1—2acosO+a2 miita )tanh~" a — - 
TT 
—In(1+a), <1 
. xsinx dz ja n(1 + a) lal 
1 
1 — 2acosx + a? nin(1+2), la} >1 
a 
TaP F 
7 cos p@ dé 7 =a" at <1 
1—2acos@+a2 |) a7? 2 
pop %>1 
Ta 
© eospodo —_ | TaatpletV-@- wet, wc 
1—2acosO a2)? ranP 
| | zapped —v)+ tp), a> 
“ 2 4 2 
os aaa [P+ VP +1) +2P+ lp 2)a? + (P-2-Nak], a <I 
1—2acos@+a2)3__ _ 
| | Feats Pe Hee wee reels ee |, wa 
7 dx _ Qra 
(a + bsina)? 4 (a2 _ b2)3/2 
27 dee 7 ace 
a+bsing V/a?—62 
* dx _ Q0 
a+bcosz /q2— 02 
= dx 2Q7ra 


(a +r bsina)? = (a? = b2)3/2 


m,n integers 


ty & 
+5 
8 
3 
| 3 
8 
——v 
=) 
a 
Kh 
Ss 
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58. [ cos sin = de = 0 for all integer m, n values 
0, méEn 
59. [ a cos = dr = £ m=n#0 
L, m=n=0 
60 a x” dx _ ®t sinmé 
: 1+2xrcosG+a?  sinmm sin@ 
1/2, a>0 
61. [ eg. a=0 
—1n/2, a<0 
0, a>p>d0 
62. i, Su 1/2, 0<a<f 
x 
1/4, a=PB>0 
mm, O<a< 
63. [ et w-{ 5 B 
x Fy a>pB>0 
64. a sin? iad en 
65. [ 1 cosae 5 _ TO 
x 2 
COS Or Te te 
66. [ ae on 
67. i x sin ax de = e-08 
x(a? + a?) aa 
68. i sing | ee ee 
ap“ ~ 0 (p)sin(p7/2) 
69. - Cost _ T 
gp 2T'(p) cos(pm/2) 
tan x T 
70. is dz = = 
x 
1. , sin ax ae ee 
uf x(a? + a?) 7 Dal! ) 
o .a 
sin” x 37 
73. i. 3 das 
7A. © sin* x T 
7q da=— 


Appendix C 


75. 


sin ax? cos 2ba dx = 


1 b? b? 
cos ax? cos 2ba dx = id cos — + sin 
2\V 2a a a 


wl Re 
©] | 
——~ 
fo} 
fo) 
mn 
e|% 
ica) 
5 
e|%S 
So 


76. 


77. 


x* + 2a? + ee ~ 403 cos 3 


78. cos (2? + =) dz = a (a + 2a) 


a 

f 

a 

I roG 

70. sn(t+ 2) com aint 425 

fa 

a 

I 

if 


~ tan be dx 


80. one te Te tanh bp 

81. ae = a = tanh bp 

82. —r- a = coth bp 

83. ae (p? 7 - ae ase 
a eo 
on 7 — (p? oH ~ a ae ae 
86. Ra@ aR rama °< 
er 


Integrals containing exponential and logarithmic terms 


iL In+ 12 
88. | Ta ~~ 
I Int T 


M(ma) a! 
90. [Ste ae= 5 


91. is In(1 +2) Pn i 
0 xv 12 
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5916. 


1 
92. pa nr? 
0 


1 ] al 2 
93. [ (at +be+6) re dz =(atb+c)= (a+b) = 
0 1-2 6 


4 
1 Int T 
94. ——+— dx = ~|n2 
i a x 5 n 
95 [ LP an tyne = La yes 
: 9 (l—2#)(1— 2?) a 7= an pan ss oot: 
a ae 1 
96. | Fs ig ith aa 
0 Ina l+n 
n! : 
4 1 GF De n an integer 
97 | x? (Ina)” dx = 
(—1) (pt iytt’ n noninteger 


m/4 
98. | In(1 + tana) dx = = In2 
) 


n/2 1 
99. : Insin 6 do = ~ In(=) 
A 2°83 


wT / 72 2 
100. | In(a + bcosa) dx =71n es 5 amd 
) 
20 
101. | In(a + bcos x) dx = 27 Inja + Va? — 6? | 
0 


20 ——. 
102. | In(a + bsinx) dx = 2ilIn|a + V/a2 — b?| 

0 

ee 1 
a 

) 


104. [ wre dx = eae 
0 


105. [ete a= = = T(5) 
0 


108. | e °* sin ba dz = p 
0 
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109. 


110. 


VT 82/40? 


2 
-@° 2” cos ba da = 
2a 


111. 
112, fo e-lo?40/2%) dy = =, [Ze 2veb 


113. 


gn+1 gn B 


(+5) T a _9k 
az =) de =v eo 2kb/a 


114. 


2 Vk 


sin raz dx T sin(arsinB+ 28) _¢cosp 
e 
x(x4 + 2a2x?cos28+a*t) 2a sin 28 


115. 


cos rx dx nm sin(@ + ar sin (3) e—ar cos B 


116. 


x4 + 2a2x? cos28+a4 2a sin 23 


ao 
a 
oe 
i: 
i 
he 
i. 
I 
Te oe) 
i’ 
I 
i 
i 
ee 
= 
bs 
a 


3—e  —2e 


x(®+a®) 6a 


dx T arJ3 Ir 
11 COsSTx _ ar _ 9¢~ar/2 2a 
8. a al bas |° e€ cos( ; + 3 ) 
a 
11 sin 7x 
9. aa) = 
2 2 
p +b 
120. —————- cos ba dx = 5 Pi P4+e 
121. ~*~ sin bo de = tan~* ® — tan ; 
122. oe OPES ax apg hen 
a b 
= 1 2 1 72 
123. 1 COS PL — COS gz ae = . 
x a*+p 


or 


124. 


a 
sinax dx = re 


= 2 
125. ve* cosax dx = vr (1 - >) ew /4 
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3 2 
126. i. we’ sinar dx = (30 =) en /4 
8 2 
= F 
127. fa 46-® cos ax dx = va (s sa? + 5) on w?/4 
128. i. (Py _ 
xz—1 
129. [. esinra dx — " (acosbr +bsinbr) e~* 
(x — b)? +a? a 
sin ra dx T = 
= I [(a — b)? )? + a?] ~ a(a2 + b?) [a (cos br — bsin br) e | 
cos rx dx wT 
131. = —e “" cos br 
(a — b)? +a a 
sin rx dx To 
132. = —e “sin br 
(a — b)? +a a 
133. r e-” cos2na dx = /me-™ 
p-1 _ 
ae - ae = —"_cotpm, O<p<1 
1+a sin pr 
135. i e *Inadxr=—-y¥ 
136. : et — 
137 f(s Hh) ae = 
~ edz a 
138. | as 
139 [ ns 
=< ee eed TD 


Integrals containing hyperbolic terms 


140. i. 
141. I 
142. i? 


sinh(m ln z) T mor 
sinh(In 2) “= a 2° ieee 
Sahn = 35 tanh(S>) 
ae met ( oe 
Appendix C 
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143. ade 
3. | 


sinhax 4a? 


°° sinh px T T 
144. meet de =~ tan(), [pl <q 
9 sinhgx 2q 2q 
°° cosh ax — cosh bx cos 2 
145. ; dz =1 2), -4t<b<a<t 
0 sinh 7a os 5 
eh. 38 + TP 
sinh px T sin ~- 
146. cos ma dx = 4 >0,p? < ¢ 
9 sinhgx 2q cos a + cosh al . aoe 
in 2 sinh @@ 
147 ae sin ma dx = mS 2g Z =a 
9 cosh qx q cos 3 + cosh 
© cosh ox 7 cos = cosh 2 
148. PP cos ma dx = = 24 
9 cosh qx q cos * + cosh ae 


Miscellaneous Integrals 


x Xr 
149. | 11 — e+)" dé = ~ F(-», = ‘ +1;2") See hypergeometric function 
0 


150. a cos(n@ — «sin d) dd = 1 Jn (x) 
0 


: m-1 n—-1 = m n—1L(m)T(n) 
151. f (ata) (a2) de = ayn 


—a 


152. If f’(x) is continuous and / _ Me) ICS) ay converges, then 
1 


i. Man) 0) 4 = [7(0) — f(co)] m? 
0 zr a 


153. If f(x) = f(—2) so that f(x) is an even function, then 
[r(e- =) ae pleas 
0 7 0 
154. Elliptic integral of the first kind 
: do 
I V1 — k? sin? 6 (0) 
155. Elliptic integral of the second kind 
9 
| V1 —k2 sin? 6 dd = B(6, k) 
0 
156. Elliptic integral of the third kind 


0 
| a = I(6, k,n) 
0 (1+nsin? 6)\/1 — k? sin? 6 
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Appendix D 
Solutions to Selected Problems 


Chapter 1 
> 1-1 
(a) (0) (c) 
AUB={2|-2<2<7} AUB={2|-2<2<7} AUB={2|4<4} 
ANB={2|2<2<4} ANB=90 ANB={2|-5<2<3} 
> 1-2. 
> 1-5. (a) AU(ANB)=(ANU)U(ANB) and use distributive law to write 
(ANU)U(ANB)=AN(UUB)=ANU =A 
> 1-8. 
(a) S, bounded above ¢.u.b. = 4, S, bounded below g.é.b = —4 
(b) 5, bounded above ¢.u.b. = 3, Sy is not bounded below 
(c) S, bounded above ¢.u.b. = 25, S. bounded below g.¢.b = 0 
(d) Sq is not bounded above, S. bounded below g.¢.b. = 27 


Solutions Chapter 1 
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521 


> 1-9 
(a) y-4=-2n—2) 
() y-4=-5(@-2) 
> 1-10. 


(a) y= —(3/4)2+7/4, m=-3/4, b=7/4 
(c) Polar form of 32 + 4y =7 is rcos(6 — 8) =d, where d=7/5 and tan = 4/3 


> 1-12. 

(b) 2a, eb, ee 

(ce) Vee 

(4d) 2®+1>0 = «>-1 
> 1-13. 

(a) yy (c) ; 
- X 

> 1-14. 
> 1-15. 


Solutions Chapter 1 


Copyright 2012 J.H. Heinbockel. All rights reserved 
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> 1-16. 


> 1-18. 


> 1-21. 
S Cx) 


o 422 3 4 5 


> 1-22. 


> 1-24. 


> 1-26. 


> 1-27. 


Solutions Chapter 1 
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> 1-31 (a) (b) 
4 3 —1 
> 1-34. (c) y= -2, (d) y= 3% (e) y= -2, (f) Yy cs 
yas 
—1 
> 1-37. (b) y-4= =z — 3) 
> 1-38 (c) Multiply numerator and denominator by Vz +h+/x and simplify. 
(d) 2x 
1 
os 
> 1-39. (c) Limit does not exist. 
Sin(1/x) 
‘\ | f ee 
-I f | | | x 
. + = 
Rew, 1 
a \ V7 
(ec) Limit does not exist. 
All other limits have finite values. 
> 1-41. (a) 4 
(c) Multiply numerator and denominator by (1 + cosh) 
(e) 1 
p> 1-42 : 
42. 
>» 1-43. (a) sinz oscillates between -1 and +1. 
(b) sin(4) oscillates between -1 and +1. 
(c) Put in form *34 
mp 1-44. (d) 3y-4r=1 


Solutions Chapter 1 


923 


O24 


1 a 1 
(1+p)” “1+np 
(d) Show (1+ p)” >1+np and 1+np— oo as n > 00 


> 1-45. (b) Show (1+p)”>1+ np and 


>» 1-47. (c) Let the point (3/2,9/4) approach the point (1,1), then secant line ap- 
proaches the tangent line. 
(d) y-1=2(e-1) 


p> 1-48. (d) Complete the square y’—6y+9+127—3-—9=0 and then simplify to obtain 
(y — 3)? = —12(2— 1) From this equation show the focus is at (-2,3), the vertex is at 


(1,3), the directrix is the line x = 4 ant the latus rectum is 12. 


p 1-49. (d) Complete the square on the x and y terms to obtain 
25(y? — 6y +9) + 16(a2? — 4x + 4) = 689 — 4(25) — 4(16) = 400 


which simplifies to 
(y—3)? | (w@—2)? 
7 aa a ae 
representing an ellipse. Here the foci are at (5,3) and (-1,3), the directrices are at 
xz = 31/3 and « = —19/3, the latus rectum is 32/5, the eccentricity is 3/5 and the 


center is (2,3). 


p> 1-50. (d) Complete the square (x? — 2x + 1) — 4(y? — 8y + 16) = 67 +1—64=4 which 


simplifies to 
Core ee ee 
22 (= 


which is a hyperbola centered at (1,4). The foci are at (1—2V5,4) and (1+2¥V5, 4), the 
verticies are at (-1,0) and (3,0, the directrices are at ¢ =1- V5 and =1+V5, the 


eccentricity is av and the asymptotic lines are y— 4 = =}(a-—1) and y—4= }(x- 1). 


1 


> 1-51. Lf yine = Yparabola, then x +b = 2,/z so that « must satisfy x? + 2b + b? = 4z or 
x? +(2b—4)r +b? =0. This is quadratic equation with roots 


4—2b+ ./(2b— 42 — 48 
ie 
2 


The discriminant is \/(2b— 4)? — 4b? = \/16(1 — b) which tells one that 


b= 1, one point of intersection 
b <1, two points of intersection 


b> 1, no points of intersection 


Solutions Chapter 1 


> 1-52. 


> 1-53. 


then 


> 1-54. 


> 1-57. 


> 1-58. 


> 1-59. 


(a) If a,6,2,d,é, f are defined by equations (1.97), then 
a@+é=a(cos* 6 + sin 6) + c(sin? @ + cos? 0) =a+e 


Rotate axes 7/4 radians and show that for x = its -I% and y = its +955: 


(a +1)? =y? 
F = 20432 
5) 
(a) linex=3 (c) circle (x—2)?+y? =2? 


(a) parabola opens to right «<< @<2r—e (c) ellipse centered at (2,0) 


intersecting x-axis at (-2,0) and (6,0). 


> 1-60. 


a) parabola opens upward £+¢«<@< —e _ (c) ellipse centered at (1,0) 
2 2 


intersecting x-axis at (3,0) and (-1,0). 


> 1-62. 


y=3andr2=-2 


Solutions Chapter 1 
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Chapter 2 


pm 2-1. (b) y-4=4(r-2) (c) y-4=—4(x + 2) 


dy b+ 2ax 
2-2 = 
6 (d) dx (ax? + bx + c)? 
(h) a = 3(2x + 1)2(2)(3x2 — 2)? + (2x + 1)22(32? — 2)(62 — 1) 
which can also be expressed in the form 
ou = 2n(3x — 1)(1+ 22)?(-14+ 2 + 212”) 
oe 
dy —1 . dy dy 1 he 
2-3. ig ent ee eae ees [oe nee 
dy Wee 1 dy  x(3x7 — 22) 
2-4. = f = 3 2 
P (b) dx Chee y 2/a(1+ x) (f) dz Q/x3 — x? = 
(k) dy = —x 
dx (1 + x2)3/2,/1 — oo 
dy : . 
> 2-5 (g) we 6 cos(36) sin(36) = 3 sin(60) 
dy a — 2bx 
k = 
( ) dx V/1— (ax — bx)? 
dy . sf ke. Ane 
> 2-6. i Be! ; 
(pe yaa 
(k) y= (b + 2cx) sec[In(a + bx + ex?)] tan[In(a + bx + cx?)] 
7 a+ ba + cx? 
, —@ ,_ 30? —y + Gry + 3y? i... gee 
mr (e) u — y2— 2 (i) x — 3x? — 6xry — 3y? (1) Ya ing 
22x 1l+2 oh : x 
p 2-8. (d)y= Tie (g) y= er 1g (j) y’ = (cos(3x))* (In| cos 3a| — 3x tan(3z)) 


p 2-9. (d) x =(3+2)" = +1n(3+ »)) (i) yf =27(1+Inz) 


4 +n? 
age 6x cos(42) sin“ (4x) ey riers 
sin® (47) 
fae _ : —— 
; BE 
Ee er 


Solutions Chapter 2 


f(zo + Ax) — f(zo) pea ae 
Ax—0 Ax , : 


3 
p 2-13. (d) y! = — + a sina 


2/4+3sinz 
ee. . 98 cos? x 3 COS & 3x sin x 
~ 4(44 3sinz)3/2 9 /443sne 2/4+3sine 
ab — x? 


(e) i (a—2x)?(b— x)? 
W 2(a7b + ab(b — 3x) + x”) 
(a—2)%(e — 0) 


> 2-14. 
dy 
dydx dy dy dt 
dx dt dt dg. oe 
dt 


d?y dx 


d (dy\ _d (dy\ dz 
NOL oe ($4) dix (+) di 


so differentiating the above with respect to ¢ gives 


d?y 


dx? dt 


dy d?zx 


dyd?x  d’y (2) d?y Py at ied 


dt? dx? (& 
dt 


qed ee a 


(b) 


dy 


Sg ut 
x =4Acost y =4sin¢ with — = —4sin¢ 7 4 cost and 


is 


d? d? 
a = —A4cost a = —4sint 
dy 4cost oy d?y Asint — (—x/y)(—4sint) 
so that = = = and = = 
dx —Asint y ae (—4sint)? 
Another method. «?+y? =16 so that 2x + 2yy’ = 0 
Bie 32 
and 2+ 2yy"” + 2(y’)? 0 yl"! _& ae 
ov] 
1+2 
p> 2-15. e) y =x 4+ 22x ln(3x h) y= i = 608 x) — Qe In(# + x”) sin(a? 
c+ nx? 
> 2-16. (e) y= : ae (h) y’ = 2x cos(x?) In(x?) + 
(l+22)3/2 (14+ 22)5/72 
p> 2-17. (e) 
y =— 6cos(3z) sin(3z) 
y” =— 18cos?(3x) + 18 sin? (32) 


Solutions Chapter 2 
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p> 2-18. (b) y'! =cosz so that m=cos% = ~ and therefore 


1 1 1 ae 
(y 7) = ee D 
> 2-20. (d) 
aie (+h) f(a) 
ee “ae+th)— fl(x 
aia ey h 
fateh) fern) ( Hentiaf2)) 
therefor, f(z) = lim 73 
+ 2h) — 2f(a +h) + 
f (gate ) ia ) + f(z) 
p 2-22. (b) y/= oh. critical points at 2 =+1 


(e) local maximums at 2x = (2n + 1)7/2 


local minimums at x = (2n + 3)7/2 where n is an integer. 


p 2-23. (d) Critical points at x =+1 and curve symmetric about origin. 


p> 2-26. Let x+y =? with x used for square and y used for triangle, then area of 


square is A, = (a#/4)(2#/4) = «7/16 and the area of the triangle is A; = sein 5(y/3) 
The sum of these areas can be expressed 


Show « = 4V3 and y =9 when A is a minimum. 


Solutions Chapter 2 
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p> 2-28. (c) If f’(x) =2(x—1)?(x— 3)”, then 
f(x) = 32(a — 1)?(a — 3)? + 2a2(a2 — 1)(a — 3)? + (2 — 1)?(@ — 8)? = (2 — 1) (a — 38)? (62? — 132 +3) 
f'(z) =0 at x =0, x =1 and x =3, these are the critical values. 
At «=0, f”(x) = (-1)?(-3)3 <0 = f(a) is local maximum. 
At «= 1, f”(1) = 0, second derivative test fails, so use the first derivative test 
using the values x = 1/2,2=1 and x =3/2. 
At «=1/2, f’(1/2) < 0 negative slope 
At «=1, f’(1) =0 zero slope 
At x =3/2, f’(3/2) <0 negative slope 
Hence, the point where x = 1 corresponds to a point of inflection. 
At « =3, f”(3) =0 second derivative test again fails, so use first derivative test 
with « =2.5,2=3 and « =3.5. One finds 
f'(2.5) < 0 negative slope 
f’(3) =0 zero slope 
f'(3.5) > 0 positive slope 


so that x =3 corresponds to a local minimum. 


Ina 
> 2-29. (b) e (d) 1/2 (9) Ts 
> 2-30. 
> 2-33. (c) 
O7u = —x? ge 1 
Ou x Ox? (a? + y?)8/? fer t+y? 
Ox /g2 + YP? Or = OM. -. . —xry 
Ay y Ox Oy OyOr (x2 + y?)3/2 


dy /z2+y? Pu —y’ 1 
ao 3/2 oS ao ere: 
Oy [pr Hyp fa? + y? 


Solutions Chapter 2 
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p> 2-35. 
(a). : Deane 
D? ett =a e% 
De Sor en 
(b) D(a") =D(e?™*) = Inaa® 
D? (a) =(Ina)? a® 
D"(a*) =(ne)" a” 
(c) D(nz) = 
2 —l 
D* (Ina) =a 
D¥(inzy = YC 
pring) =DEMB) (on +1) _ CY n~ 
(d) D(z") =nz""! 
D?(a2”) =n(n —1)2"~? 
D?(x2") =n(n — 1)(n — 2)2"-3 
D™ (a2) =n(n — 1)(n — 2)---(n-(m—1))a?™, m<n 
or one can write D™(x2") = we” m<n 


(e) D(sinz) = cosa =sin(x + & 


2 
Q/. i 7 as 
D*(sinz) = — sing =sin(z + 2 5) 
D?(sinx) = — cosx =sin(x +3 >) 


D"(sinz) =sin(« +n 5) 


Solutions Chapter 2 
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> 2-35. : 
(f) D(cosx) = —sinxz =cos(x# + > 


D?(cosx) = — cosa =cos(x + 2 *) 


D?(cosx) = sina =cos(x +3 *) 


D" (cos x) =cos(x +n *) 


(g) Express problem so that the results from parts (e) and (f) can be employed. 


Use sin? x = ; sin x — ii sin(3x), then 


D(sin? x) =7D(sine) 2 = sin(3a i *) 
2 


3 3 
D(sin* x) =7D?(sinz) — [ sin(3x +2 =) 


3 3” 

D" (sin? x) =D" (sin xL)— en sin(3a +n =) or 
3 3” 

D" (sin? x) =F sin(a +n =) ae sin(3a +n =) 


> 2-40. v=t?—6t?74+11t-¢t and a = 3t? —12t4+11 
d 
Hint: Show v= a = (t—1)(t—2)(t—3) 


d d 1 du wu du 
2-42. = —V1u2 = aN pg 
m Fa dx’ 3 (u ) “da |u| da 


> 2-44. 
(a) Iny=Ina+a2In8 = Y=mar+b where Y=lIny, m=Inf, b=Ina 


(b) Iny=lna+@6lnz — Y=8X+b where Y =Iny, X =Inz, b=Ina 


Solutions Chapter 2 
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p> 2-45. 
2 
—c—ax 
Let y = y(x) = s? =(@ — x)? + (-") —- w) 
a =2 [ax? + b?(a — x9) + a(c + byo)] =0 at the point where 
x 
(a? + b*)x — b?x9 +ac+ abyo = 0 
, xq — ac — abyo 
OF = 2" = aa 
2 
Show that yinin = y(2") = 5min? = © teen te) and that 
S.. =d= |c+ azo + byo| 
min Vaz + b2 


> 2-46. Chain rule differentiation requires 


dydz dy dy ¥ 
dx d@ dé dx a 


p> 2-50. Cone with maximum volume has base radius r = 2v2 R and height h = 4R. 


p> 2-53. <A square with side V2R. 


> 2-56. 


> 2-60. (a) 


> 2-65. By the law of cosines ?? = r? + s* — 2rscoswt. Differentiate this relation and 


show 
ds ; wr? cos wt sin wt 
— =-ursinwt 
dt s—rcoswt 
From the law of cosines show s— rcoswt = V @2 — r? sin? wt 


Solutions Chapter 2 
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Chapter 3 


3-1. = (a) $23 + 20? +2+C or ¢(2e +1)? + Cy 
— esc(t) + C 


) 
(c) — tcos?z+Cy or $ sin? x + C2 


3-2. (a) 4 sin?(2t) + sin’ (2t) + 4 sin3(2t) + 8 sin?(2t) + 8 sin(2t) + C, or 7512 + sin(2t)]° + C2 
(c) a. +C 
(e) — cos(3a+1)+C 
3-3. (a) ztan(3a+4)+C (c) #sec(3a+4)+C (e) %In|sin(3x?)| + C 
3-4. (a) ¢sin7*(2?)+C (c) —V1l—-z? (e) $ sinh(z?) +C 
3-5. (a) — Gea +C (c) — zcoth(3a+1)+C (e) 4,/(8a+1)?-1 


3-6. (a) —4+5¢+Inz+C (c) 2eVt + at + 2043/2 +C (ce) (a+ bu?) Va + bu? 


3-7. (a) % Area under parabola 
(b) 2 Area under sine curve 
(c) BH Area of triangle 


3-8. (a) Let u=3r+1=tand with du =3dz = sec? 0 d0 


1 1 1 vil 2 1 
then 5 | esc0d0 = — In| csc 6 + cot O| = In = + 
3 3 3 u u 


= —Zinli+ VI+e| + sinu+C where u= 32+ 1 
3-9. Two functions with the same derivative differ by some constant value. 
3-10. Use table II with appropriate scaling. 


3-11. (a) Injx—3)/+In|z—- 2/4 In|x-—1]/4+C 
(c) tan + ¢ + 1n(2 + 1) +In(z? +1) +C 
3 
(e wt 5a +a° + 5a" +Injx—1/+C 


) 
) l+azt+z2? 


Solutions Chapter 3 
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p> 3-12. 


> 3-13. 


> 3-14. 


> 3-15. 


> 3-16. 


> 3-17. 


> 3-18. 


> 3-19. 


> 3-21. 


> 3-23. 


> 3-24. 


> 3-25. 


¥y 1 1 9) 
(a) dy=xdz ay = [ ade => y—38=<=(2?-1) ory=-=2?4- 
, : 2 gg 


(c) dy = sin(32) dx ie dy = sf sin(se) 3d = ye 1 sl — cos(3z)| 


oy= 3-5 cos(3x) 

(e) dy = sin? a iy= sf sin?(3r)3dx —> y-1= {be — sin(6z)] 
=1- 

or y 3° Ce 


1 1 
(6) ¢—tan +2+C (ag = Ne tele (f) ~ Ine In(a—a)+C 


In(x? — b?) = In(x — a) a 
OY eran asa GD 


(f) ss [zen (F)+ tan? (3) 0 


(6) 1 (d) 7+ (f) 100V75 


1 1 1 
(b) (x*—2242)e7+C (d) 5 (sin z—cos xje*t+C (f) 5 Seca tana+ = In| seca+tan z|+C 


eae i 
@) ay ga (sind — beosba) +C () s—- Gag m@t)+ Zz etl) +e (e) e-2 


5 
A= f ((ty-1)-W- 8) dy, = A=30 


-1 


(a) Use symmetry to find 


area ABH = area BCD = [i (/y+4-/4-y) dy = (v2 - 1) 


(d) - 52-2? +0 (e) 22-—2¢Inz+-2(Inxz)?+C (f) (=-3) er +C 


(a) ne+24+V2%4+4—3]4+C0 (A) stant +C (c) line = 1) Ine +] +0 


(a+2),/b? — (a+2)? 
b? — a? — 2ax — x? 


(a) 2In(1+Vx)+C (f) —av/b? — («@ + a)?+(b—a”) tan! +C 


Solutions Chapter 3 


pm 3-26. (c) 2/r—-2In(1+ Vx) +C (f) 5 (Ve — 2 + (20-1) sin Vz) +C 
mp 3-27. (c) (x7+1)e? (d) V1— 2? (Ze - i") + ssin te +0 


64 
> 3-28. Surface S = 30 and volume V = 57? 
> 3-29. (b)a=1 


> 3-32. (b)arc lengths = 16 


p> 3-35. (i) Surface area S = BNE, (ii) volume V = 127 


> 3-36. (i) Surface area S$ = = [(145)%? = (10)*/?| (ii) Volume V = en 


> 3-37. (a) - (b) - é 
> 3-38. (d)2  (f) 52 


> 3-39. The area of three sides need to be calculated. Call these surface areas $j, Sp 
and S3. Show $ = $; + S.+ $3 = 11V27 + 9V2n + 207 


27 r 27 r 
p> 3-44. (a) A =) r do (b) A= an f x dx (c) A = | r drd0 
0 0 0 0 


p> 3-45. The figure illustrated in the problem 3-45, without the axes, is known as the 
symbol the Pythagoreans use to represent their society. 


(a) Divide area into four symmetric parts and show the area of one of these parts 
is A; =r € = 4) and the total area is A=4A,; =r (zs ) 


6 8 3 2 


(b) Volume is given by V = oon re 


1 
> 3-47. (a) 80 (b) 8 (Leal e=H= be Had Lia" 


> 3-50. c= 5(a+b) 


Solutions Chapter 3 
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p> 3-52. The function f(z) is periodic so that 
f(t) = f@@+T) = fle+ ef) =--- = f(e@t+(m—-1)T) = f(e@+T)=--: 


Write 


T 


nT T 2T mT 
ey fe)de+ fo fades +f sade +f seas 


(o) tae Re ee f(x)dx Let x =u+(m-—1)T with dr = du and note that when 
x =(m—1)T, then u=0 and when x = mT, then u=T, so that 


m=1 m=1 
> 3-54. 
1 ve 
(a) let u=e?*, du = 2e?" dx then interal has value Eons ae ne 6 
2 m+ 
7 - ‘ : ut +u3 
b) let u=e", du=e* dz and show integral is du 
& 2 
u* +1 
4 3 
+u l-u : : 
how = = -l4 ‘ 
Show al utu+s3 and integral is 
ve. 4 1 2 
EE pe aeons u-sin(iltu) +c 
F F 1 
(c) let u=e*, du=e* dx with integral gut +C 
> 3-55. ; 
a 
a ae 
ab (a+b) 
(b) 572 _ +Inz+C 
b b b 
(c) abe ee TD) oss ealip ey ides S08 
x x 
> 3-56. 
(a) -a#+In(l+2)+2lnQl+2)4+C 
441 2 
(b) Hint: = es ee tee ee 
-1 z—1 
1 
Tp L122 + 6a? + 4a? + 824 + 24In(a — 1)] +C 
(m+2)a+b(m+1)—-—c 


(@Qeoret ao 


m? + 3m+2 
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> 3-58. Integrate term by term and show 


2 at a. 2m 
Jo(t) =1— sori + gag t(D” Seem 0 
3 5 2m—-1 
We 4 fe x x 
Ji(2) = ae Ace Lynot ets 


2 281121" 25213! 22m—-1(m — 1)!m! 


> 3-59. J, =2"e* —nIn_1, Ig = (a* — 4x3 + 124? — 24x + 24) e* 
> 3-60. Let u=a-—x, with du = —dz, then when x = 0,u =a and when xz = a,u=0 so 


that a 0 a a 
i g(a x) dx = [ g(u)(—du) = i. g(u) du = / g(x) dv 


2T T 2T 
p> 3-65. Write | f(x) dx = i) f(x) dx +f f(x)dx and in the second integral let 
ue 


0 0 
x = 2T —u with dz = —du, so that when x = T,u=T and when zx = 2T,u=0, then use 
f(2T — x) = f(x) and write 


2T T 0 T T T 
f flayae= f° pags f ser—w(—auy= f peyac+ f syau=2f slayae 
Note—Definite integrals have dummy variables of integration. 


h 
> 3-66. ve) A(y) dy 
0 


> 3-67. 


BirP i 
© f GB \ one fe 
o (8-2)? oesn’t exist if p>1 


(f) f dv a ifp>1 
0 (8+)? Doesn’t exist if p<1 


> 3-73. Material removed is cylinder with spherical end caps of height h = r — ro 
where rp = r\/1 — a?/4. Diameter of drill is ar implies radius of cylinder is ar/2. 


Vo =volume sphere before drilling = ears 


V, =volume of cylinder without spherical caps = (<>)? (2ro) 
V2 =volume of 2 spherical caps = 2 (Fh? (3r _ n)) 

V3 =volume removed by drill = V; + Ve 

V, =Volume remaining after drilling = Vo — V3 = Vo — (Vi + V2) 


Solutions Chapter 3 
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Chapter 4 
> 4-1. (a) 3/4 faye ol (e) 0 


p42. (a) —-1/2 (4d) 0 (f) 0 


a pmrtl _ 1 
> 4-3. S=Sormaltrgr? te tr™, S= 
n=0 r—1 
310-1 
(dq) 4 = 118, 096 
1 — (.02)1° 
———— = 1.02041 
te) 1—.02 aes 
(424)" 1 
2+v2 - 
GQ). 2) 6.37237 
24+V2 
7-4/3 id 1 
4-4. For S3 use r= — and show $3 = - 1 
> 3 a es 2B sai pare 5(v3 ) 


> 4-5. Ss = 0.83333... and S4 = 0.16666... 


p> 4-6. (b) Use ratio test and show convergence for |x| < 2 
p47. (ii) E(X)=S okp, =3 
k=1 


P48 =TE (rit) nn =a’/b — r=1/b 


Show for a,b real and b > a? > 1, then series converges to —= ~ | 
Note if S=1+r+r?+--- converges, then 
dS = d f 
— | 2 2 Ar? seem kK-1_ = Fae 
Ge tar + Br? +4? + ae pe Gee 
a b 
Consequently, one can show 54 ie iar? 
oe 1 = 1 1 
4-9. —~—_ = a eae 
ea (b) eyes Ges: —) 
1 1 1 1 1 1 5 
S € 5) +(5 )+G 7) +20 which converges to S = 1. 


Solutions Chapter 4 
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1/2 1 1/2 
pprerenias that the Nth partial 


n 
> 4-10. d n= 
(d) wu (n+ 1)(n+2)(n+3) 
sum can be written 
5N +N? 
Hii Som ~ 12(6+5N + N2) 


raed n+2 


Divide numerator and denominator by N? and show Jim Un = 15 


p 411. (d) If f(z) ==, then fi f(a)de = fi, 
Let u = Inz with du = 4+dz and show Sur f( x) dx = In[lna]{, = In[lnT] — Infln M] 


Show this result increases without bound as T — oo so the integral diverges and 


series diverges. 
= 1 
where ) — is the p-series which converges p > 1 and diverges 


> 4-12. Letu,= 2, 
nm n=1 
p <1. Now select v, =n? f(n) and follow results for modification of a series 


and we know the p-series, 


p> 4-13. d) Since 3n?+2n+1>n?, then Z 
( Bees ike 3n2+2n+1 ° n? 


with p = 2 converges. 


1 
yr+1__ — 0.945939 with error E < = 0.0016 


> 4-14. (iv) s-1 
a 


(A) converges slower than (B) 


; 1 
1"! 7 = 0.94694 with error BE] < 57 = 0.000152416 


p> 4-15. 
2 — 3a, +1 
Py eS AE. ie oe CIS OR 
20, —3 
3 V5 ; 
Exact roots are x = ——— Convergence to desired root depends upon position 


of initial guess. 


Converges |z| < 1 and diverges for |x| >1 


> 4-18. 
oer =p <1, Let uv, = 


Un 


[oe) 


Assume SS Un converges by ratio test so that lim 


n=1 


p> 4-20. 
and examine S- Un using the ratio test to show series diverges 


n=1 


Solutions Chapter 4 
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p> 4-21. ‘This is a telescoping series with 


n-1 
Sn = >> (Unsi — Ue) = (Ui — Uo) + (U2 — Ui) + (U3 — Ua) + +--+ (Un — Un-1) 
k=0 


so that S, =U, —Uy = sn(n +1)(n +2) 
Note that this result can be generalized. If one is given a U, and calculates the 
N N 


difference AU, = Un4i— Ug, then one can write $7 AU, = S>(Un+1 — Ur) = Una — U1 


k=1 k=1 
What would $° AU; produce for the answer? 
k= 
> 4-22. 
1 . i oe * o . 

*—-1=—Iny)=—(y— 1) + 5-1" - gs —- 1 + GF - I — ey- IP + 
1 . 4 

Error = E = E(y) = — In(y) (y¥—1)+ 5-1)" — 36 


Over the interval 1 < y < 2 the error curve is as illustrated 


p 4-23. (b) (c) (e) all converge 

pm 4-24. (a) limpoo Wun = limp.o (> = 0 hence converges. 

> 4-25. (c)  sin(x/3) = ¥ gives geometric series with sum 3 +2V3 

p> 4-26. Use the nth term test — 0 and note (e) is a form of the harmonic series. 


p> 4-27. (f) divergent 


p4os, (fp =" rn 


a Ce >n divergent 


p 4-29. (f) Vn<nand ¥ < oh. 


The series S- vn 7 can be compared with the 
n=1 


lee) 
; 1 
p-Series — to show absolute convergence. 
Pp 
Tr 


n=1 
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> 4-30. Use ratio test 
p 4-33. Write (a+b)" = [a(1+b/a)|” = a"(1+b/a)’ and let x = b/a and then examine the 
series f(x) =(1+2)". Here 
f'(@)=rt+a)r* 
f(z) =r(r —1)1 +2)" 


f(a) (r= (r= 2) (P= (= DAF 


This series has the power series expansion 


f(e)=(1+2)" =1+4 (7)x+ (5)?+ (j)o 44m, 


Using the Lagrange form of the remainder 
= x” (n) = r n r—n 
Bes 7 frog) @E (1 + 62) 


where 0<6<1. For0<2z<1andn>vr, then one can show (14 6x)""" < 1 and 
(")z” +0 asn— co The Lagrange form for the remainder doesn’t aid in the analysis 
of the region —1 < 2 < 0 and so one can use the Cauchy form of the remainder to 
analyze the remainder in this region. 


The Cauchy form of the remainder is 


r(r—1)(r—2)---(r—n4+1)(1-—0)""12" 


a in —1)! 1+62)""™, 0<6<1 
If |x| <1, then 52 <1 so that 
(1—9)n-1 1 
(1+ éx)r-1. 5B ™ <4 0x)" 
For —1 < «<0 the term janie = K is some constant independent of the index n 


and the term 


r(r—1)---(r—n +1) --| (r — 1)! |=-("73) 


(n — 1)! (n—1)\(r—n)! 
Ge) 


So the binomial series converges as |R,,| — 0 for |z| <1 


Therefore, 
|Rn| < A]r| 


|z|" +0 aSn—-oco 
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542 
—*_ Here Q; =a;x+1 and 


> 4-36. Y1 = ag + ee SOE a yrz+l 


dy, _ (aya +1)(1)—2(a1) | 1 


dx (a,x +1)? ~ (Qi(a)]? 


> 4-41. For n,m integers and n 4m 


(sinnaz, sinmax) = i sinnz sinm« dx = oman) 2) palin) a =). mai 
0 2(m — n) Am+n) |, 
as : 2 Tv 
| sinnx \|?= (sin nx, sinnx) = . sin? (nz) Ae 5 —— = 


or || sinna ||= ‘A . The set of functions {V2 sin vt is therefore an orthonormal set 


with norm-squared equal to unity. 


p> 4-42. (c) 
L 
(1,008 “F*) = | cos “T= da = 0 
=E 
L 
(1,sin 2) = | sin —— dx = 0 
ae 
L 
nx Mrx NTL . Mra 
3 ——, COs = —— sin —— dr = 0, 
(cos ToS | ) [ ZT sin de meén 
NTL ae / 7 NTL MTL d 0 
cos cos = cos cos c= 
eee o Peas 5 iD 


ORT Te bonne . mre 
(sin ——, sin = sin —— sin ——_ dr =0 mn 
2h 


L L L L 
(1,1) = |] 1 |P= 22 
TL. NTx NTL 


(cos —=, cos —) = || cos = PSE 


L L 
p 4-43. (e) (i) If f(x) is even, b, =0 and ap = al jade “Gy ; | f(x) cos eae ie 
oe fie L 


L 
(ii) If f(x) is odd, ap = a, =0 and b, = ; | f(x) sin de 
0 


Solutions Chapter 4 


> 4-44. Roots are (2,3) and (—1,1) 


Cs 1] 
Cre CG. i 

p 4-48. (a) C= _— (c) kr=—In er | 
Co 


> 4-53. y= /sine+ty = y’? =sinz+y Differentiate this relation to obtain given 


answer. 


mp 4-55. If e®°* =ag + ajx+agx7 +a3z°+4+---, then its derivative is 


saeiil| 


e€ cosx — sina] = a, + 2agr + 3a3x7 + 4aya? +--- 


Show 
Sy Da ce, 
g° + oq — 797 * Gag07 


and substitute the top line equation and third line equation into the second line 


ae sere 


cosx —xsinzx=1 


equation to obtain 
2 3 2 5 4 2 
(ap + ayx + agu*+---)(1— hs + 542% +--+) =a, + 2agx 4+ 3a3x* +--- 
Expanding the left-hand side of this equation gives 


3 3 
ag + az + (a2 — 500 )e se sue +--+ = 01 + 2agz + 8agx*+--- 


Equate like powers of x to find a relation between the coefficients. Use top line 


equation to show at x =0 that ay = 1 and from equating like powers of «x one finds 


a, = 1, tis = 1/2, a3 = —1/3, a4 = —11/24, etc 
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Chapter 5 
_4 3 dV | 9dr _ 2 dr a 
> 5-1 Vea amr, ae TE a= 4nr9 => dt ~ Anr? 
dp dp pdv 
7 1.4 ap 1.4 ace _. ap, ,pw 
> 5-2 pv GG! + p(1.4) ht 00 a 1 aa 
d 
a) = —1.4£q 
(bo) @=da5 
+3 8 sp gp ds — 22 
oe if “ =4ft/s, then show a ae ft/s. 
1 1 1 
p> 5-4. a) Let S$; =2—-f >0 and S, =y—f >0, then + =. or 
‘ : i Sagee = pee 
Saf + Sat F Simplify this expression and show f? = $52 
: : d - 
(b) Differentiate the lens law and show 7 = 5 ro 
p> 5-5. Area of equilateral triangle with side xz is A = vB, so that a = at 
Now substitute «= 29 and 4 =ro 
> 5-6. Dp = poe" 
(a) — [po] = lbs/ft?, [ao] = 1/ft 
dh dp “ann, . ah i 
eo 8 =, — Poe — 0 dt 
(b) y= 1 ft/ a "(-a05) Substitute for @ and find the pressure 


decreases with height. 


Pb 5-7. y—yo = a(x—a)* has the derivative ow = 2a(x—29). When z = €, the slope of the 
tangent is m = 2a(€—29) and the equation of the tangent line is y—7 = 2a(€—29)(#—€). 
d dé d 


: do 2 
oe =m = 2a(€—29) and if ae = 1/2cm/s, then sec? er = 2a ae zi 3 aa 
2a 1 


dt 1 + 4a? (€ — x9)? 2 


or 


dT TO 

pm 5-8. — = — where co = Vo/Tp. 
dt Co oe 0/To 
dP 

> 5-9. We = Coro where co = Po/To. 


Solutions Chapter 5 


> 5-10. 


h =200 — 16t? ft 


dh 
dv d?h F 
Googe eta 


When h = 0, then t = V210/4 and v = —80v2 ft/s 


045 


> 5-11 
(a) oe srr P (anh)? (rth) = = (3rh?—h®) and “ = = (3r one 3h? =) ris a constant 
(b) ao 30/(m 420) 

pm 5-12. (h—r)?+R* =r? Differentiate this relation and show 

dR dh 
Ra =—(h "a ae ie (eee 
dR dh 
Ro = a O<her 
> 5-13. (a) 1125/16 ft (b) 50V3/2 (ec) 50V3/16 (d) 6253/8 (e) parabola 
du —K 
> 5-14. —= 
dx vV/1—2x 
> + __ M, _ 60 | __ M, 44 11 
> 5-15. (a) M,=60 M,=44 Co ag a ge 
_ My _ me oe 
> 5-16. (b) ae ig ae aoa 1070 
21 
> 5-17. (b) z== g=3 
_ 6 3h+16 
> 5-18. (c) z= ma ear ) 
> 5-19. g=4/3 
1 
> 5-20. (a) T-Tenv =Tne™, To constant (b)T=100e™ (c) k= — 5p In(4/5) (d) 


At = 201n(9/7)/in(5/4) 


> 5-21. 


t 
N = Noes '"° 


Solutions 


Chapter 5 


(a) dV = 2rah(z) dx v= i 2naxh(a) dx 
( 


b) dA=A(2) dx A -/ h(x) dx 
(c) dM=a2dA=zh(z) dz M= [ eh se = e=a h(a) dx 
(d) (Area)(distance traveled by bora. A: 2nt= (volume)= Slo Qnah(a) dx 
A-2nq fr h(x) dx = 2n f" xh(x) dx reduces to an identity. 
Baas: (a) g= ee ee we ee Volume=V=2rgA = “rh 
| 3 3 2 3 
h _ A _ To es =o 
| (b) g= 3c" A= aa Volume=27yA = ru 
; dy dy . C 
> 5-24. (e) [7 = de, "aa dx, Iny=x+C ory=yoe, Y=e 


a dy 
qe Fe /2 dx gives = =yt+C 
Now separate the variables and write 


dy 
y+C 


which can also be expressed in the form y+C = yoe” where yo = e©? is a new constant. 


3 3 


—“_=dr with / _ = / dx giving In(y+C)=274+Cy 


pm 5-25. (b) fara = [a+2)de gives y+ > =et Ste 


3 


p> 5-26. Assume solution y = e% to the homogeneous equation y’ + w?y =0 and show 
y =iw and y = —iw are characteristic roots which lead to the real fundamental set 
{coswt, sinwt} and complementary solution y, = c coswt + cg sinwt. 

Examine the right-hand side and its derivative to find basic terms needed for 
assumed solution. The terms cos \t and sin At (multiplied by some constants) are the 
only basic terms and so one can assume a particular solution y, = Acos At + Bsin At 
where A and B are constants to be determined. Substitute this solution and its 


derivatives into the nonhomogeneous equation and equate coefficients of like terms 


and show A, B must be selected to satisfy 
AN ie AS 
—Bd? +u?B =0 
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giving B=0 and A= —=+y. This gives the particular solution y, = ss cos At. 
The general solution is therefore 
Y = Yo + Yp = C1 coswt + cosinwt + 3 cos At 
WwW — 
Resonance occurs as A > w. 
> 5-27. 
| iF Use similar triangles and write ie a—4 t= note 
ty h— b2 
tt This gives element of volume dV = 4x? dy = 4 Eee —dy 
Sum these elements from 0 to h and show volume of aa is V = 07h. 
> 5-28. 
a ae The box has volume V = x(w — 2x)(€— 2x) = 4x? — 2(w + Qa? + wle 
}— e— Here a = 122? — 4(w + £)2 + wl = 1227 — 60x + 48 = (2x — 8)(6r — 6) 


a2V 


2 
242 — 60. When « = 1, $3 


The second derivative is —, = 
_ dx 
achieved. If « = 4, solution is meaningless as the volume becomes negative 


> 5-29. 


> 5-30. F= pt sind 
> 5-32. (d) y”+3y,y =0 assume solution y = e” get characteristic equation (y+2)(y+ 


) = 0 with characteristic roots y = —2 and y = -1. This gives the fundamental set 


{e~?*,e~-7} and general solution y = cye~?* + cge~”, with c¢,c2 arbitray constants. 


di di dq di 1 : 
p> 5-33. (b) reas a 00 Pa ~ az ie ‘ag = EO! Separate the variables 
and write idi = —;,qdq and Gia integrate to obtain 
i? _ L ¢ rs K 
2 LC 2 2 


Here K/2 is selected as the constant of integration to help simplify the algebra. If 


i=0, g=q at t=0, then K = 4g. This gives 
dq 1 FA 4 dq | dt 


ae fe Vg-@ VLC 
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Integrate this equation and show 


q=4 cos ( ) and pee ee sin( ) 
paltin ev fire) de FEC \ VEC 
p> 5-35. Hypothesis, y; = y:(x) satisfies the given differential equation so that y’’ + 
P(a)y’ + Q(x)y = 0. Tf yo = uy, = u(x)yi (x), then by differentiation 
yo =uyy + uly, 
yf uy + 2ulyh bel 
We desire to select u = u(x) such that yo = y2(x) is also a function which satisfies the 
differential equation. If yy + P(x)y5 + Q(x)y2 = 0, the u = u(x) must be selected such 
that 
uy + 2u'y, + P(x) (uy, + uy] + Q(x) [uy] = 0 


Rearrange terms and show 


_ 


yg + P(x)yo + Q(x)y2 = uly! + P(x)y, + Q(x)y1] +u' yj, + Play + uy, = 0 
<_< 


zero by hypothesis 


Therefore u = u(x) must be selected to satisfy 
u’[2y, + P(x)yi] + uy, = 0 
Make the substitution u’ =v and uv” = # and show 


ie 1 -sP@ dx 
Yi 


then another integration gives uw. 


> 5-36. (ce) Integrate with respect to y and show 


Ou y? . : 
By =v aaa f(z), f(x) arbitrary function 


Integrate again with respect to y holding x constant to obtain 


2 3 
u= a + 7 +yf(x) + (x) where g(x) is another arbitrary function 
(f) Integrate with respect to « and show 


ou tu=2x2+2y+ f(y) f(y) arbitrary function 
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Now multiply by e” and show a e” + ue” = 2 (we”) = xe” + rye” + f(y)e” 
Integrate with respect to x and show 


ue* = e*(a — 1) + ye*(x@—1) + f(y)e* + 9(y), g(y) arbitrary 
p 5-37. (a) If ¢ = 5° and $* — — 5", then differentiate the first equation with respect 
to « and differentiate the second equation with respect to y and show 


O7u O07 O7u 07v 


0x2 Ay Ox = Oy2 Ox Ay 


bod . . Ou Oru 
then by addition of these equations one obtains —~ + — =0. 
Ox? Oy? 
> 5-38. 


Area= A = (2x) (2y) = 4ary = 4a/r? — x? since 2? + y? =r? 
dA —4z? 


dz r2 =2 2 

Show the derivative is zero when x« = r//2 and y = r/V2 and a 

square is the maximum inscribed rectangle. To show it is a maxi- 
mum examine 4 for x <r//2 and # for « >r/V2 


2 
> 5-39. y = e* for 0 < x < 1 use ds? = dx? + dy? and write ds = ,/1+(#) dz so 
dx 


1 
that s = i V1+e2*dx To evaluate this integral make the substitution u = e” with 
0 


is d : : : 
du = e*dz and show s = / V1+u2 “ Make another substitution w2 = 1+ u2 with 
1 U 
2wdw = 2udu and show 


: ie w dw 1 
s= w- 
V2 Jw? —1Vw2 —1 


| ie 
s= — 


d 
V2 w? —1 me 


2 
— dw V1+e? —1. 1V1+e? 


s=V1+e?—V2+ tanh-!V2— tanh~!(/1 + e?) 
p> 5-40. Theside area is A, = 27rh and the ends (top and bottom) have area A, = 2rr? 
where mr2h = rV is to be satisfied. The cost of construction is 


C = co (2arh) + 3c (27 r?) 


Substitute into this equation h = 8 to express C = C(r) as a function of r. Show 
dC 


> a when r = VV0/6 and h = 62/3 Y/Vo. Show curve for C = C(r) is concave up at 
Tr 
this point and hence a minimum is achieved. 
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pm 5-41. (a) (b) oe 


> 5-43. V = AH so that if 4 =kA and A is a constant, then 4 = A%# = kA which 


implies . =k is aconstant. Here k is the proportionality constant. 


4 1 
p> 5-44. T=ax—ztane + 3 sec rtang +C 
p> 5-45. (b) I= 3 tana + 3 sec” x tang + C 


> 5-46. Forn=50 


Paar [roe [3 
[se [sone1 [2 


> 5-48. T(x) = i: e ‘'t*-1 da, Integrate by parts with U = t®~! and dV = e-*dt to 
0 
obtain I(x) = (« — 1)'(a— 1) Now replace x by x +1 to obtain (2+ 1) = aI(z) 


T(1) = h tdt=1 
(2) =1F(1) =1 

(3) =21(2) =2-1=2! 
(4) =39F(3) = 3-2! =3! 


Tin+1) =nT(n) =n- (n—- 1)! =n! 
p> 5-49. (a) s1(t) = so(t) when 2? +¢= 11t— 3t? or t=0 and t=2. 


ds} ds 
qe dé : 
At t=0, v», =1 and v.=11. At t=2, v1, =9 and v2 = -1. 
(b) v1 = v2 when t = 1 at positions s;(1) =3 and s9(1) =8. 
(c) v1, = 4 > 0 steadily increases, while v2 = “2 > 0 for t < 11/6, s2 increases and 
42 <0 for t > 11/6, then sz decreases. 
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> 5-50. (a) ~ =2r-2, Fn re 


all (x,y) is a eee a of (1,2) we have ee y) > FC, 2): 


> 5-51. 


m = slope = —~~ and equation of line is 
Ly LO 

(x0,Yo) 

xo), When x =0, y: = yo + O. 


L1—-LO 


- Therefore 
v1 — Lo 


2 
x 3 
Psajty=at+ (w eee ) , %0,Yyo fixed 


Show 24 = 0, when 2; = ao + x9/°yq/* This is the value of x; which will produce the 
shortest line. 


mp 5-52. x=—3, y=4andz2=9, y=12 
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adiabatic process 425 

algebraic function 20 
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amplitude 403 

amplitude versus frequency 416 
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angle of intersection 104, 105 
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Area under a curve 215 
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circle 18, 59 

circular functions 142 

circular neighborhood 275 
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critical damping 414 
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double integrals 249 
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energy 372 
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error function 237, 310 
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Euler’s formula 147 

Euler’s identity 409 

evaluation of continued fraction 334 
even and odd functions 358 
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existence of the limit 278 
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extremum 119 
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finite oscillatory 277, 283 
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finite sum 282 

first derivative test 120 

first law of thermodynamics 424 
first mean value theorem for integrals 245 
first moment 374 

focal parameter 59 

focus 59 

Fourier cosine transform 235 
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Fourier series 339 

Fourier sine transform 235 
frequency of motion 403 

full Fourier interval 345 
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functions 8, 20 
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functions defined by series 330 
functions of two variables 159 
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G 
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Gay-Lussac law 424 
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Heaviside 174 
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higher partial derivatives 159 
Hooke’s law 401 
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implicit differentiation 106, 162 
improper integrals 234 
increasing functions 12 
indefinite integral 180 
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infinite oscillatory 283 

infinite series 281 
infinitesimals 41 

inner product 339 

integral notation 182 

integral sign 181 

integral test 288 

integral used to define functions 236, 248 
integration 179 

integration by parts 209, 232 
integration of derivatives 183 
integration of polynomials 183 
intercept form for line 38 
intercepts 38 

intermediate value property 54 
intersecting lines 40, 104 
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intersection of circles 105 
intersection of two curves 105 
interval neighborhood 275 
interval notation 3 

interval of convergence 305 
inverse functions 31, 128 
inverse hyperbolic functions 153 
inverse of differentiation 179 
inverse operator 31 

inverse trigonometric functions 34, 140 
isothermal curves 425 

iterative scheme 334 
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jump discontinuity 43, 89, 107 
K 


kinetic energy 372 
Kirchoff’s laws 420 
Kronecker delta 340 


L 


L‘Hopital’s rule 138, 321 
Lagrange form of the remainder 313 
Laplace transform 235 

latus rectum 59, 67 

law of exponents 145 

law of mass action 396 
left-hand limits 40 

left-handed derivative 89 
Leibnitz 85 

Leibnitz differentiation rule 168 
Leibnitz formula 247 

Leibnitz rule 248 

length of curve 238 

limit 46, 272 

limit of a sequence 272 

limit of function 42 

limit point of sequence 277 
limit theorem 50 

limiting value 43 

limits 40, 46, 304 

linear dependence 13 

linear homogeneous differential equation 410 
linear independence 13 

linear spring 403 

lines 36 

liquid pressure 393 

local maximum 107, 117, 161 


local minimum 107, 117, 161 
logarithm base e 23 
logarithmic differentiation 127 
logarithmic function 21, 111 
log-log paper 171 

lower bound 2, 275 


M 


Maclaurin Series 311, 315 

mapping 271 

maxima 107, 116, 161 

mean value theorem for integrals 245, 289 
mean value theorem 108, 245 

mechanical resonance 412 

method of undetermined coefficients 414 
minima 107, 116, 161 

mirror image 33 

modification of series 324 

moment of force 374 

moment of inertia of solid 392 

moment of inertial of area 390 

moment of inertia of composite shapes 393 
moments of inertia 385 

momentum 367 

monotone decreasing 107, 245, 277 
monotone increasing 107, 245, 277 
multiple-valued functions 14 
multiplication 325 


N 


natural logarithm 23 

natural logarithm function 236 
necessary condition for convergence 286 
negative slope 37 
neighborhoods 275 

Newton 85 

Newton root finding 353 
Newton’s law of gravitation 368 
Newton’s laws 366 
nonconvergence 277 
nonrectangular regions 252 

not in 2 

notation for limits 40, 42 
notations for derivatives 90 

nth term test 286 

n-tuples 2 

null sequence 277 

number pairs 5 
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odd function of x 26 
one-to-one correspondence 271 
one-to-one function 31, 33 
open interval 3 

operator 90 

operator box 90, 180 

order of reaction 396 

ordered pairs 33, 55 

ordinate 6 

orientation of the surface 252 
orthogonal intersection 40 
orthogonal intersection 104 
orthogonal lines 105 
orthogonal sequence 340 
orthonormal 340 

oscillating sequence 277 
overdamping 413 


P 


parabola 60 
parallel circuit 423 


parallelepiped volume elements 252 


parametric equations 129 
parametric equation for line 38 


parametric representation 17, 134 


partial denominators 333 
partial derivatives 158, 160 
partial fractions 195, 284 
partial numerators 333 
partial sums 282 
particular solution 414 
period of oscillation 403 
periodic motion 403 
perpendicular distance 39 
perpendicular lines 39 
phase shift 403 

piecewise continuous 345 


piecewise continuous functions 11 


piston 174 

plane curves 14 

plotting programs 14 
point of inflection 118 
point-slope formula 37, 88 
polar coordinates 5 

polar coordinates 240, 255 
polar form for line 39 
polar graph 14 
polynomial function 20, 95 
positive monotonic 245 
positive slope 37 
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potential energy 373 

power rule 100 

power rule for differentiation 99 
power series 305 

pressure 393 

pressure-volume diagram 425 
principal branches 35 

product rule 95 

products of sines and cosines 193 
Proof of Mean Value Theorems 246 
proper subsets 3 

properties of definite integrals 218 
properties of integrals 181 
properties of limits 50 

p-series 291 

Pythagorean identities 203 
Pythagorean theorem 8 


Q 


quadrants 6 
quotient rule 97 


R 


radioactive decay 426 

radius of convergence 305 
radius of Earth 369 

range of function 33 

rate of reaction 395 

ratio comparison test 297 

ratio test 302 

rational function 20 

ray from origin 7 

rectangular coordinates 6 
rectangular graph 14 

reductio ad absurdum 276 
reduction formula 211 
reflection 29 

refraction 123 

regular continued fractions 336 
related rates 363 

relative maximum 107, 117, 161 
relative minimum 107, 117, 161 
remainder term 313, 319 
Remainder Term for Taylor Series 319 
representation of functions 337 
resistance 419 

resonance 412 

resonance frequency 416 
restoring force 403 

reverse reaction rate 395 
reversion of series 354 


Riemann sum 215 

right circular cone 172 
right-hand limits 40 
right-handed derivative 89 
Rolle’s theorem 107, 246 
rotation of axes 30 

rules for differentiation 91 


S) 


scale factors 29 
scaling for integration 183 
scaling of axes 28 


Schlomilch and Roche remainder term” 320 


secant line 85 

second derivative test 120 
second derivatives 90 

second law of thermodynamics 424 
second moments 385 
sectionally continuous 43 
semi-convergent series 325 
semi-log paper 171 

sequence of partial sums 282 
sequence of real numbers 271 
sequences and functions 274 
series 281, 325 

series circuit 421 

set complement 4 

set operations 3 

set theory 1 

sets 1 

shearing modulus 418 

shift of index 282 

shifting of axes 28 

shorthand representation 282 
signed areas 220 

simple harmonic motion 136, 403 
simple pendulum 418 

sine function 24 

sine integral function 310 
single-valued function 14, 31 
slicing method 231 

slope 37, 85 

slope changes 120 

slope condition for orthogonality 104 
slope of line 36 

slope-intercept form for line 38 
slowly converging series 301 
slowly diverging series 301 
smooth curve 107 

smooth function 116 

Snell’s law 122 

solids of revolution 225 


special functions 309 

special limit 304 

special sums 176 

special trigonometric integrals 194 
spherical coordinates 257 
spring-mass system 401 

squeeze theorem 53, 275 

Stolz -Cesdro theorem 279 
subscript notation 160 
subsequence 277 

subsets 3 

subtraction 325 

subtraction of series 326 
summation notation 175 
summation of forces 401 

sums and differences of squares 202 
surface area 242 

surface of revolution 242 
symmetric functions 26 

symmetry 26, 31, 380 


T 


table of centroids 382 

table of derivatives 156 

table of differentials 157 

table of integrals 186, 208 
table of moments of inertia 390 
tangent function 24 

tangent line 86 

Taylor series 311, 315, 318 
Taylor series two variables 315 
telescoping series 284, 351 
terminology for sequences 277 
thermodynamics 424 

torque 374 

torsional vibrations 417 

total derivative 160 
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total differential 159 
transcendental function 21 
transformation equations 28 
translation of axes 28 
transverse axis 67 

triangular numbers 284 
trigonometric functions 24, 129 
trigonometric substitutions 189 
truncation of series 286 

two point equations of line 36 
two-point formula 37 


U 


union 3 

units of measurement 367 
universal set 1 

upper bound 2, 275 

using table of integrals 258 


V 


Venn diagram 4 

vertex 59 

voltage drop 419 

volume of sphere 172 
volume under a surface 253 


WwW 


weight function 340 
weight of an object 369 
work 371 

work done 403 


Z 


zero slope 37 
zeroth law of thermodynamics 424 


